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M.Sc. in Mathematics NUIG
Dipl.-Math oec. University of Ulm

born April 18, 1978
citizen of Germany

accepted on the recommendation of
Prof. Dr. Martin Schweizer, examiner

Prof. Dr. Freddy Delbaen, co-examiner
Prof. Dr. Alexander Schied, co-examiner

2006



To my parents

and Stefan.



Acknowledgements

It is a great pleasure to express my deep gratitude to my supervisor Martin Schweizer
for the open and upright working atmosphere he created, the lively discussions and
his constant support throughout my work on this thesis. On the one hand, he left
me all the freedom I wanted, on the other hand, whenever I needed support, he was
there to share his impressive knowledge and to guide me through the academic world.
With his numerous comments and suggestions and in particular with his patience and
persistence in teaching me a good style in mathematics, he essentially improved this
thesis.

I also wish to thank Freddy Delbaen and Alexander Schied for readily accepting
the task of being co-examiners. Furthermore, I am grateful for the direct and indi-
rect communications with Marco Frittelli, Dmitry Kramkov, Giacomo Scandolo and
Nizar Touzi. In particular, I would like to thank Freddy Delbaen, Michael Kupper
and Shige Peng for the numerous helpful discussions. Tomas Björk, Walter Schacher-
mayer and Uwe Schmock kindly invited me to Stockholm and Vienna. I really enjoyed
the friendly and inspiring atmosphere there. Special thanks go also to Damir Filipović,
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Abstract

We study two dynamic approaches to the valuation of contingent claims in an incom-
plete market. The first isindifference valuationwhere at each timet , an agent deter-
mines for a random payoffX a valuept(X) by the requirement that she is indifferent
between buyingX for pt (X) or not doing so, provided she always trades optimally in
the basic assets. We assume that the agent’s timet preferences are given by amon-
etary concave utility functional(MCUF) Ut , i.e., that−Ut is a (conditional) convex
risk measure. The valuation functionalpt (X) is then theconvolutionof Ut and amar-
ket functionalconstructed from the underlying financial market with the help of the
optional decomposition under constraints. Our main goal is to show that the valuation
functional p.( · ) is time-consistent, i.e., preserves (in a suitable sense) the ordering
of payoffs over time. This is achieved by proving that the market functional is time-
consistent and that the convolution of dynamic MCUFs preserves time-consistency.
As an auxiliary result, we provide a representation for (conditional) MCUFs in terms
of their concave conjugates and via equivalent probability measures. Moreover, we
show how our results can be translated to dynamic MCUFs defined via backward
stochastic differential equations.

Our second valuation approach is a bit less restrictive. We do not specify a unique
value forX, but a whole interval of possible values which is still small enough to be
useful in practice. This interval is obtained by taking for valuation those measuresQ
which yield neither arbitrage opportunities norgood deals. The latter are defined as
investment opportunities with a (von Neumann-Morgenstern expected) utility which
is “too high” in comparison with the maximal utility obtainable by trading in the
basic assets. The main difficulty is the precise definition of the setN of no-good-
deal measureswhich is very important for computational and dynamic properties of
the good deal bounds, i.e., of the boundaries of the interval of possible values. In a
Lévy setting, we defineN via a restriction on an appropriate integrand, and we clarify
the exact relation between this “local” and an economically more intuitive “global”
restriction. The resulting valuation bounds are then time-consistent dynamic MCUFs.

In order to establish the relation between the local and global restrictions, we need
to know that the Ĺevy structure of the underlying market is preserved under an op-
timal change of measure. This is proved in the last part of this thesis for optimal
measures obtained from thedual problem of minimizing somef -divergenceover a
set of equivalent local martingale measures. These optimization problems naturally
arise in utility maximization, and we establish the Lévy preservation result for the
f -divergences corresponding to logarithmic, power and quadratic utility.
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Zusammenfassung

Diese Arbeit befasst sich mit zwei dynamischen Bewertungsmethoden für Derivate
in unvollsẗandigen M̈arkten. Die erste istIndifferenzbewertung, bei der ein Agent zu
jedem Zeitpunktt den Wertpt (X) einer zuf̈alligen AuszahlungX dadurch festlegt,
dass es ihm gleichgültig ist, ob erX für den Preispt (X) kauft oder nicht, sofern er
stets optimal in den Basisanlagen handelt. Wir nehmen an, dass die Präferenzen des
Agenten zum Zeitpunktt durch einemoneẗare konkave Nutzenfunktion(MCUF) Ut

gegeben sind, d.h., dass−Ut ein (bedingtes) konvexes Risikomaß ist. Das Bewer-
tungsfunktionalpt ( · ) entspricht dann gerade derFaltungvon Ut und einemMarkt-
funktional, welches mit Hilfe der optionalen Zerlegung unter Handelsbeschränkungen
aus dem zugrunde liegenden Finanzmarkt konstruiert wird. Unser eigentliches Ziel
ist es zu zeigen, dassp.( · ) zeitkonsistentist, also (auf eine geeignete Art und Weise)
die Ordnung zwischen verschiedenen Auszahlungüber die Zeit erḧalt. Hierzu be-
weisen wir, dass das Marktfunktional zeitkonsistent ist, und dass bei der Faltung dy-
namischer MCUFs die Zeitkonsistenz erhalten bleibt. Als Hilfsresultat leiten wir eine
Darstellung f̈ur (bedingte) MCUFs mit Hilfe der zugehörigen konkav konjugierten
Funktion und̈aquivalenten Wahrscheinlichkeitsmaßen her. Zusätzlich zeigen wir, wie
unsere Resultate auf solche dynamische MCUFsübertragen werden können, die durch
stochastische R̈uckwärtsdifferenzialgleichungen definiert sind.

Die zweite hier betrachtete Methode ist etwas weniger restriktiv. Anstelle eines
eindeutigen Wertes für X bestimmen wir ein ganzes Intervall möglicher Werte, welches
klein genug ist, um praktischen Nutzen zu haben. Dieses Intervall erhalten wir durch
die Verwendung all jener BewertungsmaßeQ, die weder zu Arbitragem̈oglichkeiten
noch zugood dealsführen. Letztere definieren wir als Auszahlungen mit einem (von
Neumann-Morgenstern erwarteten) Nutzen, der im Vergleich mit dem maximal durch
Handeln in den Basisanlagen erreichbaren Nutzen “zu hoch” ist. Die eigentliche
Schwierigkeit besteht in der genauen Definition der Menge derno-good-deal-Maße
N . Sie ist maßgebend für die Berechenbarkeit und die dynamischen Eigenschaften
dergood-deal bounds, d.h. der Grenzen des Intervalls der möglichen Werte f̈ur X. In
einem Ĺevy-Model definieren wirN über die Beschr̈ankung eines geeigneten Inte-
granden and klären den genauen Zusammenhang zwischen dieser “lokalen” und einer
intuitiveren “globalen” Beschränkung. Die daraus resultierenden good-deal bounds
sind zeitkonsistente dynamische MCUFs.

Um eine Beziehung zwischen den lokalen und globalen Beschränkungen herzu-
stellen, ben̈otigen wir, dass die Ĺevy-Struktur des zugrunde liegenden Marktes bei
einem optimalen Maßwechsel erhalten bleibt. Dies wird im letzten Teil der vorliegen-
den Arbeit f̈ur optimale Maße gezeigt, welche das duale Problem der Minimierung
einer f -Divergenzüber eine Menge von̈aquivalenten lokalen Martingalmaßen lösen.

ix

x

Solche Optimierungsprobleme treten bei der Nutzenmaximierung auf, und wir zeigen
die Erhaltung der Ĺevy-Struktur f̈ur die f -Divergenzen, welche zu logarithmischen,
quadratischen und Potenz-Nutzenfunktionen gehören.



Contents

1 Introduction 1
1.1 Valuations in incomplete markets . . . . . . . . . . . . . . . . . . . . 1
1.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 Indifference valuation via convex risk measures . . . . . . . . 4
1.2.2 Utility based good deal bounds .. . . . . . . . . . . . . . . . 5
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Chapter 1

Introduction

This thesis is concerned with dynamic approaches to valuation in incomplete markets.
To put our contributions in perspective in a larger context, it seems useful to start with
a short overview.

1.1 Valuations in incomplete markets

Complete models of financial markets have nice conceptual properties. In particular,
by no-arbitrage arguments alone, one can obtain a unique price for any random payoff
X due at some timeT in the future. This price is the expectation ofX with respect to
the unique martingale measure for the traded assets. However, in a complete model,
every payoff is redundant, and this is in general not true for a real financial market.
Therefore realistic models are incomplete, and if the (discounted) price processes of
the traded assets are modelled by some semimartingaleS, the setMe(S) of equivalent
local martingale measures forScontains infinitely many elements. Since anyEQ[X]
with Q ∈ Me(S) is an arbitrage-free value forX, we obtain a whole interval of possi-
ble values; we refer tovaluesfor X rather thanpricesbecause they are not unique and
their determination typically involves subjective preferences. Valuation in incomplete
markets has been and still is being intensively studied, and we mention here only some
of the main approaches with a few original references, and some overviews.

A frequently chosen approach is to specify unique valuesEQ[X] for all X by
fixing one elementQ of Me(S) as pricing measure; see Bellini/Frittelli [BF02] for
a discussion. Typical examples are the minimal entropy, the variance-optimal or the
minimal martingale measure. However, such a choice can be rather arbitrary or restric-
tive, even if it is backed up by some specific subjective preferences. On the other hand,
as discussed above, introducing no preferences at all only gives a rather big interval
of arbitrage-free values forX. Its upper bound, supQ∈Me(S) EQ[X], is thesuperrepli-
cation value(also known assuperhedging value), which is the smallest amount of
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money from which it is possible to obtain, with a dynamic self-financing trading strat-
egy in S, a payoff dominatingX with probability one. This valuation principle was
first studied by El Karoui/Quenez [EKQ95] and Kramkov [Kra96]. Like most other
approaches, it is defined from the perspective of an agent who can trade inSand tries
to find a suitable amount of money for which she is willing to sell (or buy)X. Su-
perreplication is a very conservative approach since it allows the seller to implement a
dominating trading strategy forX, thus eliminating all the risk involved in sellingX.
The drawback of this is that the capital requirement for the superreplication strategy
is usually very big, so that the superreplication value is unrealistically high. However,
if the agent is willing to accept some risk, the required capital can be reduced. This
leads to thequantile hedgingandefficient hedgingapproaches. The first looks for the
smallest initial capital for which there exists a dynamic trading strategy inS whose
probability of a shortfall, i.e., of a loss after sellingX and implementing the trading
strategy, stays below some bound; see Föllmer/Leukert [FL99]. In contrast, efficient
hedging also takes into account the size of the shortfall and determines the smallest
amount of money for which there is a trading strategy with shortfall risk below a fixed
bound; see F̈ollmer/Leukert [FL00].

Perhaps the earliest approaches to valuation via hedging are those based on quad-
ratic criteria. Mean-variance hedgingis similar to efficient hedging, but instead of
fixing a bound for the shortfall risk, one minimizes theL2-norm of the hedging er-
ror over all initial capitals and trading strategies; see Bouleau/Lamberton [BL89],
Duffie/Richardson [DR91] or Schweizer [Sch94]. The value ofX is then given by
EQ̃[X], whereQ̃ denotes the variance-optimal signed martingale measure forS; this
is obtained via solving thedual problemof minimizing the variance (under the subjec-
tive measureP) of the densityd Q/d P over all (signed) martingale measuresQ. An
even earlier quadratic approach is(local) risk-minimization; see F̈ollmer/Sondermann
[FS86] and Schweizer [Sch91]. In contrast to the other approaches, one considers here
trading strategies which perfectly replicateX. Due to the incompleteness of the mar-
ket, these trading strategies cannot be self-financing in general so that intermediate
costs occur. The value forX is then the initial capital of that trading strategy which
minimizes the expected squared intermediate costs, and it turns out to be given by the
expectation ofX under the minimal signed martingale measure. An overview of these
quadratic approaches is given by Schweizer [Sch01]. More generally, one can con-
sider other than quadratic criteria, e.g., one can replace theL2-norm by theL p-norm.
Viewing such a power function as a utility function then naturally leads us to utility
based valuation approaches.

The first utility based approach isutility indifference valuationwhich (in the con-
text of financial markets) was suggested by Hodges/Neuberger [HN89]; see Hender-
son/Hobson [HH04] for an overview. One assumes that the preferences of the agent
can be captured by some utility functionalU. The valuep of X is then determined by
the condition that the agent is indifferent (according toU) between buyingX for p and
not buying it, presuming she trades optimally inS in both cases. If one uses this ap-
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proach with a von Neumann-Morgenstern expected utility, it is very difficult to obtain
explicit results, and several variants have been suggested to overcome these problems.
A very recent and promising method isindifference valuation via convex risk mea-
sures, where preferences are given by monetary utility functionals, i.e., minus convex
risk measures; see Barrieu/El Karoui [BEK05], Xu [Xu06] and Chapter 2 of this the-
sis. The crucial difference is that monetary utility functionals measure, as their name
suggests, utility in monetary units; they are therefore translation-invariant for the ad-
dition of cash, and this yields rather explicit results for the corresponding indifference
value. Another, considerably earlier variant is thefair price (also known asmarginal
utility basedor shadow price) which goes back to Davis [Dav98] and which is defined
via a marginal substitutability condition on the expected utility. More precisely, it is
that amountp of money which, given the possibility of buy-and-hold trading inX for
the pricep and dynamic trading inS, makes the agent’s optimal demand forX (with
respect to her utility functionalU) equal to zero.

All valuation concepts presented above aim to specify for the payoffX a unique
value out of the usually very large interval of arbitrage-free values. As mentioned
above, this can be quite restrictive, and one would perhaps like to have a middle way.
Instead of a single value, one could therefore aim for an entire interval of values which
at the same time is small enough to be useful in practice. This leads us togood deal
value bounds, where in addition to arbitrage opportunities, one also rules out those
investments which are too attractive (in an appropriate sense) in comparison with those
traded in the market. This approach has originally been suggested by Cochrane/Saà-
Requejo [CSR00] who measure attractiveness in terms of the Sharpe ratio; see also
Čerńy/Hodges [CH02] and Jaschke/Küchler [JK01] for subsequent alternatives and
generalizations.

1.2 Main results

A large part of the existing literature studies valuation in incomplete markets statically,
i.e., at timet = 0; exceptions are notably works based on stochastic control theory.
The main goal of this thesis is adynamicstudy of value functionals and valuation
bounds for some payoffX. More precisely, this is done for indifference valuation
via convex risk measures, and for good deal price bounds. Both topics in the current
general form have emerged only rather recently. In particular, indifference valuation
via convex risk measures has been developped in parallel to this thesis by Barrieu/El
Karoui [BEK05] and Xu [Xu06]. In our view, the most important dynamic property
of both indifference valuation via risk measures and good deal bounds (in the sense
they are presented here) is that they aretime-consistent. This means that if at timet
the value ofX is higher than that ofY, the same holds true at any times ≤ t , i.e.,
when less information is available. For indifference valuation in particular, the study
of time-consistency is one of the most important issues and contributions of this thesis.

4 Chapter 1. Introduction

1.2.1 Indifference valuation via convex risk measures

We first consider indifference valuation via convex risk measures in more detail and
explain our main results. The mathematical formulation is as follows. We assume that
our agent’s timet preferences are given by amonetary utility functional Ut , i.e., minus
a convex risk measure. The correspondingindifference value pt (X) for a payoffX is
then defined by

ess sup
G∈Ct

Ut
(
G − pt (X)+ X

) = ess sup
G∈Ct

Ut (G), (1.2.1)

where the setCt of payoffs superreplicable from timet with zero wealth encodes the
trades available in the underlying financial market. BecauseUt is translation invariant
in the sense thatUt (X +at ) = Ut (X)+at if at is Ft -measurable, we can solve (1.2.1)
explicitly for pt (X) to get

pt (X) = ess sup
G∈Ct

Ut (G + X)− ess sup
G∈Ct

Ut (G) =: Uopt
t (X)− Uopt

t (0). (1.2.2)

HereUopt
t (X) describes the agent’s modified preferences when she takes into account

her trading opportunities. Due to (1.2.2), it suffices to studyUopt
t instead ofpt itself.

It turns out thatUopt
t is theconvolutionof Ut with another monetary utility functional,

namely the so-calledmarket functional. The latter is associated to the financial market
via the setCt , and it is constructed like in F̈ollmer/Schied [FS02] with the help of
the optional decomposition under constraints. More precisely, we show in Theorems
2.5.11 and 2.6.8 that the market functional forCt exists and that it is time-consistent.
Moreover, we study in Theorem 2.4.3 the convolution of two abstract dynamic convex
risk measures and prove in particular that the convolution operation preserves time-
consistency. Combining these results readily implies that the indifference valuation
functional(pt ) itself is time-consistent, which achieves one of our major goals.

A second contribution in connection with the above approach concerns the struc-
ture of conditional convex risk measures. Because pricing in financial markets is
usually done with the help of equivalent martingale measures, we want arepresenta-
tion for conditional convex risk measures in terms of their conjugate functionals via
equivalentprobability measures. In Theorem 2.3.16, we obtain such a result which is
slightly sharper than those in the existing literature. Finally, we also look at examples.
As shown in Rosazza Gianin [RG06], a large class of examples of time-consistent
dynamic convex risk measures can be obtained via backward stochastic differential
equations (BSDEs for short) and can be entirely described via some integrand. This
allows rather explicit representations, at the cost of strong assumptions (Brownian fil-
tration) on the information structure. We show in Theorems 2.7.15 and 2.7.17 for such
a setting howUt and the market functional can be expressed in terms of BSDEs, and
thatUopt

t can be obtained by convoluting the respective integrands.
Although various aspects of our approach have appeared before, the combined and

systematic treatment of all ideas at the general and conditional level seems to be new.
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Most previous results are only given unconditionally fort = 0; this applies to the in-
difference valuation via risk measures mentioned in Barrieu/El Karoui [BEK05] and
discussed in more detail in Xu [Xu06], to the construction of the market functional in
Föllmer/Schied [FS02], or to the convolution in Barrieu/El Karoui [BEK05]. Some
conditional results are available; Larsen/Pirvu/Shreve/Tütünc̈u [LPST05] treat indif-
ference valuation for a specialUt , Detlefsen/Scandolo [DS05] and Cheridito/Delbaen/
Kupper [CDK06] provide similar representations like here for conditional convex risk
measures; see Section 2.3 for a more detailed comparison with these two papers.
Jobert/Rogers [JR06] study several of the above issues in finite discrete time over
a finite probability space. Barrieu/El Karoui [BEK04] discuss the convolution of DM-
CUFs which are given by BSDEs. However, they work with a class of BSDEs which
is not general enough to incorporate the market functional of an incomplete market,
which is constructed as in Bender/Kohlmann [BK04].

1.2.2 Utility based good deal bounds

The second contribution of this thesis is in the area of good deal bounds. The main
idea is as follows. We have already observed that the interval(

inf
Q∈Me(S)

EQ[X], sup
Q∈Me(S)

EQ[X]
)

of all arbitrage-free values for a payoffX is usually too big to be useful in practice.
One reason for this is thatMe(S) contains many pricing measures which are not very
reasonable, because they yield investment opportunities which are too “good” com-
pared with those traded in the market. By omitting these “unrealistic” measures, one
obtains a smaller interval of values forX. This approach has the advantage that it is
not as restrictive as singling out one particular pricing measure.

But how does one measure “good” or “unrealistic”? We quantify here attractive-
ness in terms of von Neumann-Morgenstern expected utility and relate this approach
to the original definition of Cochrane/Saà-Requejo [CSR00] where the Sharpe ratio is
used as performance measure. In order to obtain a mathematically tractable problem,
[CSR00] use an inequality from Hansen/Jagannathan [HJ91] to bound the Sharpe ra-
tio of any payoff by the variance of the density of the pricing measure being used. We
prove that this upper bound is just the maximal attainable Sharpe ratio in an extended
market, where the extension depends on the chosen pricing measure. In addition, we
show that the setN of no-good-deal measuresfrom [CSR00] can also be obtained
by imposing an upper bound on the maximal quadratic utility attainable in the same
extended market. This gives rise to a more general approach where we replace the
quadratic by more general utility functions like power, exponential or logarithmic util-
ity. A similar approach has been suggested byČerńy [Cer03]; one major difference is
that we provide here a more general and (we believe) more transparent treatment.

Our main goal is to study the no-good-deal values and value bounds as processes.

6 Chapter 1. Introduction

Because their computability and dynamic properties depend on the setN of no-good-
deal measures, a key issue is to find an appropriate and yet workable definition for this
set in a dynamic context. In a Lévy setting, we defineN by a pointwise restriction
on an appropriate integrand. This allows to apply dynamic programming techniques
in the computation of the value bounds. Moreover, we show in Theorem 3.5.7 that
this pointwise (“local”) restriction implies a bound on the corresponding “global” cri-
terion. The resulting dynamic value bounds are dynamic coherent risk measures and
in particular time-consistent.

The main contributions of this thesis to the theory of good deal bounds are The-
orem 3.5.7 and Proposition 3.5.10 which clarify the connection between the “global”
and the pointwise restrictions. This intrinsically depends on the fact that we choose
the pointwise bound for the integrand to be deterministic and time-independent. How-
ever, this bound cannot be chosen completely arbitrarily. In order to yield meaningful
intervals for the values, it must depend on the maximal utility attainable from trading
in the basic assetsS only. It is well known that the latter can be calculated via adual

problem, namely minimizing somef -divergence, i.e., a functionalQ 7→ E
[

f
(

d Q
d P

)]
where f is convex, overMe(S). If the f -minimal martingale measure Qf , i.e., the
solution to this dual optimization problem, preserves the Lévy property of the process
driving the financial market, then the pointwise bound can be chosen deterministic
and time-independent. This is one motivation for us to study in general the ques-
tion whether the Ĺevy property is preserved under an optimal change of measure; see
below for details.

Pointwise restrictions in connection with the determination of good deal bounds
have been suggested before in Cochrane/Saà-Requejo [CSR00],̌Cerńy [Cer03] and
Björk/Slinko [BS06]. [CSR00] and [Cer03] work in a Brownian setting and obtain a
sort of connection between the local and global restrictions by taking limits. [BS06]
extend that model by adding a marked point process, but do not study the relation be-
tween the local and global restrictions. In contrast, Theorem 3.5.7 proves in a general
setting that the local implies the global restriction, and Proposition 3.5.10 provides a
precise description of a situation when the local and global restrictions coincide for
the choice of no-good-deal pricing measures. Moreover, we also give a justification
why a constant or deterministic local restriction is reasonable, and in particular show
why it induces a non-empty set of no-good-deal measures.

1.2.3 Preservation of the Ĺevy property under an optimal change
of measure

As explained above, we can obtain a nice relation between the global and local restric-
tions in the definition of the good deal bounds if we know that thef -minimal martin-
gale measure Qf preserves the Ĺevy property of the underlying financial market. Let
us explain this in more detail. Suppose our filtration is generated by ad-dimensional
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semimartingaleL which is a Ĺevy process under the subjective measureP, and con-
sider the setMe(M L) of equivalent local martingale measures forM L with a fixed
d×d-matrixM . We assume thatM and the basic assets are chosen such thatMe(S) =
Me(M L); this includes for instance exponential Lévy modelsS = E(L) or suitable
classes of stochastic volatility models, as explained in Esche/Schweizer [ES05]. The
main result of [ES05] in this setting is then thatL is still a Lévy process under themin-
imal entropymartingale measureQe = argminQ∈Me(S)E

[
(d Q/d P) log(d Q/d P)

]
.

This Qe is the f -minimal martingale measure for the functionf e(z) = z logz which
comes up in the dual problem corresponding to exponential utility maximization.

In the final contribution of this thesis, we show that the approach and result in
[ES05] can be generalized to thef -minimal martingale measures associated to the
convex functions

f `(z) := − logz,

f p(z) := z−δ for δ ∈ (0,∞), (1.2.3)

f q(z) := z2.

These occur in the dual problems for logarithmic (`), power (p) and quadratic (q)
utility, respectively. More precisely, the allowed power utilities are the functions
δ+1
δ

x
δ
δ+1 = 1

δ̂
xδ̂ with δ̂ := δ

δ+1 ∈ (0, 1) andx ∈ (0,∞). The main idea for proving
this generalization is the same as in [ES05], but the computations and technical details
become a little bit more involved.

For completeness, let us explain how the argument works. Due to the underlying
Lévy structure, anyQ ≈ P can be described by two stochastic processes called the
Girsanov parametersof Q. The f -divergencef (Q|P) = E[ f (d Q/d P)] of Q is then
a convex functional of these Girsanov parameters and by Jensen’s inequality can thus
be reduced by averaging the Girsanov parameters. More precisely, the new parameters
obtained by averaging define a measureQ with f

(
Q
∣∣P) ≤ f (Q|P). Since we are

interested in the measureQ f = argminQ∈Me(S) f (Q|P), we should also like to have
that Q is a local martingale measure ifQ is. This is not true in general, but it does
hold if we takeQ from a suitable subset ofMe(M L), specified via an additional
integrability property forL. We then show that this subset is dense inMe(M L) in an
appropriate sense, and this allows us to prove that for allf in (1.2.3), thef -minimal
martingale measureQ f has time-independent and deterministic Girsanov parameters.
Since this is exactly the property which describes the measures preserving the Lévy
property ofL, one can conclude thatL is indeed still a Ĺevy process underQ f .

8 Chapter 1. Introduction

1.3 Links between indifference valuation and good deal
bounds

At first sight, the above two valuation approaches may appear very different. However,
there is a close relation between the indifference valuation considered in this thesis
and good deal bounds, provided that the latter are defined slightly differently than
here. Alternative definitions are discussed in detail in Section 3.3 below, and so we
only outline the main idea.

In the literature,good dealsare usually defined as payoffs with non-positive prices
and which are contained in an (abstract) set ofdesirableclaims; see, e.g.,̌Cerńy/
Hodges [CH02], Jaschke/K̈uchler [JK01] or Staum [Sta04]. The (lower) good deal
value bound for a payoffX is then defined as the biggest amounta of money that
can be subtracted fromX so that the resulting payoffX − a cannot be turned into a
good deal by trading in the market with zero initial capital. Hence, buyingX for a
price below this bound allows to generate a good deal by trading. It remains to specify
the set of desirable payoffs, and this is typically theacceptance setof a monetary
utility functionalUt , i.e., the set of those payoffsX with Ut (X) ≥ 0. This is different
from our approach to good deal bounds because we work with a (non-monetary) von
Neumann-Morgenstern expected utility.

Now suppose thatUt used for defining good deals as above also describes the pref-
erences in our indifference valuation approach. Ifpt is the corresponding indifference
value, then the interval of no-good-deal values turns out to be[pt (X),−pt (−X)]; this
is discussed in more detail at the end of Section 2.6 below. Hence we see that the good
deal bounds in this general approach coincide with the seller and buyer values from
the indifference valuation method.

1.4 Structure of the thesis

This thesis consists of an introduction, three chapters and an appendix. To keep each
chapter self-contained, we have deliberately allowed redundancies. The structure of
the thesis is as follows.

In Chapter 2 we study indifference valuation via convex risk measures, beginning
with a detailed introduction and some notation. In Section 2.3 we then concentrate
on monetary concave utility functionals (MCUFs)Ut . In particular, we provide a
representation forUt in terms of its concave conjugate and via equivalent probability
measures. In addition, we give some results about time-consistency, inspired mainly
by Delbaen [Del06]. Section 2.4 studies the convolution of general dynamic MCUFs
(DMCUFs), showing in particular that this operation preserves time-consistency. The
proof is an application of the representation theorem of Section 2.3. In Section 2.5, we
adapt the results of F̈ollmer/Kramkov [FK97] about superhedging under constraints
to our needs. We combine the above results in Section 2.6 to prove thatUopt from
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(1.2.2) is the convolution ofU and the market DMCUF given via the superhedging
price. Then we show that the indifference valuation functionalp is a DMCUF, give
conditions for it to be time-consistent and consistent with the no-arbitrage principle,
and relate it to good deal bounds. Section 2.7 presents three examples. The first
deals with time-consistency and some properties of the convolution, the second with
DMCUFs described by BSDEs, and the third illustrates that a static MCUF cannot
always be extended to a dynamic MCUF.

In Chapter 3 we turn to good deal bounds. After a general introduction, we recall
in Section 3.2 the original definition of good deal bounds from Cochrane/Saà-Requejo
[CSR00] and explain how it can be generalized. For clarity of presentation, this is done
in a static setting. Section 3.3 explains the link between value bounds and monetary
utility functionals, and discusses in more detail the connections between the different
existing approaches on good deal bounds. We then turn to a dynamic setting to study
good deal values and value bounds as processes. In order to have a nice parametriza-
tion for the set of all equivalent local martingale measures, we choose to work in a
Lévy framework, and Section 3.4 collects some auxiliary results on this. Section 3.5
deals with the extension of no-good-deal valuation to a dynamic setting. The main
difficulty is to find a reasonable definition for the set of no-good-deal measures which
still leads to mathematically tractable problems. As explained above in Section 1.2.2,
our definition is obtained from a pointwise restriction on an appropriate integrand.
We explain how this “local” restriction is motivated by a “global” criterion, and how
the two are connected. Section 3.6 discusses the properties of the resulting good deal
prices and price bounds as processes. Finally, we present two explicit examples in
Section 3.7.

Chapter 4 studies the preservation of the Lévy property for aP-Lévy processL
under the f -minimal martingale measure forM L, with f as in (1.2.3) and a fixed
matrix M . We first motivate our results and relate them to existing literature. In
Section 4.3 we fix some notation and recall some important facts about Lévy processes
and changes of measure. In particular, we explain how equivalent measures can be
described by their Girsanov parameters and give conditions for the latter to describe a
measure inMe(M L). Section 4.4 then contains the main results of this chapter. We
explicitly define the averaging procedure for the Girsanov parameters and show how
it reduces thef -divergence. Then we specify a dense subset ofMe(M L) consisting
of measures for which this averaging leads to measures again contained inMe(M L).
This is subsequently exploited to prove our main result thatL is still a Lévy process
under the f -minimal martingale measure. Finally, Section 4.5 briefly discusses the
quadratic casef (z) = f q(z) = z2. We show that if thef q-minimal martingale
measure and thevariance-optimal signed martingale measurecoincide, one can show
directly that thef -minimal martingale measure preserves the Lévy property. This uses
that in a Ĺevy setting the variance-optimal signed martingale measure agrees with the
minimal signed martingale measure, for which an explicit formula is known.

10 Chapter 1. Introduction



Chapter 2

Dynamic indifference valuation
via convex risk measures

2.1 Introduction

This chapter deals with the valuation of contingent claims in incomplete financial
markets. We present a dynamic indifference valuation approach which stems from the
basic economic concept of certainty equivalent, modified and extended to accommo-
date the market environment (an idea introduced by Hodges/Neuberger [HN89]). The
agents’ attitudes towards risk are incorporated to establish preferences over risk which
cannot be eliminated by trading.

More precisely, our investor’s preferences at each timet are given by some utility
functionalUt : L∞ → L∞(Ft ). The investor has at timet anFt -measurable initial
endowmentxt and can trade in a financial market, possibly under constraints. We
denote byCt the set of payoffs she can superhedge by trading during(t, T ] with zero
initial endowment. At each timet ∈ [0, T], the indifference value pt (X) of a payoff
X ∈ L∞ due at timeT is defined implicitly by

ess sup
G∈Ct

Ut (xt + G) = ess sup
G∈Ct

Ut (xt − pt (X)+ G + X), (2.1.1)

i.e., such that the agent is indifferent between buyingX for the pricept (X) and not
buying it, presuming she trades optimally in the market in both cases.Ut belongs to
the class ofmonetary concave utility functionals at time t(MCUFs for short), which
is defined axiomatically such that−Ut is a (Ft -conditional) convex risk measure. In
particular,Ut is Ft -translation invariantin the sense that

Ut (X + at ) = Ut (X)+ at for all at ∈ L∞(Ft ),
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so that in (2.1.1) allFt -measurable quantities can be extracted. Hence

pt (X) = Uopt
t (X)− Uopt

t (0), (2.1.2)

where the operator
Uopt

t ( · ) := ess sup
G∈Ct

Ut ( · + G)

corresponds to the agent’s market modified preferences when she takes into account
her trading opportunities.

We show that similarly as in Barrieu/El Karoui [BEK05],Uopt
t is an MCUF and

given by theconvolutionof Ut and themarket MCUF; the latter is associated toCt and
constructed like in F̈ollmer/Schied [FS02] with the help of the optional decomposition
under constraints. A key issue is to ensure (strong) time-consistency for the dynamic
behaviour ofp = (pt ). Therefore we study the convolution of two abstract condi-
tional risk measures and prove that this operation preserves (strong) time-consistency.
In the same general setting, we give sufficient conditions to guarantee thatpt (X) lies
inside the interval of arbitrage-free prices so that it could be considered as a price for
X, and we investigate the structure ofp when there are no trading constraints. We
briefly discuss the connection to good deal bounds. In the special case whereU is
given by a backward stochastic differential equation (BSDE), we also describe the
market DMCUF,Uopt and p in this way, and we show that the driver forUopt is the
pointwise convolution of the drivers ofU and of the market DMCUF. This extends
results of Rosazza Gianin [RG06] and Barrieu/El Karoui [BEK04]. Finally, because
pricing and valuation in financial markets is done with the help of equivalent martin-
gale measures, we also want arepresentationfor MCUFs in terms of their concave
conjugate functionals viaequivalentprobability measures.

Although various aspects of our approach have appeared before, the combined
treatment of all ideas at the general and conditional level seems to be new. Most
previous results are only given unconditionally fort = 0; this applies to the indif-
ference valuation via risk measures in Xu [Xu06] or (briefly) in Barrieu/El Karoui
[BEK05], to the construction of the market functional in Föllmer/Schied [FS02], or to
the convolution in Barrieu/El Karoui [BEK05]. Some conditional results are available;
Larsen/Pirvu/Shreve/T̈utünc̈u [LPST05] treat indifference valuation for a specialUt ,
Detlefsen/Scandolo [DS05] and Cheridito/Delbaen/Kupper [CDK06] provide similar
representations for conditional convex risk measures; see Section 2.3 for a more de-
tailed comparison with these two papers. Jobert/Rogers [JR06] study several of the
above issues in finite discrete time over a finite probability space. Barrieu/El Karoui
[BEK04] discuss the convolution of DMCUFs which are given by BSDEs. However,
they work with a class of BSDEs which is not general enough to incorporate the mar-
ket functional of an incomplete market, which is constructed as in Bender/Kohlmann
[BK04]. Our general results that convolution preserves time-consistency and that the
market functional in an incomplete market with trading constraints is time-consistent
seem to be new.
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The chapter is structured as follows. Notations and conventions are given in Sec-
tion 2.2. Section 2.3 introduces (dynamic) MCUFs. We state a representation theo-
rem for MCUFs similar to [DS05] but in terms of equivalent probability measures;
a closely related result can be found in [CDK06]. Some results about (strong) time-
consistency inspired mainly by [Del06] are also given. Section 2.4 introduces the
convolution of general dynamic MCUFs and extends a result of [BEK05]. The proof
is one application of the representation theorem of Section 2.3. In Section 2.5, we
adapt the results of [FK97] about superhedging under constraints to our needs. We
combine the above results in Section 2.6 to prove thatUopt is the convolution ofU
and the market DMCUF given via the superhedging price. Then we show that the
indifference valuation functionalp is a dynamic MCUF, give conditions when it is
strongly time-consistent and consistent with the no-arbitrage principle, and relate it
to good deal bounds. Section 2.7 presents three examples. The first deals with time-
consistency and some properties of the convolution, the second with dynamic MCUFs
described by backward stochastic differential equations, and the third illustrates that a
static MCUF cannot always be extended to a dynamic MCUF.

2.2 Notations and conventions

Throughout this chapter, we work with a fixed probability space(�,F , P) and a fixed
filtration F = (Ft )0≤t≤T , whereT < ∞ is a fixed finite time horizon. We assume
thatF satisfies the usual conditions of right-continuity and completeness. Hence we
can and do choose for each semimartingale a right-continuous version with left limits
(RCLL for short). For simplicity we letF0 be trivial andFT = F . For s < t
an integral froms to t is defined on the half-open interval(s, t]. For p ∈ [1,∞],
L p(�,G, P) (L p(G) or evenL p = L p(F ) if no confusion is possible) denotes the
space of all equivalence classes of real-valued,G-measurable random variables with
finite L p(P)-norm, whereG is a sub-σ -field of F . By L0(Ft ,Y) we denote the set
of all equivalence classes ofFt -measurable mappings� → Y. An Ft -partition is a
family of pairwise disjoint sets(An)n∈IN in Ft whose union is�. The transpose of a
vectorz is denoted byz∗ and1A denotes the indicator function for a setA ∈ F . P
denotes the set of all probability measuresQ on(�,F ), P a the set of allQ ∈ P with
Q � P andP e the set of allQ ∈ P a with Q ≈ P. Unless mentioned otherwise,
all (in-)equalities which involve random variables hold almost surely with respect to
P, (conditional) expectations and essential infima and suprema are taken with respect
to P, a densityZT of some measureQ ∈ P a is its density with respect toP on
F = FT and its density processZ = (Zt )0≤t≤T consists of its densitiesZt with
respect toP on Ft . We frequently identify a probability measureQ ∈ P a with its
density ZT ∈ L1(�,F , P). When we say that a setQ ⊆ P a has a property in
L1, we mean that the set of corresponding densities has this property.Qe consists
of all Q ∈ Q which are equivalent toP. We always work with equivalence classes
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of random variables and thus do not distinguish between different versions of, e.g.,
the essential infimum of a family of random variables. In particular, when defining
some set depending on an equivalence class of random variables we take one (fixed)
representative, in order to have that set well-defined. For the definition of processes
having locally some property we refer to Definition VI.27 in [DM82]. As we consider
processes on[t, T] having some local properties, this definition has the advantage that
a stopped process with starting pointt need not have the required property on all of�

but only on the sets{τn > t} where(τn)n∈IN is a localizing sequence. In particular, for
anyt ≥ 0 we have{τn > t} ⊆ {τn > 0} and this ensures that ifS is a locally bounded
semimartingale on[0, T], so is S on [t, T ]. Moreover, note that the assumption of
F0 to be trivial implies boundedness ofS0. Since we are working with a finite time
horizonT , a localizing sequence for some process(St)0≤t≤T is an increasing sequence
of [0, T]-valued stopping timesτn, n ∈ IN , such that limn→∞ P[τn < T] = 0 and
such that for eachn ∈ IN , the stopped processSτn has the desired property.

2.3 Representations and time-consistency of dynamic
MCUFs

In this section we introduce and study(dynamic) monetary concave utility function-
als (MCUFs for short). This is the class of functionals we consider for indifference
valuation in a later section. Their definition is very similar to that of convex risk
measures, for which it is known that they can be equivalently described by theirac-
ceptance set, i.e., the set of payoffs to which they assign non-positive values. We state
the analogous result for (dynamic) MCUFs and investigate the properties, in particular
continuity, of (dynamic) MCUFs. The main result of this section gives an equivalence
between continuity of an MCUF, its representability, and closedness of its acceptance
set. This extends well-known results from the static case to a dynamic setting. Similar
dynamic results can also be found in a recent work of Detlefsen/Scandolo [DS05],
and in [CDK06] in a more general setting. Finally we investigate a property called
(strong) time-consistencywhich ensures that the ordering on payoffs induced by a
dynamic MCUF is consistent between different points in time.

Definition 2.3.1. Fix t ∈ [0, T]. We call a mapping

8t : L∞(�,F , P) → L∞(�,Ft , P)

amonetary concave utility functional at time t(MCUF for short) if it satisfies

A) Monotonicity: 8t (X1) ≤ 8t (X2) for all X1, X2 ∈ L∞ with X1 ≤ X2.

B) Ft -translation invariance: 8t (X + at ) = 8t(X) + at for all X ∈ L∞,
at ∈ L∞(Ft ).
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C) Concavity: 8t(βX1 + (1− β)X2) ≥ β8t(X1)+ (1− β)8t (X2) for all X1,
X2 ∈ L∞ andβ ∈ [0, 1].

We say that an MCUF8t is normalizedif 8t (0) = 0, and we call it amonetary
coherent utility functional at time t(MCohUF for short) if it satisfies

D) Positive homogeneity:8t (λX) = λ8t(X) for all X ∈ L∞ andλ ≥ 0.

If 8t is an MCUF (respectively an MCohUF) at each timet ∈ [0, T], we call the
family 8 = (8t ( . ))0≤t≤T a dynamic MCUF(respectively adynamic MCohUF) and
use the abbreviation DMCUF (respectively DMCohUF).

An additional property one might require of8t is

E) Ft -regularity: 8t (1AX1 + 1Ac X2) = 1A8t(X1) + 1Ac8t (X2) for all X1,

X2 ∈ L∞ andA ∈ Ft .

But M. Kupper has pointed out to us that monotonicity and translation invariance
already imply E) as follows; see also Proposition 3.3 of [CDK06]. First of all, we
have1A8t (X1A) = 1A8t(X) for X ∈ L∞ andA ∈ Ft , because A) and B) yield

1A8t (X)
≤
≥ 1A8t

(
X1A ± ‖X‖L∞1Ac

) = 1A8t (X1A).

Applying this toX = 1AX1 + 1Ac X2 gives

8t (X) = 1A8t(X1A)+ 1Ac8t (X1Ac) = 1A8t (X1)+ 1Ac8t(X2).

Remark 2.3.2. i) An MCUF 8t at timet automatically satisfies not only C), but
even the stronger property ofFt -concavity, whereβ ∈ L0(Ft ; [0, 1]). This can
be proved by the standard measure-theoretic induction, using theFt -regularity
and Lipschitz-continuity of8t . So −8t is almost anFt -conditional convex
risk measure in the sense of [DS05]; the only difference is that in [DS05]8t

is normalized. Also by standard measure-theoretic induction, one can show
that an MCohUF automatically satisfies instead of D) the stronger property of
Ft -positive homogeneity, whereλ ∈ L∞+ (Ft ).

ii) Since F0 is trivial, −80 is simply a convex risk measure in the usual sense;
see [FS04] for an comprehensive textbook account. We callt = 0 thestaticor
unconditionalcase.

iii) In the literature, extensions from static to dynamic risk measures have been con-
sidered under two aspects. What we present here corresponds to the study of
risk measures conditioned on some information. A second aspect is to define
risk measures for payoff streams, i.e., on stochastic processes instead of ran-
dom variables; see [Wan99], [Det03], [Sca03], [ADEHK04], [CDK04], [PR04],
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[Rie04], [CDK05], [CDK06], [Del06] or [Web06] for work on that topic. De-
spite the importance of the latter aspect, we restrict our considerations here to
the first one.

iv) We note that MCohUFs are always normalized. Moreover, under the assump-
tion of positive homogeneity, concavity is equivalent to

F) Superadditivity: 8t (X1 + X2) ≥ 8t (X1) + 8t(X2) for all X1,

X2 ∈ L∞. 3

An MCUF at timet ≤ T assigns to each discounted net payoffX due at time
T another random variable8t (X). We interpret8t (X) as the (individual) utility,
expressed in monetary units, that some agent assigns toX at time t . However, this
does not imply that it is always possible to swap at timet the future payoffX for
8t (X) monetary units. In fact, this would require the existence of another agent who
is willing to pay8t (X) in exchange for the entitlement toX. Such an agent need not
exist in general.

For an economic interpretation of the axioms, we assume that there is a non-risky
investment opportunity where the agent can borrow or invest arbitrary amounts of
money. Moreover, we assume that all payoffs are already discounted with respect to
this non-risky asset. Then the interpretation ofFt -translation invariance is of partic-
ular interest because it clarifies the idea behind the definition of8t (X) and justifies
the terminology of amonetaryutility functional; see also [FS04]. In fact, it implies
that8t (X −8t (X)) = 0. Hence8t (X) is the maximal monetary amount that can
be subtracted fromX at timet such that the agent still assigns a non-negative utility
to the resulting (discounted) payoffX − 8t(X) due at timeT . (To be precise, the
agent cannot take the money away fromX; she must borrow it from the non-risky
investment and pay this debt back at timeT , thus changing the discounted payoff due
at timeT to X −8t(X).)

We emphasize that translation invariance distinguishes the considered class of util-
ity functionals from von Neumann-Morgenstern expected utility functionals, most of
which do not have this property. In contrast, the economic interpretation of the other
axioms is more familiar. The meaning of monotonicity is obvious, and concavity
models the idea that diversification should not decrease the utility. The condition that
8t (X) is Ft -measurable means that values only depend on information which is avail-
able at timet . Ft -regularity implies that an event which can already be ruled out at
time t does not influence the value of8t (X). As utility may grow in a non-linear way
with the size of the payoff, we usually do not insist on positive homogeneity.

The issue of normalization is a bit more subtle. It depends on the exact interpreta-
tion of the random variableX to which8t is applied whether this assumption makes
sense or not. IfX expresses a change in wealth, assuming normalization seems rea-
sonable. But ifX is some payoff to which we want to apply some utility, normalization
might be inappropriate. To see this, suppose the agent has the possibility to trade in
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some financial market. Then she might obtain with zero initial endowment a position
she personally considers to be strictly preferable to the payoff 0. In this situation she
might very well assign non-zero utility to 0. Note that this again uses the idea that
8t(X) should be viewed as a subjectivevaluerather than a (market) price. Finally,
we point out that normalization can always be achieved by subtracting8t (0) from the
original functional. This changes the initial level of utility, but has no influence on the
ordering induced by8t . Nevertheless, we will see that subtracting8t(0) to obtain a
normalized functional can yield some difficulties.

Example 2.3.3. a) A classical example of an MCUF at time 0 is theexponential
certainty equivalentwith risk aversionγ , i.e.,

80(X) := − 1

γ
log E

[
exp(−γ X)

] = ess inf
Q∈P e

{
EQ[X] + γ f e(Q|P)} ,

where forQ ∈ P e with densityZT the functional f e(Q|P) := E[ZT log ZT ]
denotes the relative entropy ofQ with respect toP; see for instance Example
4.105 in [FS04], Section 5 in [DS05], or Examples 3.2 and 3.4 in [BEK04].
This MCUF is not coherent.

b) It is well known and easy to verify that every non-empty setQ ⊆ P e defines an
MCohUF by

8t (X) := ess inf
Q∈Q

EQ[X|Ft ]. (2.3.1)

For Q = {Q}, this is just the conditional expectation under someQ ∈ P e.
If Q is not a singleton,8t can be interpreted to express the preferences of a
conservative agent who is uncertain about the underlying model and hence takes
into account several possible models. For an extension to the convex case, see
Remark 2.3.18 below.

Note that since it is only taken over measuresequivalentto P, the P-essential
infimum in (2.3.1) is well-defined. This need not be the case ifQ were to contain
probability measures which are only absolutely continuous with respect toP.

3

An elementary consequence of the axioms is that every MCUF is Lipschitz-contin-
uous for theL∞-norm with Lipschitz coefficient 1. In fact, translation invariance and
monotonicity are already sufficient to obtain this property.

Lemma 2.3.4. For any MCUF8t at time t and any X,Y ∈ L∞ we have

‖8t(X)−8t (Y)‖L∞ ≤ ‖X − Y‖L∞ .

Proof. This can be shown exactly as in the static case; see Lemma 4.3 in [FS04].
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It is well-known from the theory of static risk measures that an MCUF80 at time
0 can be equivalently described by its acceptance set; see Propositions 4.6 and 4.7 in
[FS04]. This also holds true for the conditional case if we use (like in [CDK06]) a
conditional form of theL∞-norm as follows. ForX ∈ L∞ andt ∈ [0, T], set

‖X‖t := ess inf
{
mt ∈ L∞(Ft )

∣∣ |X| ≤ mt
}

and callB ⊆ L∞ closed with respect to‖ · ‖t if for any sequence(Xn)n∈IN in B such
that limn→∞ ‖Xn − X‖t = 0 for someX ∈ L∞, we also haveX ∈ B. This holds for
instance ifB is closed inσ(L∞, L1).

Definition 2.3.5. For a given MCUF8t , theacceptance setis

At := {
X ∈ L∞ ∣∣ 8t(X) ≥ 0

}
,

and elements ofAt are calledacceptable(with respect to8t , to be precise).

Lemma 2.3.6. The acceptance setAt of an MCUF8t at time t has the following
properties:

a) At is non-empty and convex;

b) ess sup{mt ∈ L∞(Ft ) | − mt ∈ At } = ess sup(−At ∩ L∞(Ft )) ∈ L∞;
c) −At is solid, i.e., X∈ At , Y ∈ L∞ and Y≥ X imply that Y∈ At ;
d) At is Ft -regular, i.e., X,Y ∈ At and A∈ Ft implies that1AX + 1AcY ∈ At .

Moreover,At is closed with respect to‖ . ‖t . Finally, if 8t is an MCohUF, thenAt is
a cone containing 0.

Proof. For the closedness property, see Proposition 3.6 in [CDK06] and Remark 2.3.7
below. The rest follows from the definition as in the static case; see Proposition 4.6 in
[FS04].

Remark 2.3.7. Some of the results in the present section can be obtained as special
cases from [CDK06]. This is not entirely obvious for two reasons. Like [DS05],
[CDK06] impose in their axioms for MCUFs normalization andFt -concavity; see
i) of Remark 2.3.2. This difference has no effect for those results we want to quote.
More importantly, [CDK06] work more generally with DMCUFs defined on processes
instead of random variables and therefore use more elaborate notations than we need
here. To help readers in making the connection, we very briefly sketch here the main
translations between [CDK06] and our setting.
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When using [CDK06] results for random variables, replaceR∞ andR∞
τ,θ by L∞;

replace‖ · ‖τ,θ by ‖ · ‖t ; replaceL∞(Fτ ) by L∞(Ft ); and omit all1[τ,∞). More-
over, replaceDτ,θ by

{
Z ∈ L1+(P)

∣∣ E[Z|Ft ] = 1
}

which corresponds to the set of
densities of the elements inP =

t defined in (2.3.21) below. ThenD rel
τ,θ corresponds to{

Z ∈ L1+(P)
∣∣ E[Z|Ft ] = 1, Z > 0 P-a.s.

}
=

{
ZQ

T

ZQ
t

∣∣∣∣ ZQ = (ZQ
t )0≤t≤T is the density process of someQ ∈ P e

}
.

Finally, 〈X, a〉τ,θ with X ∈ R∞ anda ∈ A1 must be replaced byE[Xa|Ft ] with
X ∈ L∞ anda ∈ {Z ∈ L1+(P)

∣∣ E[Z|Ft ] = 1
}
. 3

Definition 2.3.8. A subsetB of L∞ satisfying the properties a) – d) in Lemma 2.3.6
is called apre-acceptance set at time t.

Lemma 2.3.9. Let B ⊆ L∞ be a pre-acceptance set at time t and define a mapping
onL∞ by

8B
t (X) := ess sup

{
mt ∈ L∞(Ft )

∣∣ X − mt ∈ B
}

= ess sup
(
(X − B) ∩ L∞(Ft )

)
. (2.3.2)

Then:

a) 8B
t is an MCUF at time t.

b) If B is in addition closed with respect to‖ . ‖t , thenB is the acceptance set of
8B

t .

c) If B is the acceptance setAt of an MCUF8t at time t, then8t = 8B
t , i.e., we

can recover8t from its acceptance set as8t = 8
At
t .

d) If B is a cone containing 0, then8B
t is an MCohUF.

Proof. This follows from Proposition 3.10 of [CDK06]; see Remark 2.3.7.

Our next goal is now to provide a representation for an MCUF8t via its concave
conjugate functional, which is defined as follows.

Definition 2.3.10. Theconcave conjugate functionalof an MCUF8t at timet is the
mappingαt : P ≈

t 7→ L0
(
Ft ; [−∞,+∞)

)
,

Q 7→ αt (Q) := ess inf
X∈L∞

{
EQ[X|Ft ] −8t (X)

}
(2.3.3)

whereP ≈
t := {Q ∈ P | Q ≈ P onFt }.
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Remark 2.3.11. P ≈
t is the largest set on which the essential infimum in (2.3.3) is

well-defined in the usual sense; see Section 5 in [Del06] for more general definitions.
3

Lemma 2.3.12.The concave conjugateαt of an MCUF8t at time t with acceptance
setAt can be written as

αt (Q) = ess inf
X∈At

EQ[X|Ft ] for Q ∈ P ≈
t , (2.3.4)

and it has the followingσ -pasting property: If Qn, n ∈ IN , are in P e with den-
sity processes Zn, if (An)n∈IN is an Ft -partition of� and if Q ∈ P e is defined by
d Q
d P := ∑∞

n=1 1An

Zn
T

Zn
t

, thenαt (Q) = ∑∞
n=1 1Anαt (Qn).

Proof. We start by proving (2.3.4), i.e., by showing that

ess inf
X′∈L∞

{
EQ[X′|Ft ] −8t(X

′)
} = ess inf

X′∈At

EQ[X′|Ft ].

As At ⊆ L∞ and8t is non-negative onAt , we clearly have

ess inf
X′∈L∞

{
EQ[X′|Ft ] −8t (X

′)
} ≤ ess inf

X′∈At

{
EQ[X′|Ft ] −8t (X

′)
}

≤ ess inf
X′∈At

EQ[X′|Ft ].

Conversely, translation invariance implies forX ∈ L∞ that X̂ := X − 8t(X) ∈ At

and hence that

ess inf
X′∈At

EQ[X′|Ft ] ≤ EQ[X̂|Ft ] = EQ[X|Ft ] −8t (X).

Taking the essential infimum over allX ∈ L∞ we obtain

ess inf
X′∈At

EQ[X′|Ft ] ≤ ess inf
X′∈L∞

{
EQ[X′|Ft ] −8t(X

′)
}
.

For the second claim note thatE
[∑∞

n=1 1An

Zn
T

Zn
t

]
= E

[∑∞
n=1 1An

1
Zn

t
E[Zn

T |Ft ]
]

= 1.
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SinceAt ⊆ L∞, (2.3.4) and the dominated convergence theorem imply that

αt (Q) = ess inf
X′∈At

E

[ ∞∑
n=1

1An

Zn
T

Zn
t

X′
∣∣∣∣∣Ft

]

= ess inf
X′∈At

∞∑
n=1

1An EQn [X′|Ft ]

=
∞∑

n=1

1An ess inf
X′∈At

EQn[X′|Ft ]

=
∞∑

n=1

1Anαt (Q
n)

This finishes the proof.

In Lemma 2.3.9 b), we proved that ifB is a pre-acceptance set at timet which
is closed with respect to‖ . ‖t and thus in particular if it is closed inσ(L∞, L1), it is
the acceptance set of8B

t . We shall see thatσ(L∞, L1)-closedness of the acceptance
set is equivalent to a continuity property of the corresponding MCUF. As in the static
case, this continuity property will be required to obtain a structural characterization of
MCUFs.

Definition 2.3.13. An MCUF8t at timet is calledcontinuous from above (below)if
limn→∞8t (Xn) = 8t (X) for any sequence(Xn)n∈IN in L∞ decreasing (increasing)
to someX ∈ L∞. (Note that monotonicity of8t implies the almost sure existence of
the limit.)

Like in the static case, continuity from below is stronger than continuity from
above:

Lemma 2.3.14. If 8t is an MCUF at time t and continuous from below, then it is also
continuous from above.

Proof. Let (Xn)n∈IN be a sequence inL∞ decreasing to someX ∈ L∞ and forn ∈ IN
defineZn := Xn − X. With X := X −8t (X), we obtain from B) and C) that

0 = 8t(X)

= 8t

(1

2

(
X + Zn

)+ 1

2

(
X − Zn

))
≥ 1

2
8t
(
X + Zn

)+ 1

2
8t
(
X − Zn

)
= 1

2

(
8t (X + Zn)−8t (X)+8t (X − Zn)−8t (X)

)
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so that
8t(X + Zn)−8t (X) ≤ 8t(X)−8t(X − Zn). (2.3.5)

From this together with A), continuity from below and sinceX−Zn = 2X−Xn ↗ X,
we obtain

0 ≤ 8t (Xn)−8t (X) ≤ 8t (X)−8t(X − Zn) ↘ 8t(X)−8t (X) = 0.

Hence8t (Xn) decreases to8t (X) asn → ∞.

Remark 2.3.15. The MCUFs in Example 2.3.3 a) and b) are always continuous from
above. The exponential certainty equivalent is also continuous from below, but for the
MCohUFs in part b) this depends on the choice ofQ; see Corollary 4.35 in [FS04].3

The following Theorem 2.3.16 is the main result of this section. It shows that for
an MCUF8t , the existence of a representation via the concave conjugate functional,
continuity from above, andσ(L∞, L1)-closedness of its acceptance setAt are all
equivalent. A detailed discussion is given below.

Theorem 2.3.16.For an MCUF8t at time t with acceptance setAt , the following
are equivalent:

I) 8t is continuous from above andinfX∈At EQ̃[X] > −∞ for someQ̃ ∈ P e.

II) 8t can be represented as

8t (X) = ess inf
Q∈P e

{
EQ[X|Ft ] − α0

t (Q)
}

(2.3.6)

for a mappingα0
t : P e → L0(Ft ; [−∞,+∞)) which has theσ -pasting prop-

erty.

III) 8t can be represented as

8t (X) = ess inf
Q∈P e

{
EQ[X|Ft ] − αt (Q)

}
(2.3.7)

whereαt is the concave conjugate of8t .

IV) At is closed inσ
(
L∞, L1

)
and infX∈At EQ̃[X] > −∞ for someQ̃ ∈ P e.

If 8t satisfies one of the above properties and is in addition positively homogeneous,
hence an MCohUF, it can be represented as

8t (X) = ess inf
Q∈Qe

EQ[X|Ft ] (2.3.8)

for some setQ ⊆ P a and withQe = Q ∩ P e 6= ∅. Q can be chosen convex and
closed inL1.
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Definition 2.3.17. If one of the equivalent properties I) – IV) is satisfied, we say that
8t is well-representable.

Remark 2.3.18. i) In analogy to Example 2.3.3 b), it is easy to see that any func-
tional8t : L∞ → L∞(Ft ) which can be represented as in (2.3.6) is an MCUF
at timet . This does not require theσ -pasting property ofα0

t .

ii) In II) it suffices to have theσ -pasting property only for thoseQ ∈ P e satisfying
α0

t (Q) 6≡ −∞.

iii) Note that Theorem 2.3.16 also allows us todefinean MCUF at timet from a
suitable mappingα0

t by (2.3.6). This is particularly useful in the coherent case
where8t is specified via (2.3.8) entirely by the setQ; see Example 2.3.3 b).
A similar interpretation holds in the convex case, whereα0

t (Q) is a correction
term which quantifies how the modelQ is viewed. In Example 2.3.3 a),P can
be seen as a reference model and the correction term is chosen proportional to
the (entropic) deviation ofQ from P; see also Section 4.3 in [FS04].

3

Proof of Theorem 2.3.16.“III) ⇒ II):” Obvious due to Lemma 2.3.12.

“II) ⇒ I):” To see continuity from above, let(Xn)n∈IN ⊆ L∞ be a uniformly
bounded sequence decreasing to someX ∈ L∞. Then

↘ - lim
n→∞8t (Xn) = inf

n∈IN

{
ess inf
Q∈P e

{
EQ[Xn|Ft ] − α0

t (Q)
}}

= ess inf
Q∈P e

{
inf

n∈IN

{
EQ[Xn|Ft ] − α0

t (Q)
} }

= ess inf
Q∈P e

{
↘ - lim

n→∞ EQ[Xn|Ft ] − α0
t Q)

}
= 8t(X),

where the last equality follows from the monotone convergence theorem and
(2.3.6). It remains to prove the existence ofQ̃ as desired. To this behalf choose
a sequence(Qn) in P e and forε > 0 anFt -partition(An) of � such that

−8t (0) = ess sup
Q∈P e

α0
t (Q) = sup

n∈IN
α0

t (Q
n) ≤

∞∑
n=1

1Anα
0
t (Q

n)+ ε.

DefineQ̃ ∈ P e by dQ̃
d P := ∑∞

n=1 1An

Zn
T

Zn
t

and note that theσ -pasting property of

α0
t givesα0

t (Q̃)+ ε ≥ −8t (0) ∈ L∞. Using (2.3.4) and (2.3.6) yields

ess inf
X∈At

EQ̃[X|Ft ] = ess inf
X∈L∞

{
EQ̃[X|Ft ] − ess inf

Q∈P e

{
EQ[X|Ft ] − α0

t (Q)
}}

≥ α0
t (Q̃)
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and therefore infX∈At EQ̃[X] ≥ EQ̃[α0
t (Q̃)] ≥ −EQ̃[8t (0)] − ε > −∞.

“I) ⇒ III):” First we show that “≤” holds in (2.3.7), i.e., that

8t (X) ≤ ess inf
Q∈P e

{
EQ[X|Ft ] − αt (Q)

}
(2.3.9)

for all X ∈ L∞. Indeed, for anyQ ∈ P e and anyX ∈ L∞, (2.3.3) gives

EQ[X|Ft ] − αt (Q) = EQ[X|Ft ] − ess inf
X′∈L∞

{
EQ[X′|Ft ] −8t (X

′)
}

≥ EQ[X|Ft ] − (
EQ[X|Ft ] −8t (X)

)
= 8t (X).

(2.3.9) follows if we take the essential infimum over allQ ∈ P e. Inequality
(2.3.9) implies (2.3.7) if we show that for anyX ∈ L∞

EQ̃[8t (X)] = EQ̃

[
ess inf
Q∈P e

{
EQ[X|Ft ] − αt (Q)

} ]
. (2.3.10)

Similarly to, e.g., [Det03], this will be done by exploiting the well-known rep-
resentation results for the static case. To derive from8t an MCUF at time 0,
we define the mapping̃80 : L∞ → IR by 8̃0(X) := EQ̃[8t (X)]. This is an
MCUF at time 0, and continuous from above because8t is. Hence Theorem
4.31 and Remark 4.16 of [FS04] imply that it can be represented as

8̃0(X) = inf
Q∈P a

{
EQ[X] − α̃0(Q)

}
, (2.3.11)

where
α̃0(Q) = inf

Y∈L∞

{
EQ[Y] − 8̃0(Y)

}
. (2.3.12)

We argue below that̃α0(Q̃) > −∞, and becausẽQ ∈ P e, this implies that we
have

8̃0(X) = inf
Q∈P e

{
EQ[X] − α̃0(Q)

}
. (2.3.13)

Similarly to [DS05], we show next that (2.3.13) remains true if we take the
infimum only over allQ in

Q̃t :=
{

Q ∈ P e
∣∣∣ Q[A] = Q̃[A] for all A ∈ Ft

}
,

i.e., we claim that

inf
Q∈P e

{
EQ[X] − α̃0(Q)

} = inf
Q∈Q̃t

{
EQ[X] − α̃0(Q)

}
. (2.3.14)

It is clear that “≤” holds, and “≥” will follow once we show that

α̃0(Q) = −∞ for any Q ∈ (P e \ Q̃t
)
. (2.3.15)
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But if Q 6∈ Q̃t , there existsA ∈ Ft such thatQ[A] 6= Q̃[A]. As Ft -translation
invariance of8t implies that

8̃0(λ1A) = EQ̃[8t (λ1A + 0)] = EQ̃[λ1A] + EQ̃[8t (0)],

we obtain from (2.3.12)

α̃0(Q) ≤ inf
λ∈IR

{
EQ[λ1A] − 8̃0(λ1A)

}
= inf

λ∈IR

{
λQ[A] − λQ̃[A] − EQ̃[8t (0)]

}
= −∞.

Hence (2.3.14) follows. Now we show that

EQ̃[αt (Q)] = α̃0(Q) for all Q ∈ Q̃t . (2.3.16)

In fact,Ft -regularity of8t implies that the set
{

EQ[X|Ft ] −8t(X)
∣∣ X ∈ L∞}

is a lattice. Hence ([Nev75]) there exists a sequence(Xn)n∈IN ⊆ L∞ such that

ess inf
X∈L∞

{
EQ[X|Ft ] −8t (X)

} =↘ - lim
n→∞

(
EQ[Xn|Ft ] −8t (Xn)

)
(2.3.17)

so that by the monotone convergence theorem

EQ̃

[
ess inf
X∈L∞

{
EQ[X|Ft ] −8t(X)

}]
= ↘ - lim

n→∞ EQ̃

[
EQ[Xn|Ft ] −8t(Xn)

]
≥ inf

X∈L∞ EQ̃

[
EQ[X|Ft ] −8t (X)

] ;
clearly we then even have ”=” in the last line. This together with (2.3.3),Q ∈ Q̃t

and (2.3.12) yields

EQ̃ [αt (Q)] = inf
X∈L∞

{
EQ[X] − EQ̃[8t (X)]

}
= inf

X∈L∞

{
EQ[X] − 8̃0(X)

}
= α̃0(Q)

and hence (2.3.16). Combining this with (2.3.9), (2.3.16), (2.3.13) and (2.3.14)
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we can finish the proof of (2.3.10) as follows:

EQ̃ [8t (X)] ≤ EQ̃

[
ess inf
Q∈P e

{
EQ[X|Ft ] − αt (Q)

}]
≤ EQ̃

[
ess inf
Q∈Q̃t

{
EQ[X|Ft ] − αt (Q)

}]
≤ inf

Q∈Q̃t

EQ̃

[{
EQ[X|Ft ] − αt (Q)

}]
= inf

Q∈Q̃t

{
EQ[X] − EQ̃ [αt (Q)]

}
= inf

Q∈Q̃t

{
EQ[X] − α̃0(Q)

}
= 8̃0(X)

= EQ̃ [8t (X)] .

Finally, to see that̃α0(Q̃) > −∞, note thatY −8t(Y) ∈ At for anyY ∈ L∞.
Hence (2.3.12) gives

α̃0(Q̃) = inf
Y∈L∞ EQ̃[Y −8t (Y)] ≥ inf

X∈At
EQ̃[X] > −∞.

“I) ⇒ IV):” Closedness of the acceptance set can be shown as in the static case, see
[FS04], Theorem 4.31, c)⇒ e)⇒ f) together with Lemma 4.20.

“IV) ⇒ I):” To see continuity from above, let(Xn)n∈IN be a uniformly bounded
sequence inL∞ decreasing to someX ∈ L∞ so that

↘ - lim
n→∞8t (Xn) = Z (2.3.18)

for someZ ∈ L∞(Ft ). ThenYn := Xn − 8t(Xn) converges toX − Z P-a.s.
and is uniformly bounded as well. By dominated convergence,(Yn)n∈IN thus
also converges toX − Z in σ(L∞, L1). But by translation invariance,Yn ∈ At

for all n andAt is closed inσ(L∞, L1) so thatX − Z is in At as well. From
this together with translation invariance and sinceZ ∈ L∞(Ft ), we obtain that
8t (X) ≥ Z. Hence monotonicity implies by (2.3.18)

lim
n→∞8t (Xn) = Z ≤ 8t(X) = 8t

(
lim

n→∞ Xn
) ≤ lim

n→∞8t(Xn).

To finish the proof of Theorem 2.3.16, it remains to show that if8t is positively
homogeneous, there exists a setQ ⊆ P e such that

8t (X) = ess inf
Q∈Q

EQ[X|Ft ].



2.3. Representations and time-consistency of DMCUFs 27

By positive homogeneity, the acceptance setAt is closed under multiplication with
non-negative scalars and in particular 0∈ At . Thereforeαt (Q) from (2.3.4) is
{0,−∞}-valued for eachQ ∈ P e. Next we show that there existŝQ ∈ P e such
thatαt

(
Q̂
) = 0. In fact, as any MCohUF is normalized, we obtain from III) that

0 = 8t(0) = ess inf
Q∈P e

{−αt (Q)} = inf
n∈IN

{−αt (Qn)}

for some sequence(Qn)n∈IN ⊆ P e (see [Nev75]). Hence there exists anFt -partition
(An)n∈IN and a sequence(Qn)n∈IN , Qn ∈ P e with density processesZn, such that

∞∑
n=1

1An αt (Q
n) = 0;

this uses that eachαt (Qn) only takes the values 0 and−∞. We define the measure
Q̂ ∈ P e via its density

ẐT :=
∞∑

n=1

1An

Zn
T

Zn
t
.

Lemma 2.3.12 then implies that

αt (Q̂) =
∞∑

n=1

1Anαt (Q
n) = 0. (2.3.19)

Now fix Q′ ∈ P e and let

A := {
αt
(
Q′) = 0

} ∈ Ft(
where, as usual, we consider a fixed version ofαt

(
Q′) ). If Ẑ and Z′ denote the

density processes of̂Q andQ′, we define a new measurẽQ ∈ P e via its densityZ̃T

as

Z̃T := 1A
Z′

T

Z′
t

+ 1Ac
ẐT

Ẑt
.

Then Lemma 2.3.12 implies that

αt
(
Q̃
) = 1A αt

(
Q′)+ 1Ac αt

(
Q̂
) = 0.

Because1AEQ′ [ . |Ft ] = 1AEQ̃[ . |Ft ] andαt (Q′) = −∞ on Ac, we obtain

EQ′ [X|Ft ] − αt (Q
′) ≥ EQ̃[X|Ft ] − αt (Q̃)

by looking separately atA andAc. In other words, when taking the essential infimum
in (2.3.7) it is enough to restrict attention to measures likeQ̃ that haveαt (Q̃) = 0. So
if we define

Q := {
Q ∈ P e

∣∣ αt (Q) ≡ 0
}
,
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we obtain

8t(X) = ess inf
Q∈Q

EQ[X|Ft ] = ess inf
Q∈Qe

EQ[X|Ft ].

In order to haveQ convex and closed inL1, we can replaceQ by itsL1-closed convex
hull and recall that for convex sets the norm closure and the weak closure are the
same.

The papers [DS05] and [CDK06] contain closely related representation results;
the relations and differences will be discussed below after we have introduced some
additional concepts. Another representation for conditional convex risk measures can
be found in Rosazza Gianin [RG06] in the context of BSDEs. In the coherent case,
things become simpler; see for instance [Rie04], [ADEHK04] or [RSE05]. The recent
work of Weber [Web06] is less relevant for our goals, because law-invariance does not
fit well with the notion of hedging.

For comparison purposes, let us first give a slight variation of Theorem 2.3.16;
without IV′), this is simply Theorem 1 of [DS05] in our notation.

Theorem 2.3.19.For an MCUF8t at time t with acceptance setAt , the following
are equivalent:

I ′) 8t is continuous from above.

II ′) 8t can be represented as

8t (X) = ess inf
Q∈P =

t

{
EQ[X|Ft ] − α0

t (Q)
}

(2.3.20)

for a mappingα0
t : P =

t → L0
(
Ft ; [−∞,+∞)

)
and where

P =
t := {Q � P | Q = P onFt }. (2.3.21)

III ′) 8t can be represented as

8t (X) = ess inf
Q∈P =

t

{
EQ[X|Ft ] − αt (Q)

}
(2.3.22)

whereαt is the concave conjugate of8t .

IV ′) At is closed inσ
(
L∞, L1

)
.

Definition 2.3.20. If one of the equivalent properties I′) – IV′) is satisfied, we say that
8t is representable.
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One difference to other related representation results is our use of the condition

inf
X∈At

EQ̃[X] > −∞ for someQ̃ ∈ P e. (2.3.23)

Before discussing this difference in more detail, let us first show how (2.3.23) can be
ensured from a relevance condition on8t ; see Definition 4.32 and Corollaries 4.34
and 9.30 in [FS04] for this economically very natural concept.

Definition 2.3.21. If an MCUF8t at timet satisfiesP
[
8t (−1B) < 8t(0)

]
> 0 for

any B ∈ F with P[B] > 0, it is calledrelevantor sensitive.

Proposition 2.3.22. Let8t be an MCUF at time t.

a) If 8t is continuous from above and relevant, then (2.3.23) holds. In particular,
8t is well-representable.

b) If 8t is well-representable and an MCohUF at time t, then8t is relevant.

Proof. b) (2.3.8) gives8t(−1B) ≤ −EQ[1B|Ft ] for someQ ∈ P e, and8t(0) = 0.
Hence8t is relevant.

a) Almost like in the proof of Theorem 2.3.16, “ I)H⇒ III)”, we define and repre-
sent an MCUF80 at time 0 by

80(X) := E[8t (X)] = inf
Q∈P a

{
EQ[X] − α0(Q)

} = inf
Q∈P a,

α0(Q)>−∞

{
EQ[X] − α0(Q)

}
(2.3.24)

with
α0(Q) = inf

Y∈L∞
{
EQ[Y] −80(Y)

};
the last equality in (2.3.24) holds since80 is finite-valued. Because8t is relevant, so
is80. To constructQ̃ ∈ P e with

α0(Q̃) > −∞, (2.3.25)

we defineB ∈ F up to nullsets by

1B := ess sup
{
1{ZQ

T >0}
∣∣∣ Q ∈ P a andα0(Q) > −∞

}
.

By the definition ofB, for Q ∈ P a with α0(Q) > −∞, we must haveEQ[1Bc] = 0,
so that by (2.3.24) we have80(−1Bc) = 80(0). HenceP[B] = 1 by relevance
of 80. Now chooseQn ∈ P a with density processesZn and α0(Qn) > −∞
such that supn∈IN 1{Zn

T>0} = 1B = 1 P-a.s., andβn > 0 with
∑∞

n=1 βn = 1 and∑∞
n=1βnα0(Qn) > −∞. ThendQ̃

d P := ∑∞
n=1 βnZn

T defines a measurẽQ ∈ P e which
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satisfies (2.3.25). With the same arguments as for (2.3.15) and (2.3.16) one can first
prove thatα0(Q) = −∞ for any Q ∈ (

P e \ P =
t

)
which implies thatQ̃ ∈ P =

t and
then conclude thatα0(Q̃) = EP[αt (Q̃)] so that (2.3.4) yields

inf
X∈At

EQ̃[X] ≥ EQ̃

[
ess inf
X∈At

EQ̃[X|Ft ]
]

= EP[αt (Q̃)] = α0(Q̃) > −∞.

HenceQ̃ does the job.

Now we can discuss the differences between Theorem 2.3.16, Theorem 2.3.19
(which corresponds to Theorem 1 in [DS05]) and Theorems 3.16, 3.18 and 3.23 in
[CDK06]. Obvious differences are changes of signs in [DS05] and that [CDK06] work
with MCUFs on processes instead of only random variables like here. In Remark
2.3.7, we have briefly sketched how their notation can be translated to our setting.
But the main difference is that [DS05] and [CDK06] assume in I) only that8t is
continuous from above. They then obtain representations like in (2.3.22), where the
set of measures isP =

t which explicitly depends onFt . By imposing the additional
condition (2.3.23) on8t , we have in contrast a representation with one setP e for all
t and, more importantly, a representation in terms of measures which are equivalent to
P. The term “well-representable” is meant to highlight this difference.

To be accurate, things are even more subtle. In their Theorem 3.23, [CDK06]
also provide a representation like (2.3.7) in terms ofP e. However, they assume for
this that8t is relevant, which by Lemma 2.3.22 is sufficient (but not necessary) for
(2.3.23). In contrast, we show that the weaker condition (2.3.23) is already sufficient
for the representation in (2.3.7), and that (together with continuity from above) it is
actually also necessary.

None of the properties imposed on DMCUFs so far requires any relation between
the MCUFs at different points in time. To actually study thedynamicbehavior of
DMCUFs, we now introduce a notion of time-consistency.

Definition 2.3.23. A DMCUF 8 := (8t )0≤t≤T is calledtime-consistentif for any
X,Y ∈ L∞ ands ≤ t ,

8t(X) = 8t(Y) implies that 8s(X) = 8s(Y). (2.3.26)

8 is calledstrongly time-consistentif in addition its acceptance sets(At )0≤t≤T satisfy

At ⊆ As for t ≥ s.

In the literature, one can find several differing definitions of time-consistency; see
for instance [Pen04], [Web06], or [ADEHK04] for an overview. For our purposes,
(2.3.26) means that indifference at timet between two payoffsX andY is carried over
to any times < t , i.e., when less information is available. Because the “=” signs
could obviously be replaced by “≥” signs in (2.3.26), time-consistency preserves the
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ordering between payoffs over time, but does not fix the level at which this occurs.
Unless all8t are normalized, (2.3.26) therefore does not guarantee that anX accept-
able int is also acceptable at times< t ; this requires strong time-consistency. We do
not impose normalization here since we later consider operations on DMCUFs which
preserve (strong) time-consistency, but may change the initial utility level; see the
remark after Theorem 2.4.3 and Example 2.7.1.

Remark 2.3.24. i) In Section 2.7.2 we investigate DMCUFs which are defined
via solutions of backward stochastic differential equations. As they are al-
ways time-consistent, these provide us with a big class of examples for time-
consistent DMCUFs.

ii) Epstein and Schneider’s Example 4.1 in [ES03] illustrates that under ambiguity
aversion, a rational agent might well exhibit a time-inconsistent behavior. Like
for all axioms concerning decision making, it is thus important to be aware of
situations where seemingly natural rules are violated.

3

For a DMCUF(8t )0≤t≤T with acceptance sets(At )0≤t≤T and fors ≤ t , we use
the notationAs(Ft ) := As ∩ L∞(Ft ). We note that8s◦t := 8s ◦8t is an MCUF at
time s and denote byAs◦t its acceptance set. Similarly as in Theorems 12 and 16 in
[Del06], time-consistency can then be characterized as follows; see also Proposition 8
of [DS05].

Lemma 2.3.25.For a DMCUF8 = (8t )0≤t≤T , the properties

a) 8s = 8s◦t for all s ≤ t ,

b) As = As◦t for all s ≤ t ,

c) As = As(Ft )+ At for all s ≤ t ,

are all equivalent and imply

d) 8 is time-consistent.

If 8 is normalized, i.e.,8t (0) ≡ 0 for all t ∈ [0, T], then d) is equivalent to a) – c).

Proof. a) implies d) and by c) of Lemma 2.3.9 is equivalent to b). If8t(0) ≡ 0,
take X ∈ L∞ and defineY := 8t(X) to get by translation invariance8t (Y) =
8t
(
0+8t(X)

) = 8t (X). Time-consistency then yields8s(X) = 8s(Y) = 8s◦t (X)
so that d) implies a).

“b) ⇒ c)”: To show the inclusion “⊇” in c), let X = X1 + X2 with X1 ∈ As(Ft ),
X2 ∈ At and use translation invariance and thatX2 ∈ At to get8t (X) = X1 +
8t(X2) ≥ X1. Monotonicity andX1 ∈ As(Ft ) thus yield8s◦t (X) ≥ 8s(X1) ≥ 0
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so thatX ∈ As◦t = As by b). For the converse inclusion, writeX ∈ As as X =
8t (X)+

(
X −8t(X)

)
. The second summand is inAt , and the first is inAs(Ft ) since

8s
(
8t (X)

) = 8s◦t (X) ≥ 0 becauseX ∈ As = As◦t by b).
“c) ⇒ b)”: To show “⊆”, write X ∈ As by c) asX = X1 + X2 with X1 ∈ As(Ft )

and X2 ∈ At . As above, this yields8t (X) ≥ X1 and hence by monotonicity of
8s that8s

(
8t(X)

) ≥ 8s(X1) ≥ 0 sinceX1 ∈ As. Thus8t (X) ∈ As which is
equivalent toX ∈ As◦t . To obtain “⊇”, note thatX ∈ As◦t gives8t (X) ∈ As(Ft ) so
that X = (

X −8t(X)
) +8t (X) ∈ At + As(Ft ) = As by c).

For a normalized DMCUF, time-consistency and strong time-consistency are the
same. In fact,8s(0) = 0 implies 0∈ As(Ft ) and thereforeAt ⊆ As by c) of Lemma
2.3.25. Moreover, each of the equivalent properties a) – c) in Lemma 2.3.25 implies
that8 is normalized. To see this for a), simply write

8t(0) = 8t◦t (0) = 8t
(
0 +8t (0)

) = 8t (0)+8t(0) = 28t (0).

Moreover, an arbitrary DMCUF8 := (8t )0≤t≤T is time-consistent if and only if
the normalized DMCUF8′ := (8′

t )0≤t≤T defined by8′
t( · ) := 8t ( · ) − 8t (0) is

(strongly) time-consistent. The acceptance set of8′
t is A′

t := At +8t (0), whereAt

denotes the acceptance set of8t . However, we illustrate in Example 2.7.1 below that
a DMCUF can be strongly time-consistent without being normalized.

Suppose that a DMCUF8 satisfiesAt ⊆ As for t ≥ s. Thent 7→ infX∈At EQ̃[X]
is increasing and thus infX∈At EQ̃[X] > −∞ holds for allt as soon as we have this

for t = 0, i.e., if α0(Q̃) = infX∈A0 EQ̃[X] > −∞. Hence condition I) in Theorem
2.3.16 simplifies in this case. Similarly, a time-consistent DMCUF8with80 relevant
has8t relevant for allt .

For the economic interpretation of property a) in Lemma 2.3.25, note that for any
normalized DMCUF8 we have8t (X) = 8t (8t (X)) . This means that the agent
assigns at timet the same monetary utility toX and to8t (X). If she acts in a time-
consistent way, she should stick to this indifference at times, which yields exactly
property a). Clearly property b) is just a reformulation of a). For property c), we note
thatAs ⊆ As(Ft )+ At means that we can split any payoff acceptable at times into
the sum of a payoffX1 which is acceptable at times when the observation period
ends at timet , and a payoffX2 which is acceptable if the observation period starts at
time t . Conversely, let a payoffX be the sum of suchX1 andX2. Normalization and
translation invariance imply that8t (X1 + X2) = 8t (X2) + X1 ≥ X1 = 8t (X1),
i.e., at timet the agent prefers the payoffX = X1 + X2 to X1. If she acts in a time-
consistent way, she should have the same ordering at times; see the comment after
Definition 2.3.23. AsX1 is acceptable at times, this shows that the converse inclusion
should hold as well. Note that the above interpretations all use that8 is normalized.
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Remark 2.3.26. Until now, we have considered DMCUFs for the time horizonT . To
emphasize the dependence onT we write

8s,T ( · ) instead of8s( · ).
In view of a possible study of indifference valuation functionals for intermediate time
horizonst < T one could also look at DMCUFs(8s,t ( · ))0≤s≤t for all t < T , the
idea being that8s,t (X) is the value at times for the payoffX ∈ L∞(Ft ) due at time
t (instead ofT). Where such a8. ,t comes from will be discussed later. In general,
a property one might want to have for such families of functionals (in addition to
(strong) time-consistency of8. ,T ) is

(R) Recursiveness:8s,t (8t,T (X)) = 8s,T (X) for any X ∈ L∞(FT ).

(This could also be called Bellman’s principle.) Note the difference between recur-
siveness and property a) in Lemma 2.3.25, where we have8s,T instead of8s,t . In
economic terms, recursiveness means that if we want to value the timeT payoff X
at times, we can either do this directly or first value it at timet ≥ s and then value
that result at times. This can also be desirable for non-normalized functionals. The
concept of recursiveness seems to go back to Peng who studied it in the context of
non-linear expectations; see [Pen04] for a comprehensive overview. The following
considerations are motivated by a discussion with S. Peng.

The aim of the present work is to obtain a valuation functional from indifference
considerations. Among other things, we assume that there exists a bank account with
zero interest rate, so that money can be freely transferred over time. Hence an investor
should be indifferent between receiving a payoffX ∈ L∞(Ft ) at time t < T or at
time T . If the indifference valuation functionals over time are given by a familyp, we
should therefore have

ps,t (X) = ps,T (X) for all s ≤ t ≤ T andX ∈ L∞(Ft ). (2.3.27)

In addition, indifference valuation functionals should be normalized, i.e.,ps,t (0) = 0
for all s ≤ t ≤ T . With this and (2.3.27), time-consistency and recursiveness are
equivalent; see Lemma 2.3.25. Moreover, (R) for p then also holds for any time
horizonu ≥ t instead ofT .

The indifference valuation DMCUFp. ,T will be obtained from a (strongly) time-
consistent DMCUF8. ,T via normalization, i.e.,ps,T ( · ) = 8s,T ( · )−8s,T (0). Here
difficulties can arise if we want to valuate also for intermediate time horizonst < T
but do not start with normalized families8. In fact, for alls ≤ t ≤ T we want to have
MCUFs (with time horizont) 8s,t : L∞(Ft ) → L∞(Fs) and then to set

ps,t (X) := 8s,t (X)−8s,t (0) for all X ∈ L∞(Ft ). (2.3.28)

With this construction, we can assume (2.3.27) if and only if

8s,t (X)−8s,t (0) = 8s,T (X)−8s,T (0) for all s ≤ t ≤ T , X ∈ L∞(Ft ). (2.3.29)

34 Chapter 2. Dynamic indifference valuation

This holds, e.g., if the indifference valuation DMCUF is constructed from the condi-
tional exponential certainty equivalent; see Example 2.7.19. If8 satisfies (2.3.29) and
8. ,T is time-consistent, then8. ,t is also time-consistent for eacht . p. ,t from (2.3.28)
is then normalized and strongly time-consistent for eacht , and hence the familyp also
satisfies (R).

Since the family8 is the basic building block in the above construction, we now
have to ask where8. ,t comes from.8. ,T is always given, and the simplest way to
obtain some8. ,t satisfying (2.3.29) is the brute force definition

8s,t (X) := 8s,T (X) for s ≤ t ≤ T andX ∈ L∞(Ft ).

This will always work, but is not always reasonable. Suppose for instance that8s,t

should represent some maximal subjective utility achievable betweens and t . Then
another reasonable definition could be

8s,t (X) := 8s,T (X)−8t,T (0) for all s ≤ t < T andX ∈ L∞(Ft ). (2.3.30)

The loose argument for subtracting the second term is that sinceX is known at time
t , it is by translation invariance irrelevant for the maximal utility achievable during
the period fromt to T . (But of course such an “argument” via splitting(s, T] into
(s, t] and(t, T ] is based on the intuition from recursiveness and thus has a taste of
circularity.) It is straightforward to check that (2.3.30) implies (2.3.29). However,
8s,t (X) is notFs-measurable unless8t,T (0) is, and if this should hold for alls, we
must require that(8s,T (0))0≤s≤T is a deterministic process. In that case, (2.3.30)
gives a good definition.

In Section 2.7.2, we shall examine functionals8. ,T defined via backward stochas-
tic differential equations (BSDEs). In that case, the BSDE also produces a natural
definition for8. ,t for eacht < T , and one can show that if8. ,T (0) is deterministic,
those8. ,t must be of the form (2.3.30). In that sense, this definition is also natural.3

Although time-consistency is desirable in most situations, it is also quite restrictive
as we shall illustrate by an example in Section 2.7.3. In preparation and to complete
the results here, we provide another equivalent description of time-consistency for the
case where the DMCUF is coherent. Since DMCohUFs are always normalized, this
description is also equivalent to strong time-consistency.

Definition 2.3.27. A set Q ⊆ P a is calledweakly multiplicatively stable(weakly
m-stablefor short) if Q ∩ P e 6= ∅ andQ has the following property: If we take any
Q0, Q1, Q2 ∈ Q with associated density processesZ0, Z1, Z2, fix t ∈ [0, T] and
A ∈ Ft , impose thatQ1, Q2 ∈ P e and define

ZT := 1A
Z0

t

Z1
t

Z1
T + 1Ac

Z0
t

Z2
t

Z2
T ,

thenZT is the density of some element inQ.
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Remark 2.3.28. i) Intuitively, weak m-stability means thatQ is closed under the
following operation: We pick any timet and construct fromQ0, Q1, Q2 ∈ Q a
new probability measureQ ∈ Q which agrees withQ0 onFt and has aftert on
A the sameFt -conditional behavior asQ1 and onAc the same asQ2.

ii) Definition 2.3.27 is similar to the definition of m-stable sets given in [Del06].
However, we only paste together probability measures at deterministic times,
whereas Delbaen also considers stopping times. Therefore we have to introduce
the setA to ensure that the set{EQ[X|Ft ] | Q ∈ Q ∩ P e} is a lattice for each
X ∈ L∞, whereas this holds automatically when stopping-times are allowed;
see Proposition 1 in [Del06]. Moreover, in [Del06] it is assumed thatP ∈ Q; but
sinceP is required only to specify the nullsets and to ensure thatQ ∩ P e 6= ∅,
the latter condition is already sufficient. Moreover, our assumption thatF0 is
trivial simplifies the definition slightly.

3

The following Lemma 2.3.29 is a slight improvement of Theorem 12 of [Del06] as
it does not only give (in part a)) a structural description of time-consistent DMCohUFs
of a particular form, but also shows (in part b)) that every normalized time-consistent
DMCUF which is well-representable and positively homogeneous at time 0 is of this
form, and gives an explicit representation. This will prove helpful in the abovemen-
tioned example of Section 2.7.3.

Lemma 2.3.29. a) Define a family of mappings8 = (8t )0≤t≤T onL∞ by

8t (X) = ess inf
Q∈Qe

EQ[X | Ft ] (2.3.31)

for someL1-closed and convex setQ ⊆ P a with Qe = Q ∩ P e 6= ∅. Then8
is a well-representable strongly time-consistent DMCohUF if and only ifQ is
weakly m-stable.

b) Conversely, let8 = (8t )0≤t≤T be a normalized time-consistent DMCUF such
that80 is positively homogeneous and well-representable. Then8 can be rep-
resented as in (2.3.31) and is in particular a DMCohUF, i.e., positively homo-
geneous for all t∈ [0, T]. Moreover,Q is unique, weakly m-stable and consists
of all Q ∈ P a whose densities are elements of the polar cone of−A0 where
A0 is the acceptance set of80, i.e.,

Q =
{

Q ∈ P a
∣∣ d Q = ZT d P, ZT ∈ (−A0)

◦ ∩ B(L1)
}
. (2.3.32)

HereB(L1) is the unit ball inL1, and the polar cone of−A0 is given by

(−A0)
◦ =

{
Z ∈ L1

∣∣∣ E[Z X] ≤ 0 for all X ∈ (−A0)
}
.
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Remark 2.3.30. Lemma 2.3.29 shows that a DMCUF which is positively homoge-
neous at time 0 can only be time-consistent if the set of representing measures at time
0 or the acceptance setA0 at time 0 (more precisely, the polar cone of−A0) has an
appropriate structure. Moreover, it shows that there exists at most one normalized
time-consistent DMCUF which extends a given static MCohUF at time 0. In Section
2.7.3 we consider an example of a static MCohUF at time 0 which cannot be extended
to a time-consistent DMCUF. 3

Proof of Lemma 2.3.29. a) This follows similarly as in the proof of Theorem 12 in
[Del06]. The assumption thatQe 6= ∅ is obviously necessary from the definition
of a (weakly) m-stable set.

b) By the proof of Theorem 3.2 in [Del02], withQ from (2.3.32),

80( · ) = inf
Q∈Q

EQ[ · ] (2.3.33)

onL∞, andQ is L1-closed and convex. To show that8t can be represented by
(2.3.31), we define a DMCUF̂8 = (8̂t )0≤t≤T as the RHS of (2.3.31), i.e.,

8̂t(X) := ess inf
Q∈Qe

EQ[X|Ft ] for all X ∈ L∞,

and we show that8 = 8̂; weak m-stability ofQ then follows from a) and the
time-consistency of8. Since80 is well-representable, there existsQ ∈ P e

such that80( · ) ≤ EQ[ · ]. Hence the densityZT of Q is in (−A0)
◦ so that

Q ∈ Qe and we can replaceQ by Qe in (2.3.33) which then implies that

80 = 8̂0 (2.3.34)

onL∞. In fact, fix Q′ ∈ Q with densityZ′
T and define for eachε > 0 a measure

Qε ∈ Qe by its densityZεT := εZT + (1 − ε)Z′
T . Clearly, asε tends to zero,

ZεT converges toZ′
T in L1 and hence also weakly inL1. This shows (2.3.34).

Lemma 2.3.9 implies that two DMCohUFs81 and82 are equal if and only if
they have the same acceptance set at each timet . Therefore we are left to show
that for all t ∈ (0, T]

At := {
X ∈ L∞∣∣8t (X) ≥ 0

} =
{

X ∈ L∞(F )
∣∣ 8̂t(X) ≥ 0

}
=: Ât .

Fix t ∈ (0, T] and letX ∈ Ât , i.e., 8̂t (X) = ess inf
Q∈Qe

EQ[X | Ft ] ≥ 0. Then

(2.3.34) yields

0 ≤ inf
Q∈Qe

EQ[1AX] = 80(1AX) for all A ∈ Ft . (2.3.35)
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As8 is time-consistent and normalized, Lemma 2.3.25 andFt -regularity imply
that

80 (1AX) = 80(8t (1AX)) = 80
(
1A8t (X)

)
for all A ∈ Ft .

From this, (2.3.35), (2.3.34) and sinceQ ∈ Qe, we obtain that

0 ≤ 80 (1A8t(X)) = inf
Q∈Qe

EQ [1A8t (X)] ≤ EQ [1A8t (X)] for all A ∈ Ft .

But since8t (X) is Ft -measurable, this implies that8t (X) ≥ 0. HenceX ∈ At

andÂt ⊆ At . To show the converse inclusion, suppose that8t (X) ≥ 0. Then
Ft -regularity and normalization yield

8t (1AX) = 1A8t(X) ≥ 0 for all A ∈ Ft .

Hence time-consistency, monotonicity and normalization imply that

80(1AX) = 80
(
8t (1AX)

) ≥ 0 for all A ∈ Ft .

Consequently, we have by (2.3.34) that

inf
Q∈Qe

EQ[1AX] = 80(1AX) ≥ 0 for all A ∈ Ft

and obtain
8̂t (X) = ess inf

Q∈Qe
EQ[X|Ft ] ≥ 0.

This shows thatAt = Ât .

We are left to show uniqueness ofQ, and it suffices to prove that there is a
unique representing set at time 0. Suppose there exists anotherL1-closed and
convex setQ̃ 6= Q ⊆ P a such that

80( · ) = inf
Q∈Qe

EQ[ · ] = inf
Q∈Q̃e

EQ[ · ] (2.3.36)

on L∞. Then we apply the same arguments as in the proof of (2.3.34) to con-
clude that also

inf
Q∈Q

EQ[ · ] = inf
Q∈Q̃

EQ[ · ] (2.3.37)

on L∞. Without loss of generality there exists̃Q ∈ Q̃\Q, and so the Hahn-
Banach theorem yields someX ∈ L∞ such that

80(X) = inf
Q∈Q

EQ[X] > EQ̃[X] ≥ inf
Q∈Q̃

EQ[X] = 80(X).

This being a contradiction,Q must be unique.
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2.4 Convolution

In this section we study an operation on MCUFs calledconvolution. We know from
the preceding section that an MCUF models the preferences of an agent. If this agent
gets the possibility to trade in some financial market, this will affect her preference
ordering. We shall see that this can be captured by convoluting appropriate MCUFs.
From a purely mathematical point of view, the convolution is an operation on two
MCUFs at timet which defines a new MCUF. If81 and82 are two (strongly) time-
consistent DMCUFs, then we can obtain a new DMCUF by convoluting81

t and82
t

at each timet . An important property of the convolution is that this DMCUF is again
(strongly) time-consistent.

Definition 2.4.1. Let81
t and82

t be two MCUFs at timet . Theconvolution of81
t and

82
t is defined as

81
t 28

2
t (X) := ess sup

Y∈L∞

{
81

t (X + Y)+82
t (−Y)

}
for all X ∈ L∞. (2.4.1)

If B ⊆ L∞ is non-empty, convex andFt -regular, theconvolutionof 81
t andB is

defined as
81

t 2B(X) := ess sup
Y∈−B

81
t (X + Y) for X ∈ L∞. (2.4.2)

Remark 2.4.2. i) The convolution is obviously symmetric, i.e.,

81
t 28

2
t (X) = 82

t 28
1
t (X) for all X ∈ L∞.

ii) SinceL∞ is a linear space, we could equivalently define the convolution by

81
t 28

2
t (X) := ess sup

Y∈L∞

{
81

t (X − Y)+82
t (Y)

}
.

This looks more natural because of the analogy to classical convolution opera-
tions. We deliberately choose the formulation (2.4.1) because it will turn out to
be more convenient for subsequent interpretations. 3

For a brief overview of the development of this type of convolution, we should
probably start with Rockafellar. In his book [Roc70], he studied theinfimal convolu-
tion of two convex functionsf andg, defined as

f 2g(x) := inf
y∈IR

{ f (x − y)+ g(y)}. (2.4.3)

The terminology arises from the obvious analogy to the formula for classical integral
convolutions. The convolution (2.4.3) is dual to the operation of addition for convex
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functions in the sense that the convex conjugate off +g is equal to the convolution of
the conjugates off and ofg. The convolution in (2.4.1) was introduced and studied
by [Del00] for static and coherent risk measures; see also [Del06a]. One motivation
for studying81

t 28
2
t comes from a problem of risk transfer between two agents with

preferences given by81
t and82

t ; see Barrieu/El Karoui ([BEK04], [BEK05]). We will
show below that convoluting81

0 and82
0 also corresponds to finding a Pareto-efficient

exchange between two individuals with preferences81
0 and82

0. This has been pointed
out to us by N. Touzi; see also [JST05].

The main result of this section is an extension of Theorem 3.6 in [BEK05] in
several directions. We show that the convolution operation produces a new MCUF
and also preserves the dynamic property of (strong) time-consistency. All this is done
in a conditional and abstract setting. This is in contrast to [BEK05] who only treat
the static abstract case, and also to [BEK04] who study in the dynamic case a class of
DMCUFs defined via BSDEs; we will come back to this in Section 2.7.2. Moreover,
the question of time-consistency for convolutions of DMCUFs seems not to have been
addressed so far in a general setting. In technical terms, the main difficulty here is
related to closedness properties of acceptance sets; this comes up when we need to
identify the acceptance set of the convolution81

t 28
2
t . Before we state the main result

of this section, we recall from Lemma 2.3.14 that any MCUF which is continuous from
below is also continuous from above, and hence representable due to Theorem 2.3.19.

Theorem 2.4.3.For i = 1, 2, let8i
t be MCUFs at time t with acceptance setsAi

t and
concave conjugatesαi

t . Assume that81
t 28

2
t (0) ∈ L∞. Then:

a) 81
t 28

2
t is an MCUF at time t, and for all X∈ L∞

81
t 28

2
t (X) = 81

t 2A2
t (X) = ess sup

Y∈−B

{
81

t (X + Y)+82
t (−Y)

}
, (2.4.4)

whereB is an arbitrary subset ofL∞ containingA2
t .

b) If 81
t and82

t are both coherent, so is81
t 28

2
t .

c) If 81
t or 82

t is continuous from below, then81
t 28

2
t is continuous from below

and in particular representable. Its concave conjugateα122
t is then given by

α122
t (Q) = α1

t (Q)+ α2
t (Q) for Q ∈ P ≈

t , (2.4.5)

and its acceptance setA122
t is given by

A122
t = A1

t + A2
t , (2.4.6)

where the closure is taken inσ(L∞, L1). If in addition we have

inf
X∈A1

t +A2
t

EQ̃[X] > −∞ for someQ̃ ∈ P e, (2.4.7)
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then81
t 28

2
t is also well-representable.

d) Suppose that8i = (8i
t )0≤t≤T for i = 1, 2 are (strongly) time-consistent

DMCUFs such that for each t∈ [0, T], 81
t is continuous from below and

81
t 28

2
t (0) ∈ L∞. Then81282 = (81

t 28
2
t )0≤t≤T is also a (strongly) time-

consistent DMCUF.

Remark 2.4.4. i) Like in Section 2.3, condition (2.4.7) simplifies if81282 is
strongly time-consistent; it is then enough if

inf
X∈A1

0+A2
0

EQ̃[X] = α1
0(Q̃)+ α2

0(Q̃) > −∞ for someQ̃ ∈ P e.

ii) We illustrate in Example 2.7.1 below that81
t 28

2
t need not be normalized even

if 81
t and82

t both are. This is our main reason for abandoning the requirement
of normalization.

3

As mentioned above, convoluting the MCUFs81
0 and82

0 corresponds to finding a
Pareto-efficient exchange between two individuals with preferences corresponding to
81

0 respectively82
0. To see this, denote by

K0 :=
{
(Y1,Y2) ∈ L∞ × L∞

∣∣∣ Y1 + Y2 = X
}

the set of allfeasible exchanges. Then (2.4.1) fort = 0 can equivalently be written as

sup
(Y1,Y2)∈K0

{
81

0(Y
1)+80(Y

2)
}
. (2.4.8)

A feasible exchange(Ŷ1, Ŷ2) ∈ K0 is calledPareto-efficientif no (Y1,Y2) ∈ K0
satisfies

8i
0(Y

i ) ≥ 8i
0(Ŷ

i ), 8
j
0(Y

j ) > 8
j
0(Ŷ

j ) for (i , j ) = (1, 2) or (i , j ) = (2, 1). (2.4.9)

(Ŷ1, Ŷ2) is calledweakly Pareto-efficientif “ ≥” is replaced by “>” in (2.4.9). It is
well known (see, e.g., Proposition 2.8 in [IBK02]) that(Ŷ1, Ŷ2) ∈ K0 is weakly
Pareto-efficient if and only if there exists(λ1, λ2) ∈ IR2+\{(0, 0)} such that

(Ŷ1, Ŷ2) maximizes (Y1,Y2) 7→ λ181
0(Y

1)+ λ282
0(Y

2) over K0. (2.4.10)

If λ1 > 0 andλ2 > 0 then(Ŷ1, Ŷ2) is even Pareto-efficient.
Note that for anyc ∈ IR and(Y1,Y2) ∈ K0 also(Y1 + c,Y2 − c) ∈ K0 and that

by translation invariance of8i
0, we have

λ181
0(Y

1 + c)+ λ282
0(Y

2 − c) = λ181
0(Y

1)+ λ282
0(Y

2)+ c(λ1 − λ2).
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But if λ1 6= λ2, then this tends to+∞ if c → +∞ or if c → −∞. Thus(Ŷ1, Ŷ2) ∈
K0 is a Pareto-efficient exchange if and only if it satisfies (2.4.10) forλ1 = λ2 > 0,
i.e., if it maximizes (2.4.8). This explains the connection between the convolution and
Pareto-efficient exchanges.

There is another economic interpretation for the convolution which comes from the
second expression in (2.4.4) and was suggested in [BEK05]. Consider two individuals
I1 and I2 with preferences corresponding to81

t and82
t who want to maximize their

monetary utilities. Suppose thatI1 owns at timet < T some asset with payoffX at
time T . She might try to increase her utility by exchanging at timet with I2 some
payoff Y due at timeT . But of course,I2 will only agree to hand overY to I1 if
he deems the for him resulting payoff−Y acceptable. This gives a constraint for the
maximization problem ofI1 exactly as in (2.4.4). In particular, if the preferences
of agentI2 correspond to a normalized MCUF so that82

t (0) = 0, he will agree to
handing overY if and only if this does not decrease his utility.

In the proof of Theorem 2.4.3, we use the following auxiliary result.

Lemma 2.4.5. Take an MCUF81
t at time t and a non-empty, convex andFt -regular

setB ⊆ L∞. If 81
t 2B(0) ∈ L∞, then:

a) 81
t 2B is an MCUF at time t.

b) If81
t is coherent andB a convex cone containing 0, then81

t 2B is an MCohUF
at time t.

c) If 81
t is continuous from below, so is81

t 2B.

Proof. To shorten notation we write8t := 81
t 2B.

a) Properties A) and B) of Definition 2.3.1 are obvious. To see C), letβ ∈ [0, 1]
andX1, X2 ∈ L∞. SinceB is convex and81

t is concave, we get

8t
(
βX1 + (1 − β)X2

)
= ess sup

Y1,Y2∈−B
81

t

(
β(X1 + Y1)+ (1 − β)(X2 + Y2)

)
≥ β ess sup

Y1∈−B
81

t (X1 + Y1)+ (1 − β) ess sup
Y2∈−B

81
t (X2 + Y2)

= β8t (X1)+ (1 − β)8t (X2).

Finally, A) and B) imply

‖8t(X)‖L∞ ≤ ‖8t(0)‖L∞ + ‖X‖L∞ < ∞
so that8t(X) ∈ L∞ for eachX ∈ L∞.
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b) To see that8t is coherent, we first show that

8t (0) = 0. (2.4.11)

Suppose this is not true. Since81
t as MCohUF is normalized so that 0∈ B

implies8t (0) ≥ 81
t (0 + 0) = 0, we then must have8t(0) > 0 with positive

probability. Because the essential supremum in the definition of8t can be
written as the pointwise supremum over a countable number of elements of
−B ([Nev75]), there existY ∈ −B andA ∈ Ft with P[A] > 0 such that

8t(0) ≥ 81
t (Y) > 0 on A.

Now replaceY by nY and use positive homogeneity of81
t and thatB is a

convex cone to obtain forn → ∞ that8t (0) = +∞ on A, contradicting
8t (0) ∈ L∞. This establishes (2.4.11). Now letλ > 0. For anyX ∈ L∞ we
obtain by using positive homogeneity of81

t and the fact thatB is a convex cone
that

ess sup
Y∈−B

81
t (λX + Y) = ess sup

Y∈−B

{
λ81

t

(
X + Y

λ

)}
= λ ess sup

Y∈−B
81

t (X + Y).

Hence8t is positively homogeneous.

c) To see that continuity from below of81
t carries over to8t , let (Xn)n∈IN be a

uniformly bounded sequence increasing to someX ∈ L∞. Then monotonicity
of 8t yields

lim
n→∞8t (Xn) = sup

n∈IN
8t(Xn)

= sup
n∈IN

{
ess sup
Y∈−B

81
t (Xn + Y)

}
= ess sup

Y∈−B

{
sup
n∈IN

81
t (Xn + Y)

}
= ess sup

Y∈−B
81

t (X + Y)

= 8t (X),

which shows that8t is continuous from below.

Proof of Theorem 2.4.3.To shorten notation we write8t := 81
t 28

2
t for t ∈ [0, T].
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a) Once we have shown (2.4.4), the rest follows from Lemma 2.4.5 a). We begin
by proving the first equality in (2.4.4), i.e., that

ess sup
Y∈L∞

{
81

t (X + Y)+82
t (−Y)

} = ess sup
Y′∈−A2

t

81
t (X + Y′).

For arguing “≤”, we fix Y ∈ L∞ and show that there existsY′ ∈ −A2
t such that

81
t (X + Y)+82

t (−Y) = 81
t (X + Y′).

In fact, translation invariance implies thatY′ := Y+82
t (−Y) is in−A2

t and also
yields81

t (X + Y′) = 81
t (X + Y)+82

t (−Y). To see “≥”, note thatY′ ∈ −A2
t

yields82
t (−Y′) ≥ 0 and therefore

81
t (X + Y′) ≤ 81

t (X + Y′)+82
t (−Y′).

This shows the first equality in (2.4.4) which then immediately implies the sec-
ond by

81
t 28

2
t (X) ≥ ess sup

Y′∈−B

{
81

t (X + Y′)+82
t (−Y′)

}
≥ ess sup

Y′∈−A2
t

{
81

t (X + Y′)+82
t (−Y′)

}
≥ ess sup

Y′∈−A2
t

81
t (X + Y′)

= 81
t 28

2
t (X),

where we used again that82
t (−Y′) ≥ 0 for all Y′ ∈ −A2

t .

b) This follows immediately from (2.4.4) and Lemma 2.4.5 b), sinceA2
t is by

Lemma 2.3.6 a convex cone containing 0.

c) Continuity from below follows immediately from (2.4.4) and Lemma 2.4.5.
From this together with a) and Lemma 2.3.14, we can apply Theorem 2.3.19
which implies that8t is representable. If in addition (2.4.7) holds,8t is even
well-representable by Theorem 2.3.16. Moreover, (2.4.5) holds since by Defi-
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nition 2.3.10 for anyQ ∈ P ≈
t

α122
t (Q) = ess inf

X∈L∞

{
EQ[X|Ft ] − ess sup

Y∈L∞

{
81

t (X + Y)+82
t (−Y)

}}
= ess inf

X∈L∞

{
ess inf
Y∈L∞{

EQ[X + Y|Ft ] + EQ[−Y|Ft ] −81
t (X + Y)−82

t (−Y)
}}

= ess inf
Y∈L∞

{
EQ[−Y|Ft ] −82

t (−Y)

+ ess inf
X∈L∞

{
EQ[X + Y|Ft ] −81

t (X + Y)
}}

= ess inf
Y∈L∞

{
EQ[−Y|Ft ] −82

t (−Y)+ α1
t (Q)

}
= α2

t (Q)+ α1
t (Q).

The proof of the assertion thatA122
t = A1

t + A2
t is a bit more involved. If

Xi ∈ Ai
t for i = 1, 2, then8t(X1 + X2) ≥ 81

t (X1) + 82
t (X2) ≥ 0 shows

that X1 + X2 ∈ A122
t , and becauseA122

t is closed inσ(L∞, L1) by Theorem
2.3.19, we obtain

A1
t + A2

t ⊆ A122
t .

For the converse inclusion, we claim that for allZ ∈ L1+
inf

X∈A122
t

E[Z X] = inf
X∈A1

t +A2
t

E[Z X] = inf
X∈A1

t +A2
t

E[Z X]; (2.4.12)

note that the second equality follows from the first since we already know that

A1
t + A2

t ⊆ A1
t + A2

t ⊆ A122
t . Then if the inclusion “⊆” in (2.4.6) is not true,

there exists someX′ ∈ A122
t \ A1

t + A2
t , and the Hahn-Banach theorem yields

someZ′ ∈ L1 with

inf
X∈A1

t +A2
t

E[X Z′] > E[X′ Z′] > −∞. (2.4.13)

But since−(A1
t + A2

t
)

is solid, we must haveZ′ ≥ 0, and so (2.4.13) contra-
dicts (2.4.12).

To complete the proof, it remains to establish (2.4.12). To that end, we first use
Lemma 2.3.12, (2.4.5) and again Lemma 2.3.12 to obtain

ess inf
X∈A122

t

EQ[X|Ft ] = α122
t (Q)

= ess inf
X1∈A1

t

EQ[X1|Ft ] + ess inf
X2∈A2

t

EQ[X2|Ft ]

= ess inf
X∈A1

t +A2
t

EQ[X|Ft ] for all Q ∈ P ≈
t . (2.4.14)
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Now up to normalization,P ≈
t ∩ P a can be identified with

Zt :=
{

Z ∈ L1+
∣∣∣ for all A ∈ Ft , P[A] > 0 impliesE[Z1A] > 0

}
.

Hence (2.4.14) implies that

ess inf
X∈A122

t

E[Z X|Ft ] = ess inf
X∈A1

t +A2
t

E[Z X|Ft ] for all Z ∈ Zt . (2.4.15)

To extend this to allZ ∈ L1+, fix Z ∈ L1+ and defineB ∈ Ft up to nullsets by
1B := ess sup{1A | A ∈ Ft andZ1A = 0} so thatZ1Bc = Z. Because8t is
representable, we have by Lemma 2.3.12 that

L∞ 3 −8t (0) = ess sup
Q∈P =

t

α122
t (Q) = ess sup

Q∈P =
t

(
ess inf
X∈A122

t

EQ[X|Ft ]
)

and so there existsQ′ ∈ P =
t such that ess inf

X∈A122
t

EQ′ [X|Ft ] ∈ L∞. If Z′
T denotes

the density ofQ′, thenẐ := Z′
T 1B + Z1Bc is in Zt and

1Bc E[Z X|Ft ] = 1Bc E[Ẑ X|Ft ] for all X ∈ L∞. (2.4.16)

Using Z = Z1Bc, (2.4.16), (2.4.15) forẐ and then reversing the steps again
yields

ess inf
X∈A122

t

E[Z X|Ft ] = ess inf
X∈A1

t +A2
t

E[Z X|Ft ]

as desired. Because
{
E[Z X|Ft ]

∣∣ X ∈ B
}

is a lattice forB ∈ {A122
t ,A1

t +A2
t

}
by Ft -regularity, we can interchange infimum and expectation to obtain

inf
X∈A122

t

E[Z X] = inf
X∈A1

t +A2
t

E[Z X]

for everyZ ∈ L1+. This establishes (2.4.12).

d) Suppose first that81 and82 are time-consistent. We may also assume that they
are normalized, because the MCUFs8̂i

u(X) := 8i
u(X) − 8i

u(0) for i = 1, 2
are, we have8u(X) = 8̂1

u28̂2
u(X) + (

81
u(0)+ 82

u(0)
)
, and time-consistency

is not affected by translation. So lets ≤ t andX1, X2 be such that

8t (X1) = 8t (X2) = ess sup
Y∈−A2

t

81
t (X2 + Y). (2.4.17)

By (2.4.4) it suffices to show that we then have

81
s2A2

s(X1) = ess sup
Y′∈−A2

s

81
s(X1 + Y′) = ess sup

Y′∈−A2
s

81
s(X2 + Y′).
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Now Lemma 2.3.25 implies that

81
s(X) = 81

s

(
81

t (X)
)

for X ∈ L∞, (2.4.18)

A2
s = A2

s(Ft )+ A2
t , (2.4.19)

and Lemma 2.3.6 applied toA2
t together with theFt -regularity of81

t yields
that

{
81

t (X + Y)
∣∣Y ∈ −A2

t

}
is a lattice for anyX ∈ L∞. Hence there is a

sequence(Yn) in −A2
t such that ess sup

Y∈−A2
t

81
t (X+Y) =↗ - limn→∞81

t (X+Yn).

Moreover,
(
81

t (X + Yn)
)
n∈IN is uniformly bounded due to (2.4.4) because

−‖X + Y1‖L∞ ≤ 81
t (X + Y1) ≤ 81

t (X + Yn) ≤ ess sup
Y∈−A2

t

81
t (X + Y) = 8t (X)

and since8t (X) ∈ L∞. Hence translation invariance and continuity from below
of 81

s imply for any element̂Y of A2
s(Ft ) that

81
s

(
ess sup
Y∈−A2

t

81
t (X + Y + Ŷ)

)
= ↗ - lim

n→∞8
1
s

(
81

t (X + Yn)+ Ŷ
)

≤ ess sup
Y∈−A2

t

81
s

(
81

t (X + Y)+ Ŷ
)
,

and by monotonicity of81
s, we even must have equality. Combining this with

(2.4.18), (2.4.19) and using (2.4.17) to exchangeX1 for X2, we get

ess sup
Y′∈−A2

s

81
s(X1 + Y′) = ess sup

Ŷ∈−A2
s(Ft )

ess sup
Y∈−A2

t

81
s

(
81

t (X1 + Y + Ŷ)
)

= ess sup
Ŷ∈−A2

s(Ft )

81
s

(
ess sup
Y∈−A2

t

81
t (X2 + Y)+ Ŷ

)
= ess sup

Y′∈−A2
s

81
s(X2 + Y′),

where the last equality is obtained by doing the same steps in reverse order
with X1 replaced byX2. This shows that8 is time-consistent. If81, 82 are
strongly time-consistent, we have in additionAi

t ⊆ Ai
s for t ≥ s andi = 1, 2,

and thus alsoA1
t + A2

t ⊆ A1
s + A2

s. Hence (2.4.6) implies that8 is strongly
time-consistent as well, and so d) is proved.

Remark 2.4.6. Parts of the proof of Theorem 2.4.3 are a straightforward generaliza-
tion of the arguments for the (static) Theorem 3.6 in [BEK05]; this extends smoothly
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because thanks to the preparations in Section 2.3, we can appeal to the dynamic repre-
sentations in Theorem 2.3.16 and 2.3.19 instead of their static counterpart. Exceptions
are the parts where we show (2.4.6) and the assertions b) and d). 3

If 81
t is an MCUF andB a pre-acceptance set at timet , Lemma 2.4.5 implies that

8t := 81
t 2B is again an MCUF, provided that8t(0) ∈ L∞. In the sequel, we want to

have a maximum of good properties for that8t with a minimum of assumptions onB.
To make this more precise, recall from Lemma 2.3.9 the MCUF8B

t associated toB.
By (2.4.4), it seems natural to expect that81

t 2B = 81
t 28

B
t and that the acceptance

set of8t should beA1
t + B in view of (2.4.6). However, this can be deduced from the

preceding results only if81
t is continuous from below andB is the acceptance set of

8B
t , e.g., ifB is closed inσ(L∞, L1). Because the latter is often hard to check, we do

not want to make that assumption. So we first work with theσ(L∞, L1)-closureB of
B since we have precise results for81

t 28
B
t , and then show that the latter coincides

with 81
t 2B.

The program sketched above is carried out in the next result. This in turn is used
below in Section 2.6 when we study indifference valuation.

Proposition 2.4.7. Let B be a pre-acceptance set and81
t an MCUF at time t with

acceptance setA1
t and concave conjugateα1

t . Denote byB the closure ofB in
σ(L∞, L1). If 81

t 2B(0) = ess sup
Y∈−B

81
t (Y) ∈ L∞, then

81
t 2B = 81

t 28
B
t . (2.4.20)

If in addition81
t is continuous from below and

ess sup
(− B ∩ L∞(Ft )

) ∈ L∞, (2.4.21)

then
81

t 2B = 81
t 28

B
t . (2.4.22)

In particular,8t := 81
t 2B is then continuous from below with concave conjugate

αt (Q) = α1
t (Q)+ αB

t (Q) := α1
t (Q)+ ess inf

Y∈B
EQ[Y|Ft ] (2.4.23)

and acceptance set

At = A1
t + B = A1

t + B.

Proof. If AB
t denotes the acceptance set of8B

t , thenB ⊆ AB
t so that (2.4.4) implies

81
t 28

B
t (X) = ess sup

Y∈−AB
t

81
t (X + Y) ≥ ess sup

Y∈−B
81

t (X + Y) = 81
t 2B(X). (2.4.24)
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Since8B
t is non-negative onAB

t , (2.4.4) also yields

81
t 28

B
t (X) ≤ ess sup

Y∈−AB
t

(
81

t (X + Y)+8B
t (−Y)

)
≤ ess sup

Y∈L∞

(
81

t (X + Y)+8B
t (−Y)

)
= 81

t 28
B
t (X)

so that81
t 28

B
t (X) = ess sup

Y∈−AB
t

(
81

t (X + Y)+ 8B
t (−Y)

)
. In view of (2.4.24), it thus

suffices to show that for eachY′ ∈ −AB
t ,

81
t (X + Y′)+8B

t (−Y′) ≤ ess sup
Y∈−B

81
t (X + Y). (2.4.25)

Pick a sequence(mn
t ) in L∞(Ft ) and anFt -partition(An) with −Y′ − mn

t ∈ B and

8B
t (−Y′) ≤

∞∑
n=1

1Anmn
t + ε,

for a fixedε > 0. Then translation invariance of81
t implies that

ess sup
Y∈−B

81
t (X + Y) =

∞∑
n=1

1An ess sup
Y∈−B

81
t (X + Y)

≥
∞∑

n=1

1An8
1
t (X + Y′ + mn

t )

= 81
t (X + Y′)+

∞∑
n=1

1Anmn
t

≥ 81
t (X + Y′)+8B

t (−Y′)− ε.

Sinceε > 0 was arbitrary, this proves (2.4.25) and hence (2.4.20).
If we now assume (2.4.21),B is like B acceptable at timet and thus by Lemma

2.3.9 the acceptance set of the MCUF8B
t . So it is enough to prove (2.4.22) because

all claimed properties then follow from Theorem 2.4.3 and Lemma 2.3.12, and as
8t := 81

t 2B and81
t 28

B
t both are MCUFs at timet , they coincide if their accep-

tance setsAt andA1
t + B = A1

t + B agree. By the assumptions and Lemma 2.4.5,
8t is continuous from below, so thatAt is closed inσ(L∞, L1) by Lemma 2.3.14
and Theorem 2.3.19. Because the definition of8t givesA1

t + B ⊆ At , we obtain

A1
t + B ⊆ At , and the converse inclusion is trivial since (2.4.2) and (2.4.4) with

A2
t = B give

8t (X) ≤ ess sup
Y∈−B

81
t (X + Y) = 81

t 28
B
t (X) for X ∈ L∞.
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This completes the proof.

2.5 Superhedging under constraints

This section deals with superhedging under constraints. The results presented here are
slight modifications of those F̈ollmer and Kramkov proved in [FK97]. We obtain the
existence of a minimal hedging portfolio for a given payoff if trading is constrained,
and we provide a representation of the value process corresponding to this portfolio.
These results will be very helpful in Section 2.6. There we consider a DMCUF8

representing the preferences of some agent and assume that she gets the possibility
to trade in a financial market, possibly under some constraints. Then we use the
value process of the minimal hedging portfolio to construct a strongly time-consistent
DMCUF which allows us to capture the effects on the agent’s preference order of the
trading opportunities.

In this section, all processes (except for integrands of stochastic integrals) are as-
sumed to be RCLL and adapted with respect to the given filtrationF. For two such
processesU andV , the relationU � V means thatV − U is an increasing process.
We model the discounted price process of some traded assets by a locally bounded
IRd-valuedP-semimartingaleS = (St)0≤t≤T . Before we can state the main theorem
of this section, we need to specify the set of strategies allowed for trading and provide
some technical results which are required for its proof.

Definition 2.5.1. We denote byL(S) the set of allIRd-valued predictable processes
H = (Ht )0≤t≤T which areS-integrable, and callH ∈ L(S) anadmissible strategyif
the process(

∫ t
0 Hu dSu)0≤t≤T is locally bounded from below. The set of all admissible

strategies is denoted byLa
loc(S). We call a triple(x, H, K ) anadmissible portfolioif

x ∈ IR, H ∈ La
loc(S) and K = (Kt )0≤t≤T is an adapted RCLL increasing process

with K0 = 0. The correspondingvalue processis defined by

Vt = x +
∫ t

0
Hs dSs − Kt , t ∈ [0, T].

The economic interpretation of an admissible portfolio(x, H, K ) is very simple:
x gives the initial capital of the portfolio,H specifies the number of units of each asset
held in the portfolio, andK models cumulative consumption.

If trading is not constrained, every admissible strategy can be used for trading.
However, we want to allow for trading constraints. For technical reasons we need to
impose some closedness properties on the set of allowed hedging strategies. To that
end, we recall théEmery distancebetween two real-valued semimartingalesN1 and
N2, defined as

D(N1, N2) = sup
|J|≤1

E

[
1 ∧

∫ T

0
Js d(N1 − N2)s

]
,
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where the supremum is taken over all predictable processesJ which are uniformly
bounded by 1. By Theorem 5.4 of [Mem80], the spaceL(S) is complete with respect
to the metric

dS(H
1, H2) = D

(∫
H1 dS,

∫
H2 dS

)
.

Definition 2.5.2. We call a subsetH of La
loc(S) anadmissible hedging setif it contains

H ≡ 0, is closed inLa
loc(S) with respect to the metricdS and ispredictably convex,

i.e., for anyH1, H2 ∈ H and any[0, 1]-valued predictable processh = (ht )0≤t≤T ,
the processhH1 + (1 − h)H2 belongs toH . An admissible portfolio(x, H, K ) is
calledH -constrainedif H ∈ H .

Remark 2.5.3. i) Note thatH need not be closed under addition or multiplication
by scalars in general.

ii) SinceH is predictably convex and contains 0, we have for everyH ∈ H and
every stopping timeτ that alsoH ′ := H1]]τ,T]] ∈ H . In addition, for anyH ∈
La

loc(S), suchH ′ is also inLa
loc(S). More generally, ifN is any process which

is locally bounded from below andτ is any stopping time, thenN ′ := N − Nτ

is again locally bounded from below. To see this, assume for simplicity that
N0 = 0, N ≥ 0 and for somen ∈ IN defineσ := inf{t ≥ 0 | Nt ≥ n}. Then
on {t ≥ τ } we haveN ′

t∧σ = Nt∧σ − Nτ∧σ ≥ 0 − n, since on{τ < σ } we have
Nτ∧σ ≤ n and on{t ≥ τ ≥ σ } we haveNt∧σ − Nτ∧σ = Nσ − Nσ = 0. 3

Definition 2.5.4. For a payoffX ∈ L∞, we call anH -constrained portfolio(x, H, K )
anH -constrained hedging portfoliofor X if its value processV is uniformly bounded
from below and satisfiesVT ≥ X. An H -constrained portfolio(x̂, Ĥ , K̂ ) for X with
value procesŝV is calledminimalH -constrained hedging portfoliofor X if

V̂t ≤ Vt for all t ∈ [0, T]
for anyH -constrained hedging portfolio forX with value processV .

One central auxiliary result is a characterization of value processes corresponding
toH -constrained portfolios. For its formulation, we need to introduce some additional
notation. Moreover, we make the following assumption to ensure that the market does
not provide any arbitrage opportunities.

Assumption (NFLVR): There existsQ̂ ∈ P e such thatS is a localQ̂-martingale.

Let us fix an admissible hedging setH and introduce the family of semimartingales

S =
{∫

H dS

∣∣∣∣ H ∈ H

}
.
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Definition 2.5.5. Let R(S) denote the class of allQ ∈ P e for which there exists an
increasing predictable processA (depending onQ andS) such thatN − A is a local
Q-supermartingale for anyN ∈ S, i.e.,

AN(Q) � A for all N ∈ S, (2.5.1)

whereAN(Q) is the predictable process of finite variation in the canonical decompo-
sition of N underQ. Then we call an increasing predictable processAS(Q) theupper
variation processof S underQ if it satisfies (2.5.1) and is minimal with respect to
this property in the sense thatAS(Q) � A for any increasing predictable processA
satisfying (2.5.1).

Remark 2.5.6. a) The setR(S) is denoted byP (S) in [FK97]. However, we
changed notation to avoid confusion with the setP of probability measures on
(�,F ).

b) Note that (NFLVR ) ensures thatR(S) 6= ∅. In fact, sinceH ⊆ La
loc(S), if

Q̂ ∈ P e is a local martingale measure forS, then eachN ∈ S is even a localQ̂-
martingale by Corollary 3.5 in [AS94]. HenceAN(Q̂) ≡ 0 so thatAS(Q̂) ≡ 0.

3

Example 2.5.7. If H = La
loc(S), i.e., in the case of unconstrained trading, it is well

known thatR(S) is just the setMe(S) of all equivalent local martingale measures
for S. Indeed, this can also be seen from Remark 2.5.6 and Lemma 2.6.15 below.
As shown in Remark 2.5.6, we then haveAS(Q) ≡ 0 for all Q ∈ R(S) = Me(S).
Further examples can be found in [FK97]. 3

Lemma 2.1 of [FK97], which characterizesR(S) and the upper variation pro-
cessesAS(Q), reads as follows:

Lemma 2.5.8. A probability measure Q∈ P e belongs toR(S) if and only if all
N ∈ S are special semimartingales under Q andess sup

N∈S
AN(Q)t < ∞ P-a.s. for all

t ∈ [0, T]. In this case the upper variation process exists and is uniquely determined
by the equations

AS(Q)τ = ess sup
N∈S

AN(Q)τ , (2.5.2)

E
[

AS(Q)τ
]

= sup
N∈S

E
[

AN(Q)τ
]

(2.5.3)

for all stopping timesτ ≤ T . Moreover, there exists a sequence(Nn)n∈IN ⊆ S such
that the compensators An := ANn

(Q) satisfy An � An−1 and

lim
n→∞ sup

0≤t≤T

(
AS(Q)t − An

t

)
= 0 P−a.s.
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Remark 2.5.9. Equation (2.5.3) is not really required for the characterization of
AS(Q) as it is a consequence of (2.5.2). In fact, Föllmer and Kramkov show in
the proof of their Lemma 2.1 that for fixedQ ∈ R(S), the space of compensators{

AN(Q)
∣∣ N ∈ S

}
is directed upwards. This implies that

{
AN(Q)τ

∣∣ N ∈ S
}

is di-
rected upwards for any stopping timeτ ≤ T so that (2.5.2) implies (2.5.3). 3

In order to manipulate the upper variation process we require the following result:

Lemma 2.5.10. Fix a stopping timeτ ≤ T , a set B ∈ Fτ and probability mea-
sures Q1, Q2, Q̃ ∈ R(S), and denote bỹZ1, Z̃2 the density processes of Q1, Q2 with
respect toQ̃. Then

dQ

dQ̃
:= Z̃1

T 1B + Z̃1
τ

Z̃2
T

Z̃2
τ

1Bc

defines a probability measureQ ∈ R(S) such thatQ = Q1 onFτ and

EQ[ . |Ft ] = EQ1[ . |Ft ]1B + EQ2[ . |Ft ]1Bc on {t > τ }. (2.5.4)

The upper variation process ofS underQ can be written as

AS(Q)u =
((

AS(Q1)u − AS(Q1)τ

)
1B +

(
AS(Q2)u − AS(Q2)τ

)
1Bc

)
1{u>τ }

+ AS(Q1)u∧τ . (2.5.5)

Proof. ThatQ = Q1 onFτ is obvious. To see (2.5.4), denote byZ the density process
of Q with respect toQ̃ and note that̃Zi

τ1{t>τ } is Ft -measurable fori = 1, 2, so that

Zt1{t>τ } =
(

Z̃1
t 1B + Z̃1

τ

Z̃2
t

Z̃2
τ

1Bc

)
1{t>τ }.

Then
ZT

Zt
1{t>τ } =

(
Z̃1

T

Z̃1
t

1B + Z̃T

Z̃2
t

1Bc

)
1{t>τ }

yields (2.5.4). From this it is easy to check that for anyN ∈ S the finite variation
process in the canonical decomposition ofN underQ is given by

AN(Q)u =
((

AN(Q1)u − AN(Q1)τ

)
1B +

(
AN(Q2)u − AN(Q2)τ

)
1Bc

)
1{u>τ }

+ AN(Q1)u∧τ . (2.5.6)

By Lemma 2.5.8, ifAS(Q) exists, then it is given by (2.5.2). Hence (2.5.6) implies
that AS(Q) = AS(Q1) on the stochastic interval[[0, τ ]] and we are left to consider the



2.5. Superhedging under constraints 53

increments afterτ , i.e., to show that(
AS(Q)u − AS(Q)τ

)
1{u>τ } (2.5.7)

=
((

AS(Q1)u − AS(Q1)τ

)
1B +

(
AS(Q2)u − AS(Q2)τ

)
1Bc

)
1{u>τ }.

For this, we note that for everyN1, N2 ∈ S, we also haveN11[[0,τ ]] + N21]]τ,T]] ∈ S
sinceH is predictably convex. This yields for anyQ ∈ R(S) that

ess sup
N∈S

AN(Q)u = ess sup
N∈S

{
AN(Q)u − AN(Q)τ + AN(Q)τ

}
= ess sup

N∈S

{
AN(Q)u − AN(Q)τ

}
+ ess sup

N∈S
AN(Q)τ

on {u > τ } so that (2.5.2) and (2.5.6) imply that on{u > τ } ∩ Bc, we have

AS(Q)u = ess sup
N∈S

{
AN(Q2)u − AN(Q2)τ + AN(Q1)τ

}
= ess sup

N∈S

{
AN(Q2)u − AN(Q2)τ

}
+ ess sup

N∈S
AN(Q1)τ

= ess sup
N∈S

{
AN(Q2)u − AN(Q2)τ

}
+ AS(Q1)τ

= AS(Q2)u − AS(Q2)τ + AS(Q1)τ .

As an analogous equality holds on{u > τ } ∩ B, this proves (2.5.7) and hence (2.5.5).
In addition, existence of the upper variation process ofS underQ implies by Lemma
2.5.8 thatQ ∈ R(S).

One of our goals in the next section is the construction of a certain DMCUF from
the minimalH -constrained hedging portfolio. The key tool for this is the main result
of this section, which is a slight modification of Proposition 4.1 in [FK97]:

Theorem 2.5.11. For any X ∈ L∞ there exists a minimalH -constrained hedging
portfolio (x̂, Ĥ , K̂ ). Its value process equals

V̂t = x̂ +
∫ t

0
Ĥs dSs − K̂t

= ess sup
Q∈R(S)

{
EQ[X|Ft ] − EQ

[
AS(Q)T − AS(Q)t

∣∣∣Ft

]}
(2.5.8)

and is in particular uniformly bounded.
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Remark 2.5.12. i) We can immediately see from Example 2.5.7 that in the un-
constrained case, (2.5.8) becomes the well-known representation of the super-
hedging price process as

V̂t = ess sup
Q∈Me(S)

EQ[X|Ft ].

ii) There are some differences between our work and [FK97]. First of all, Föllmer
and Kramkov consider non-negative random variables as payoffs whereas we
impose that payoffs are inL∞. A more significant difference is that we allow the
value process ofH -constrained hedging portfolios for a payoffX to be bounded
from below by an arbitrary constant (depending onX), whereas F̈ollmer and
Kramkov fix the lower bound at 0. This causes some changes in the results, and
some arguments in the proof become a bit more involved. For related results
see also Theorem 5.5 in [DS98] and Theorem 5.1 in [DS99].

3

The proof of Theorem 2.5.11 strongly relies on Theorem 4.1 of [FK97] which we
state next:

Theorem 2.5.13.Consider a process V which is locally bounded from below. Then
the following statements are equivalent:

a) V is the value process of someH -constrained portfolio(V0, H, K ), i.e.,

V = V0 +
∫

H dS− K .

b) For all Q ∈ R(S), the process V− AS(Q) is a local Q-supermartingale.

As a second auxiliary result for the proof of Theorem 2.5.11, we require the fol-
lowing Lemma 2.5.14, which is similar to Lemma A.1 from [FK97].

Lemma 2.5.14.For each X∈ L∞, there exists a uniformly bounded (RCLL adapted)
process V= (Vt )0≤t≤T such that for all stopping timesτ ≤ T

Vτ = ess sup
Q∈R(S)

{
EQ[X|Fτ ] − EQ

[
AS(Q)T − AS(Q)τ

∣∣∣Fτ]} P-a.s. (2.5.9)

Moreover, the process V− AS(Q̃) is a local Q̃-supermartingale for each̃Q ∈ R(S).

Proof. Define via the RHS of (2.5.9) a family of random variablesUτ , indexed by
the set of all stopping timesτ ≤ T . Note that the familyUτ is uniformly bounded.
Indeed, by (NFLVR ) there exists an equivalent local martingale measureQ̂ for S so
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that in particularQ̂ ∈ R(S) andAS(Q̂) ≡ 0. Then boundedness follows immediately
from the definition ofUτ since

−‖X‖L∞ ≤ EQ̂[X|Fτ ] ≤ Uτ ≤ ‖X‖L∞ . (2.5.10)

1) Fix Q̃ ∈ R(S), t ∈ [0, T] and stopping timesσ ≤ t , τ ≤ T such that the
stopped upper variation processAS(Q̃)τ is bounded. We first show that

EQ̃[Ut∧τ |Fσ ] = ess sup
Q∈R(S)t∧τ

EQ

[
X − AS(Q)T

∣∣∣Fσ∧τ
]

+ EQ̃

[
AS(Q̃)t∧τ

∣∣∣Fσ∧τ
]
, (2.5.11)

where
R(S)t∧τ :=

{
Q ∈ R(S)

∣∣∣ Q = Q̃ onFt∧τ
}
.

For abbreviation we introduce onR(S) the operator

F(Q) := EQ[X|Ft∧τ ] − EQ

[
AS(Q)T − AS(Q)t∧τ

∣∣∣Ft∧τ
]
. (2.5.12)

Moreover, in part 1) of this proof we express all densities and density processes
with respect toQ̃. To see (2.5.11), we first note that

Ut∧τ = ess sup
Q∈R(S)

F(Q) = ess sup
Q∈R(S)t∧τ

F(Q). (2.5.13)

In fact, takeQ ∈ R(S) with density process(Zu)0≤u≤T and define a new mea-
sureQ by the density

ZT := ZT

Zt∧τ
(2.5.14)

with respect toQ̃. Then Lemma 2.5.10 implies thatQ ∈ R(S)t∧τ and

AS(Q)u =
(

AS(Q)u − AS(Q)t∧τ
)

1{u>(t∧τ )} + AS(Q̃){u∧(t∧τ )},

and we haveEQ[ . |Ft∧τ ] = EQ[ . |Ft∧τ ] so that (2.5.13) holds. Next we note

that the set{ F(Q) | Q ∈ R(S)t∧τ } is a lattice, since for anyQ1, Q2 ∈ R(S)t∧τ
with densitiesZ1

T , Z2
T and anyB ∈ Ft∧τ we can define a probability measure

Q′ by Z′
T := Z1

T 1B + Z2
T 1Bc to obtain from Lemma 2.5.10 thatQ′ ∈ R(S)t∧τ

and thatF(Q′) = F(Q1)1B+F(Q2)1Bc. This guarantees ([Nev75]) by (2.5.13)
the existence of some sequence(Qm)m∈IN ⊆ R(S)t∧τ such that

Ut∧τ = ess sup
Q∈R(S)t∧τ

F(Q) =↗ - lim
m→∞ F(Qm). (2.5.15)
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To finish the proof of (2.5.11), we recall that by (NFLVR ) there exists an equiv-
alent local martingale measurêQ for S. By Remark 2.5.6, we havêQ ∈ R(S)
andAS(Q̂) ≡ 0. If we denote the density process ofQ̂ by Ẑ, we can define as
in (2.5.14) a probability measureQ ∈ R(S)t∧τ by the density

ZT := ẐT

Ẑt∧τ
.

Since{ F(Q) | Q ∈ R(S)t∧τ } is a lattice, we can assume without loss of gener-
ality that in the above sequenceQ1 = Q. By Lemma 2.5.10,

AS(Q)T − AS(Q)t∧τ = AS(Q̂)T − AS(Q̂)t∧τ = 0

so that we can apply the monotone convergence theorem to obtain from (2.5.15),
(2.5.12) and sincẽQ = Qm onFt∧τ that

EQ̃[Ut∧τ |Fσ ]
= EQ̃

[
↗ - lim

m→∞ F(Qm)

∣∣∣Fσ ]
= ↗ - lim

m→∞ EQ̃

[
F(Qm)

∣∣Fσ ]
= ↗ - lim

m→∞ EQm
[

F(Qm)
∣∣Fσ ]

≤ ess sup
Q∈R(S)t∧τ

EQ

[
X − AS(Q)T + AS(Q)t∧τ

∣∣∣Fσ∧τ
]
. (2.5.16)

As the converse inequality is trivial due to (2.5.13), we even get equality in
(2.5.16). This implies (2.5.11) since for anyQ ∈ Rt∧τ with density processZ
we haveQ = Q̃ onFt∧τ andZT = ZT

Zt∧τ so that by Lemma 2.5.10

AS(Q)t∧τ = AS(Q̃)t∧τ . (2.5.17)

2) As in 1), we fixQ̃ ∈ R(S), t ∈ [0, T] and stopping timesσ ≤ t , τ ≤ T such
that the stopped processAS(Q̃)τ is uniformly bounded. We show the following

supermartingale property for the family
(
Ut∧τ − AS(Q̃)t∧τ

)
0≤t≤T

:

EQ̃

[
Ut∧τ − AS(Q̃)t∧τ

∣∣∣Fσ ] ≤ Uσ∧τ − AS(Q̃)σ∧τ . (2.5.18)

Indeed, sinceσ ≤ t implies thatR(S)t∧τ ⊆ R(S)σ∧τ , we get from (2.5.11)
that

EQ̃[Ut∧τ |Fσ ] ≤ ess sup
Q∈R(S)σ∧τ

EQ

[
X − AS(Q)T

∣∣∣Fσ∧τ
]

+ EQ̃

[
AS(Q̃)t∧τ

∣∣∣Fσ∧τ
]
. (2.5.19)
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BecauseAS(Q̃)t∧τ is Fτ -measurable, we have

EQ̃

[
AS(Q̃)t∧τ

∣∣∣Fσ∧τ
]

= EQ̃

[
EQ̃

[
AS(Q̃)t∧τ

∣∣∣Fτ ] ∣∣∣Fσ ]
= EQ̃

[
AS(Q̃)t∧τ

∣∣∣Fσ ] .
From this together with (2.5.19), (2.5.13) and (2.5.17), we get

EQ̃

[
Ut∧τ − AS(Q̃)t∧τ

∣∣∣Fσ ] ≤ ess sup
Q∈R(S)σ∧τ

EQ

[
X − AS(Q)T

∣∣∣Fσ∧τ
]

= Uσ∧τ − AS(Q̃)σ∧τ (2.5.20)

and hence (2.5.18).

3) Our next goal is to show that for a sequence of stopping timesσn ≤ T decreas-
ing to another stopping timeσ ≤ T , we have

EQ̂[Uσ ] = lim
n→∞ EQ̂[Uσn ] (2.5.21)

for any equivalent local martingale measureQ̂ for S. Indeed, (2.5.18) yields for
Q̃ = Q̂, t = T andτ = σn that

Uσ ≥ EQ̂[Uσn |Fσ ] (2.5.22)

and hence also
EQ̂[Uσ ] ≥ lim sup

n→∞
EQ̂[Uσn ]. (2.5.23)

To prove the converse inequality, we fixε > 0. From (2.5.11), we get for
Q̃ = Q̂, τ = σ , t = T andσ = 0 there that

EQ̂[Uσ ] = sup
Q∈R̂(S)σ

EQ

[
X − AS(Q)T

]
,

whereR̂(S)σ = {Q ∈ R(S) | Q = Q̂ onFσ }. Hence there existsQ′ ∈ R̂(S)σ
such that

EQ̂[Uσ ] ≤ EQ′ [X − AS(Q′)T ] + ε. (2.5.24)

Note that in particular 0≤ AS(Q′)T ∈ L1(Q′). For the rest of this proof, all
densities and density processes are expressed with respect toQ̂. Denote the den-
sity process ofQ′ by Z′ = (Z′

s)0≤s≤T and setν := inf
{
u > 0

∣∣ Z′
u ≤ 0.1

}∧T.
As Z′ is right-continuous andZ′ = 1 on [[0, σ ]], we haveν > σ . For each
n ∈ IN we define a measureQn by

Zn
T := Z′

T

Z′
σn

1{σn<ν} + 1{σn≥ν}.

58 Chapter 2. Dynamic indifference valuation

By Lemma 2.5.10,Qn ∈ R̂(S)σn and

AS(Qn)T =
(

AS(Q′)T − AS(Q′)σn

)
1{σn<ν}.

Hence we can apply (2.5.11) for eachn ∈ IN with Q̃ = Q̂, t = T , σ = 0 and
τ = σn to obtain

lim inf
n→∞ EQ̂[Uσn ] ≥ lim inf

n→∞ EQn

[
X − AS(Qn)T

]
≥ lim inf

n→∞ EQ̂

[
Z′

T

Z′
σn

(
X − AS(Q′)T + AS(Q′)σn

)
1{σn<ν}

]
+ lim inf

n→∞ EQ̂[X1{σn≥ν}]. (2.5.25)

Becauseσn ↘ σ < ν, the second summand is zero by dominated conver-
gence. For the first summand, we note thatZ′

σn
> 0.1 on {σn < ν}, so that a

lower bound for the sequence
(

1
Z′
σn

(
X − AS(Q′)T + AS(Q′)σn

)
1{σn<ν}

)
n∈IN

is given by 10
(−‖X‖L∞ − AS(Q′)T

) ∈ L1(Q′). This allows us to apply Fa-

tou’s lemma to get from (2.5.25), (2.5.24) and sinceQ̂ = Q′ onFσ that

lim inf
n→∞ EQ̂[Uσn ] ≥ EQ′

[
X − AS(Q′)T + AS(Q′)σ

]
(2.5.26)

= EQ′
[
X − AS(Q′)T

]
≥ EQ̂[Uσ ] − ε;

we used like in (2.5.17) thatQ′ ∈ R(S)σ so thatAS(Q′)σ = AS(Q̂)σ = 0.
Sinceε > 0 was arbitrary, this together with (2.5.23) implies (2.5.21).

4) Next we deduce thatU := (Ut )0≤t≤T admits an RCLL modificationV . Denote
by Q̂ an equivalent local martingale measure forSand note that withs ≤ t ≤ T ,
(2.5.18) yields forQ̃ = Q̂, σ = s andτ = T that

EQ̂[Ut |Fs] ≤ Us.

Hence the familyU = (Ut )0≤t≤T satisfies under̂Q the supermartingale prop-
erty and is by (2.5.21) right-continuous in expectation. This implies by Theorem
VI.3 of [DM82] the existence of an RCLL modificationV = (Vt )0≤t≤T of U .

5) By the definition of a right-continuous modification, (2.5.9) holds for any de-
terministic timet . However, we still have to show that it remains true for any
stopping timeσ ≤ T . To see this, take a sequence of stopping timesσn ≤ T
decreasing toσ and taking only rational values. If we can show that

lim
n→∞ EQ̂[ |Uσ − Uσn | ] = 0, (2.5.27)
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then we are done since right-continuity and boundedness ofV then imply that

Uσ = lim
n→∞ Uσn = lim

n→∞ Vσn = Vσ ,

where the limits are taken inL1(Q̂). However, (2.5.18) yields for̃Q = Q̂,
t = T , σ = σn+1 there andτ = σn that

EQ̂[Uσn |Fσn+1] ≤ Uσn+1.

Since (σn)n∈IN is decreasing andU is uniformly bounded, this means that
(Uσn)n∈IN is a backward supermartingale underQ̂. By Theorem V.30 of [DM82],
(Uσn)n∈IN therefore converges inL1(Q̂) to someU . ClearlyU is measurable
with respect toFσ = ⋂

n∈IN Fσn so that the sequence(EQ̂[Uσn |Fσ ])n∈IN also

converges toU in L1(Q̂), and so it remains to show that(EQ̂[Uσn |Fσ ])n∈IN

converges toUσ in L1(Q̂). But this follows immediately from (2.5.21) and
(2.5.22).

6) Finally we want to conclude thatV − AS(Q̃) is a localQ̃-supermartingale for
eachQ̃ ∈ R(S). To that end let(τn)n∈IN be a localizing sequence such that the
upper variation processAS(Q̃)τn is bounded for eachn. Then 5) implies that

Vτn
t − AS(Q̃)τnt = Ut∧τn − AS(Q̃)t∧τn,

which together with 2) and boundedness ofV implies that(V − AS(Q̃))τn is a
boundedQ̃-supermartingale.

Proof of Theorem 2.5.11.Use Lemma 2.5.14 to definêV as a uniformly bounded
(RCLL) process satisfying for eacht ∈ [0, T]

V̂t = ess sup
Q∈R(S)

EQ

[
X − AS(Q)T + AS(Q)t

∣∣∣Ft

]
. (2.5.28)

Then Lemma 2.5.14 and Theorem 2.5.13 imply thatV̂ is the value process of some
H -constrained hedging portfolio(x̂, Ĥ , K̂ ) for X. To prove thatV̂ is minimal, we
first show that in (2.5.28) we can replaceR(S) by

R(S)b :=
{

Q ∈ R(S)
∣∣∣ EQ

[
−AS(Q)T + AS(Q)t

∣∣∣ Ft

]
≥ −2‖X‖L∞ − 1

}
.

By (NFLVR ) there exists an equivalent local martingale measureQ̂ for S. As AS(Q̂) ≡
0, we haveQ̂ ∈ R(S)b. SinceV̂t ≥ EQ̂[X|Ft ] ≥ −‖X‖L∞ and X ≤ ‖X‖L∞ ,
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we claim that a measureQ ∈ R(S) cannot contribute to the essential supremum in
(2.5.28) on the set

B :=
{

EQ

[
−AS(Q)T + AS(Q)t

∣∣∣Ft

]
< −2‖X‖L∞ − 1

}
∈ Ft .

In fact, if Z = (Zt )0≤t≤T denotes the density process ofQ with respect toQ̂, we can
construct a measureQ via its density

ZT := 1B + ZT

Zt
1Bc

with respect toQ̂ to obtain from Lemma 2.5.10 thatQ ∈ R(S) and that

EQ

[
−AS(Q)T + AS(Q)t

∣∣∣ Ft

]
= EQ̂

[
−AS(Q̂)T + AS(Q̂)t

∣∣∣Ft

]
1B + EQ

[
−AS(Q)T + AS(Q)t

∣∣∣Ft

]
1Bc

≥ −2‖X‖L∞ − 1,

where the inequality holds by the definition ofB and becauseAS(Q̂) ≡ 0. This shows
that Q is in R(S)b and also that in (2.5.28) we can indeed replaceR(S) by R(S)b

since

EQ̂

[
−AS(Q̂)T + AS(Q̂)t

∣∣∣Ft

]
1B + EQ

[
−AS(Q)T + AS(Q)t

∣∣∣Ft

]
1Bc

≥ EQ

[
−AS(Q)T + AS(Q)t

∣∣∣Ft

]
,

where we used again thatAS(Q̂) ≡ 0.
Now we can prove that̂V is a lower bound for the value processV of any H -

constrained hedging portfolio(x, H, K ) for X. To that end fixQ ∈ R(S)b and let
(τn)n∈IN be a localizing sequence of stopping times such thatAS(Q) is bounded on
[[0, τn]]. By the definition ofAS(Q), the processV − AS(Q) is a localQ-supermartin-
gale. On[[0, τn]], it is bounded from below and hence aQ-supermartingale, and there-
fore

Vt∧τn ≥ EQ

[
Vτn − AS(Q)τn + AS(Q)t∧τn

∣∣∣Ft

]
for eachn ∈ IN . Moreover,Q ∈ R(S)b implies that−AS(Q)T + AS(Q)t is Q-
integrable and hence an integrable lower bound for

(−AS(Q)τn + AS(Q)t∧τn
)
n∈IN .

This allows us to apply Fatou’s lemma to obtain

Vt ≥ EQ

[
lim inf
n→∞

(
Vτn − AS(Q)τn + AS(Q)t∧τn

)∣∣∣Ft

]
= EQ

[
VT − AS(Q)T + AS(Q)t

∣∣∣Ft

]
≥ EQ

[
X − AS(Q)T + AS(Q)t

∣∣∣Ft

]
.
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BecauseQ ∈ R(S)b was arbitrary, this implies

Vt ≥ ess sup
Q∈R(S)b

EQ

[
X − AS(Q)T + AS(Q)t

∣∣∣Ft

]
= V̂t .

2.6 Dynamic indifference valuation

Asset valuation in incomplete markets is still an important problem in mathematical
finance. One approach is the dynamic indifference valuation method which we con-
sider in this section. After defining the indifference value for each timet ∈ [0, T], we
investigate its properties as a functional onL∞, in particular with respect to continuity
and time-consistency. For this we observe that the indifference valuation functional
is obtained by normalization of the convolution of the DMCUF corresponding to the
agent’s preferences and themarket DMCUFwhose acceptance sets consist (up to sign)
of exactly those payoffs that can be superhedged at zero cost. We extend an idea of
Föllmer/Schied [FS02] by using the optional decomposition under constraints dynam-
ically over time to construct the market DMCUF, and notably show that this DMCUF
is strongly time-consistent. Moreover, we discuss the connections between this indif-
ference valuation approach and arbitrage opportunities, explain the link to good deal
bounds, and examine the special case when trading in the market is possible without
constraints.

Valuation by indifference with respect to an expected utility is an old theme and
has been much studied again in the last years. An early reference is Hodges/Neuberger
[HN89]; Frittelli [Fri00] and Rouge/El Karoui [REK00] are at the start of the recent
resurgence of activity, and Becherer [Bec03] and Henderson/Hobson [HH04] contain
overviews and many more references. However, explicit results are hard to obtain
because except for the exponential case, the utility-based certainty equivalent is not
translation invariant.

The idea of replacing expected utility by a monetary (hence translation invariant)
utility functional and the naturally ensuing link to the convolution with the market
functional have only emerged rather recently. Perhaps the earliest reference where a
similar idea can be found in a general abstract (but static) form is Jaschke/Küchler
[JK01], even though the formulation there is for coherent risk measures and cast in
terms of good-deal bounds. Indifference valuation proper is mentioned in [BEK05]
and discussed in more detail in Xu [Xu06] which also contains a number of worked ex-
amples. However, both deal only with the static case, and [Xu06] has no constraints in
the market. Larsen/Pirvu/Shreve/Tütünc̈u [LPST05] contains a dynamic treatment for
a particular class of examples where the monetary utility functional is given via a fi-
nite set of scenario and stress measures, generalizing an idea from Carr/Geman/Madan
[CGM01]. None of these works study the issue of time-consistency.
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The underlying idea is the following. For eacht ∈ [0, T], let Ut be a functional
which mapsL∞ into L∞(Ft ). We assume thatUt (X) models the utility that some
(fixed) agent assigns at timet ≤ T to the payoffX which is due at timeT . We suppose
that she can trade in a financial market and denote byCt the set of payoffs due at time
T that she can superhedge by trading during(t, T ] with zero initial capital. If the
agent has at timet an initial endowmentxt ∈ L∞(Ft ), she can implicitly determine a
time t valuept (X) for the payoffX ∈ L∞ by the indifference requirement

ess sup
G∈Ct

Ut (xt + G) = ess sup
G∈Ct

Ut (xt − pt (X)+ G + X) (2.6.1)

(presuming thatpt (X) is well-defined). We callp(X) = (pt (X))0≤t≤T the indiffer-
ence value processfor X since it makes the agent at each timet indifferent (according
to Ut ) between buying the assetX or not, provided that she always optimally exploits
her trading opportunities.

Remark 2.6.1. i) The setCt consists of all payoffs that the agent can superhedge
by trading during(t, T ] from zero initial capital. HenceCt is solid. This will be
required later when we assume that−Ct is a pre-acceptance set. Note that we
assumed implicitly in the definition ofp that the initial endowmentxt can be
transferred fromt to T , i.e., the existence of a bank account with zero interest
rate. However, besides from this, we did not impose any conditions on the
structure ofCt so far. In fact,Ct can be used to incorporate transaction costs or
bid and ask prices for the traded assets. However, when we specifyCt later in
this section, we do not make use of this.

ii) In analogy to the valuept (X) for buying the assetX, we can define a value
ps

t (X) for selling X by

ess sup
G∈Ct

Ut (xt + G) = ess sup
G∈Ct

Ut (xt + ps
t (X)+ G − X). (2.6.2)

All results will be stated forpt (X) only, sinceps
t (X) = −pt (−X) so that the

value of selling the assetX can easily be deduced frompt (X). 3

Let us first consider the indifference valuept for a fixed timet . Throughout this
section we assume that the functionalUt is Ft -translation invariantin the sense of
Definition 2.3.1, i.e., we make the standing assumption

Assumption (TI): The functionalUt : L∞ → L∞(Ft ) satisfies

Ut (X + at ) = Ut (X)+ at for all X ∈ L∞ andat ∈ L∞(Ft ).

This assumption implies (like the notation suggests) thatpt (X) does not depend
on the initial endowmentxt ∈ L∞(Ft ), since this can be pulled out on both sides of
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equation (2.6.1). If in addition

Uopt
t (X) := ess sup

G∈Ct

Ut (X + G) ∈ L∞ for all X ∈ L∞, (2.6.3)

then translation invariance ensures thatpt (X) is well-defined inL∞(Ft ) and given by

pt (X) = Uopt
t (X)− Uopt

t (0). (2.6.4)

Uopt
t (X) is the maximal utility the agent can achieve from the payoffX by trading

optimally in the market. It is clear from (2.6.4) that this operator is a key tool in the
investigation of the indifference value.

When defining the valuept (X) as in (2.6.1), we implicitly assume that the agent
does not yet hold any other assets due at timeT . In fact, such assets might cause
diversification effects which she should take into account for the valuation. Suppose
the agent already holds in her portfolio an asset with payoffY ∈ L∞ due at timeT .
Then she should definepY

t (X), the indifference value at timet for buying the assetX
when holdingY, implicitly by

ess sup
G∈Ct

Ut
(
xt + G + Y

) = ess sup
G∈Ct

Ut
(
xt − pY

t (X)+ G + Y + X
)
. (2.6.5)

In other words, she should compare the maximal utility she can achieve by trading
optimally when she has onlyY with the maximal utility she can obtain when her
portfolio consists ofX andY (and when she has to paypY

t (X) at timet). Analogously
to (2.6.4), provided thatUopt

t mapsL∞ into L∞(Ft ), we can resolve (2.6.5) forpY
t (X)

to obtain
pY

t (X) = Uopt
t (X + Y)− Uopt

t (Y). (2.6.6)

The following result shows that our approach has the pleasant property that this leads
to a consistent valuation principle, in the sense that the value forX +Y coincides with
the sum of the value forY and the value forX when holdingY. Put differently, it
does not matter whether the agent buys the assets one after another or in bulk, always
provided that she properly takes into account what has already been bought.

Proposition 2.6.2. If U opt
t (X) ∈ L∞ for all X ∈ L∞ then

pt (X + Y) = pt (Y)+ pY
t (X).

Proof. This follows immediately from (2.6.4) and (2.6.6).

From now on we do not only assume thatUt is translation invariant, but that
Ut = 8t is an MCUF at timet . The analogue ofUopt

t from (2.6.3) is then

8
opt
t (X) := ess sup

G∈Ct

8t(X + G), (2.6.7)
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and the corresponding indifference value functionalpt from (2.6.4) is

pt (X) = 8
opt
t (X)−8

opt
t (0). (2.6.8)

Monotonicity and translation invariance of an MCUF imply that8
opt
t mapsL∞ into

L∞(Ft ) if and only if8opt
t (0) is bounded, i.e., if

8
opt
t (0) = ess sup

G∈Ct

8t (G) = 8t2 (−Ct ) (0) ∈ L∞. (2.6.9)

Recall that we have studied the operator8
opt
t in detail in Lemma 2.4.5 and Proposition

2.4.7. In particular, we have given conditions for when it is an MCUF and also for
when it corresponds to the convolution of8t and

8
−Ct
t (X) := ess sup

{
mt ∈ L∞(Ft )

∣∣ X − mt ∈ −Ct
}
, (2.6.10)

themarket MCUFinduced byCt . This name is justified by the observation that in view
of the interpretation ofCt as superhedgeable payoffs,−8−Ct

t (−X) is the minimal
amount required at timet that allows to superhedgeX. Lemma 2.4.5 and Proposition
2.4.7 together with (2.6.8) immediately yield the following result:

Proposition 2.6.3. Let8t be an MCUF at time t andCt ⊆ L∞ a non-empty convex
andFt -regular set such that (2.6.9) holds. Then:

a) pt ( . ) is a normalized MCUF at time t, which is continuous from below if8t ( . )

is.

b) If −Ct is a pre-acceptance set at time t then

8
opt
t (X) = 8t28

−Ct
t (X) for all X ∈ L∞ (2.6.11)

so that

pt (X) = 8t28
−Ct
t (X)−8t28

−Ct
t (0) for all X ∈ L∞. (2.6.12)

Remark 2.6.4. A sufficient condition for (2.6.9) is that

Ct ∩ {X ∈ L∞ | P[8t(X) > 0] > 0
} = ∅, (2.6.13)

since this implies that ess supG∈Ct
8t (G) ≤ 0. If 8t is coherent andCt is a non-

emptyFt -regular convex cone containing 0, then (2.6.13) is even necessary for (2.6.9).
In fact, if (2.6.13) does not hold, then there existX ∈ Ct andε > 0 such that for the
set A := {8t (X) ≥ ε} ∈ Ft we haveP[A] > 0. But since for alln ∈ IN also
nX1A ∈ Ct , positive homogeneity andFt -regularity of8t imply that

ess sup
G∈Ct

8t(G) ≥ 8t(nX1A) ≥ nε1A.

Taking the limit forn → ∞, this shows that (2.6.9) cannot hold true. 3
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It seems natural to ask if we can considerpt (X) not only as a value forX, but also
as a price for (buying)X. A minimal requirement for this is clearly thatpt (X) should
not lead to arbitrage opportunities. Before we make this more precise we should first
ensure that the market itself does not contain arbitrage opportunities. Therefore we
impose that

8
−Ct
t (0) = ess sup

(
Ct ∩ L∞(Ft )

) ≤ 0, (2.6.14)

i.e., that one cannot superhedge fromt on at zero cost something known at timet
and positive. In particular (2.6.14) ensures that the interval[8−Ct

t (X),−8−Ct
t (−X)]

from the subhedging to the superhedging price is non-empty. Then forpt (X) respec-
tively ps

t (X) not to yield arbitrage opportunities they should lie inside the interval
(8

−Ct
t (X),−8−Ct

t (−X)); for an early work on this see [Fri00]. By Proposition 2.6.3,
pt (X) is a normalized MCUF at timet , and sinceps

t (X) = −pt (−X), this implies
that pt (X) ≤ ps

t (X) so that the value (or price) for buyingX does not exceed the
value for sellingX. In fact, normalization and concavity imply that

0 = pt

(
1

2
X − 1

2
X

)
≥ 1

2
pt (X)+ 1

2
pt (−X),

so that
−pt (X) ≥ pt (−X)

on L∞. Consequently, we seek for conditions which ensure thatpt(X) and ps
t (X)

yield arbitrage-free bid and ask prices forX in the sense that

[pt (X), ps
t (X)] ⊆ [8−Ct

t (X),−8−Ct
t (−X)]. (2.6.15)

But a violation of condition (2.6.15) does not necessarily lead to an arbitrage opportu-
nity. Indeed, to exclude arbitrage, it would already suffice to have the two interlocking
inequalities

pt (X) ≤ −8−Ct
t (−X) and ps

t (X) ≥ 8
−Ct
t (X). (2.6.16)

However, if for instanceps
t (X), the value for sellingX, exceeds the superhedging

price−8−Ct
t (−X) for buyingX, nobody would agree to pay this as a price. Therefore

we consider the stronger condition (2.6.15) to be desirable. The next result gives
sufficient conditions for (2.6.15).

Proposition 2.6.5. Let8t be an MCUF at time t and−Ct ⊆ L∞ a pre-acceptance
set at time t such that (2.6.9) and (2.6.14) hold. Then we have absence of arbitrage in
the sense of (2.6.15) if one of the following conditions holds:

a) −Ct is a convex cone containing 0.

b) 0 is in the acceptance set of8t and the MCUF8opt
t is normalized, i.e.,

8t(0) ≥ 0 andess sup
G∈Ct

8t (G) = 0.
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In particular, if a) or b) holds and if X satisfies8−Ct
t (X) = −8−Ct

t (−X), then

8
−Ct
t (X) = pt (X) = ps

t (X) = −8−Ct
t (−X).

Thus for an asset which is traded in the market, value and market price must coincide.

Proof. Sinceps
t ( · ) = −pt (− · ), it suffices to show that

8
−Ct
t (X) ≤ pt (X). (2.6.17)

a) If −Ct is a convex cone containing 0, then8−Ct
t is by Lemma 2.3.9 positively

homogeneous and therefore by Remark 2.3.2 iv) superadditive, i.e., it satisfies
8

−Ct
t (X + Y) ≥ 8

−Ct
t (X) +8

−Ct
t (Y). Hence Proposition 2.6.3 and the sym-

metry of the convolution imply that

pt (X) = 8t28
−Ct
t (X)−8t28

−Ct
t (0) (2.6.18)

= ess sup
Y∈L∞

(
8

−Ct
t (X + Y)+8t (−Y)

)
−8t28

−Ct
t (0)

≥ 8
−Ct
t (X)+ ess sup

Y∈L∞

(
8

−Ct
t (Y)+8t(−Y)

)
−8t28

−Ct
t (0)

= 8
−Ct
t (X).

b) If 8t28
−Ct
t (0) = 8

opt
t (0) = 0, then (2.6.18) simplifies to

pt(X) = 8t28
−Ct
t (X)

= ess sup
Y∈L∞

(
8

−Ct
t (X + Y)+8t(−Y)

)
≥ 8

−Ct
t (X)+8t(0)

≥ 8
−Ct
t (X),

where the last inequality holds since8t(0) ≥ 0.

When Ct is only convex but not a convex cone containing 0, even the weaker
no-arbitrage condition (2.6.16) can be violated. This can be explained as follows.
Our definition (2.6.1) of the indifference value uses the same setCt of gains from
strategies irrespective of whether the agent ownsX or not, and so we implicitly assume
that buyingX does not change the set of possible strategies. Note thatX is here
viewed as a new financialinstrument; like in a market with transaction costs, this
must be distinguished from aportfolio generating the same payoff asX, but formed



2.6. Dynamic indifference valuation 67

from the primary assets in the market. The following example explicitly illustrates
how buying or owning such a portfolio can change the setC0 of allowed gains into a
new setCX

0 , and how this makes it reasonable for the agent to pay more forX than the

C0-superhedging price. Indeed, althoughp0(X) is bigger than−8−C0
0 (−X), the agent

cannot increase her maximal attainable utility by superhedgingX via the portfolio
instead of buying it directly forp0(X), because she may only work withCX

0 after the
superhedging.

The above discussion shows that one must be very careful when introducing a new
instrumentX in the market, because (especially with constraints) this may affect the
set of allowed trades. However, we do not pursue this delicate issue any further.

Example 2.6.6. For simplicity we consider a one-step discrete time model with only
two possible states. There exists a bank account with zero interest rate and one risky

assetS with net payoffS1 − S0 =
(
−1, 1

4

)
. Trading is restricted in that the agent

is not allowed to hold strictly less than−1 units of the risky asset. Hence the set of
payoffs which can be superhedged by trading from zero initial capital is

C0 =
{
β

(
−1,

1

4

)∣∣∣∣β ≥ −1

}
− IR2+.

We consider the payoffX :=
(

1
2,−1

4

)
. Its superhedging price is

−8−C0
0 (−X) = inf

{
c ∈ IR

∣∣∣∣(1

2
,−1

4

)
≤ c + β

(
−1,

1

4

)
for someβ ≥ −1

}
= inf

β≥−1

{
max

{
1

2
+ β,−1

4
− 1

4
β

}}
= − 1

10
,

since it is easy to check that the infimum is attained forβ = −3
5. Note that the corre-

sponding superhedging strategy is even a hedging strategy as it perfectly replicatesX.
The preferences of the agent correspond to the exponential certainty equivalent from
Example 2.3.3 with risk aversion14 so that

80(X) = −4 logE
[
e− 1

4 X
]
,

where the probability measureP assigns to both possible states the same probability.
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Hence the maximal attainable monetary utility without owningX is

sup
G∈C0

80(G) = sup
β≥−1

80

(
β

(
−1,

1

4

))
= sup

β≥−1

{
−4 log

{
1

2
e

1
4β + 1

2
e− 1

16β

}}
= −4 log

(
1

2

(
e− 1

4 + e
1
16

))
≈ 0.3264,

where the supremum is attained forβ = −1. Along the same lines, the maximal
attainable monetary utility when holdingX is

sup
G∈C0

80(X + G) = sup
β≥−1

{
−4 log

(
1

2
e
− 1

4

(
1
2−β

)
+ 1

2
e
− 1

4

(
− 1

4+ 1
4β
))}

= −4 log

(
1

2

(
e− 3

8 + e
1
8

))
≈ 0.3763,

where again the supremum is attained forβ = −1. By (2.6.8),

p0(X) = sup
G∈C0

80(X+G)− sup
G∈C0

80(G) ≈ 0.050> − 1

10
= −8−C0

0 (−X) (2.6.19)

so that even the weak no-arbitrage condition (2.6.16) is violated. Moreover, we can
immediately see why this happens. In fact, the argument why prices should be consis-
tent with the no-arbitrage principle is that instead of buyingX for a price exceeding its
superhedging price, it would be cheaper to buy the assets required to superhedgeX.
However, the situation is slightly different here. For superhedgingX, the agent needs
to sell short35 units of the risky asset, and then she can go short only2

5 further units in
the risky asset. Therefore her maximal attainable monetary utility after implementing

the (super-)hedging strategy forX = − 1
10 − 3

5

(
−1, 1

4

)
is

sup
β≥− 2

5

80

(
X −

(
−8−C0

0 (−X)
)

+ β
(

− 1,
1

4

))

= sup
β≥− 2

5

80

(
−3

5

(
− 1,

1

4

)
+ β

(
− 1,

1

4

))
= 8

opt
0 (0)

≈ 0.3264.
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Note how the initial trade to superhedgeX has explicitly changed the set of strategies
from C0 =̂ {β ≥ −1} to CX

0 =̂ {β ≥ −2
5}. On the other hand, if directly buyingX

for p0(X) does not change the set of possible trading strategies, then the maximal
monetary utility after that purchase is

sup
G∈C0

80(X − p0(X)+ G) = 8
opt
0 (X)− p0(X)

= 8
opt
0 (0)

≈ 0.3264.

Hence acting upon the apparent arbitrage opportunity does not yield a higher attain-
able utility than buyingX for p0(X), since the former trade changes the set of admis-
sible strategies. 3

To specify the representation and the acceptance set of the convolution8t28
−Ct
t

and hence ofpt more precisely, we require some additional properties. The following
result follows immediately from Proposition 2.4.7 (withB = −Ct ) and (2.6.12).

Proposition 2.6.7. Let −Ct be a pre-acceptance set at time t and8t an MCUF at
time t which is continuous from below with acceptance setAt and concave conjugate
αt . If (2.6.9) holds and if

ess sup
{

mt ∈ L∞(Ft )
∣∣ mt ∈ Ct

} ∈ L∞,

where the closure is taken inσ(L∞, L1), then the MCUF8opt
t = 8t28

−Ct
t is con-

tinuous from below and its concave conjugate is

αt (Q)+ α
−Ct
t (Q),

whereα−Ct
t (Q) := ess inf

Y∈−Ct

EQ[Y|Ft ]. Its acceptance set is

At + −Ct = At − Ct .

In particular, the indifference value functional

pt ( . ) = 8
opt
t ( . )−8

opt
t (0)

is an MCUF which is continuous from below with acceptance set

At − Ct +8
opt
t (0).

Having discussed the properties ofpt for fixed t , we now investigate the dynamic
aspects of the indifference valuation DMCUFp = (pt )0≤t≤T . In particular, we
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turn our attention to time-consistency. Under the assumptions of Proposition 2.6.3
b), pt is obtained at each timet from the convolution8t28

−Ct
t by normalization,

and we know that normalization turns a time-consistent DMCUF into a strongly time-
consistent one. We also know from Theorem 2.4.3 that the convolution of (strongly)
time-consistent DMCUFs is again a (strongly) time-consistent DMCUF. Hence the
obvious idea to ensure that the indifference valuation DMCUFp is strongly time-
consistent is to choose8 and the sets(Ct )0≤t≤T such that both8 and the market
DMCUF (8−Ct

t )0≤t≤T are time-consistent. To achieve the latter by definingCt in
an appropriate way, we have to specify the structure of the financial market in more
detail.

As in Section 2.5 we model the discounted price process of the basic traded as-
sets by a locally bounded RCLLP-semimartingaleS = (St)0≤t≤T . We assume that
(NFLVR ) holds and fix an admissible hedging setH ⊆ La

loc(S). For each timet
we define the set of payoffs superhedgeable from zero initial endowment via trading
during(t, T ] by

Ct :=
({∫ T

t
Hs dSs

∣∣∣∣ H ∈ Ht

}
− L0+

)
∩ L∞ (2.6.20)

with

Ht :=
{

H ∈ H

∣∣∣∣ ∫ ·

t
Hs dSs is uniformly bounded from below

}
. (2.6.21)

EachH ∈ Ht describes a self-financing trading strategy on(t, T ] with a wealth pro-
cess which is uniformly bounded from below. The subtraction ofL0+ economically
means that we are always allowed to “throw away” money. In the following result we
apply Theorem 2.5.11 to prove that the above setsCt yield a strongly time-consistent
market DMCUF(8−Ct

t )0≤t≤T .

Theorem 2.6.8. For X ∈ L∞ and each t∈ [0, T] define

8̂t (X) := −V̂t , (2.6.22)

where(V̂t)0≤t≤T is the value process of the minimalH -constrained hedging portfolio
for −X from Theorem 2.5.11. Then(8̂t )0≤t≤T is a well-representable strongly time-
consistent DMCUF. Its acceptance set at any time t is−Ct so that8̂t = 8

−Ct
t on

L∞. In particular, eachCt is closed inσ(L∞, L1).

Proof. Clearly,8̂t (X) ∈ L∞ by uniform boundedness of̂V . By (2.5.8) we can write

8̂t (X) = ess inf
Q∈R(S)

(
EQ[X|Ft ] + EQ

[
AS(Q)T − AS(Q)t

∣∣∣Ft

])
;
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note that we construct̂V from−X. Hence Remark 2.3.18 i) yields that8̂t is indeed an
MCUF at timet since in (2.3.6) we can setα0

t (Q) := −EQ
[

AS(Q)T − AS(Q)t
∣∣Ft

]
if Q ∈ R(S) andα0

t (Q) := −∞ otherwise. Now Theorem 2.3.16 together with Re-
mark 2.3.18 ii) imply that̂8t is well-representable and in particular that its acceptance
setÂt is closed inσ(L∞, L1). Next we show thatÂt = −Ct . To see that−Ct ⊆ Ât ,
note that for anyH ∈ Ht and Y ∈ L0+ such thatG := ∫ T

t Hs dSs − Y ∈ Ct ,
we can construct anH -constrained hedging portfolio(0, H ′, K ′) for G by choos-
ing H ′ := H1]]t,T]] and K ′ := Y1[[T]], whereH ′ ∈ H by Remark 2.5.3 ii). The
value processV ′ corresponding to(0, H ′, K ′) is zero at timet and, as required for
anH -constrained hedging portfolio, uniformly bounded from below sinceH ∈ Ht

andG ∈ L∞. This implies that the value processṼ of the minimalH -constrained
hedging portfolio forG satisfiesṼt ≤ V ′

t = 0 so that8̂t(−G) = −Ṽt ≥ 0, i.e.,
−G ∈ Ât . To see that alsoÂt ⊆ −Ct , fix X ∈ Ât and denote by(x̂, Ĥ , K̂ ) the
minimal H -constrained hedging portfolio for−X and the corresponding (uniformly
bounded) value process bŷV . Since(K̂u − K̂t )t≤u≤T is an increasing process, we
obtain from

V̂u = V̂t +
∫ u

t
Ĥs dSs − (K̂u − K̂t ), t ≤ u ≤ T (2.6.23)

that Ĥ ∈ Ht . Moreover, if we takeu = T in (2.6.23) and recall that̂Vt ≤ 0 (since
X ∈ Ât ) andV̂T ≥ −X, this also shows that−X ∈ Ct . Hence we have proved that
−Ct is the acceptance set of8̂t .

Since clearly−Ct ⊆ −Cs for t ≥ s, it only remains to show time-consistency. So
let s < t and suppose that̂8t (X) = 8̂t (Y), but P[8̂s(X) > 8̂s(Y)] > 0 for some
X,Y ∈ L∞. Denote by(xX, H X, K X), (xY, HY, K Y) the minimalH -constrained
hedging portfolios for−X and−Y with value processesV X = −8̂(X) andVY =
−8̂(Y). Then we can define anotherH -constrained hedging portfolio(x′, H ′, K ′)
for −Y (by essentially switching from(xX, H X, K X) to (xY, HY, K Y) at timet) via

x′ := xX,

H ′
u := H X

u 1{u≤t} + HY
u 1{u>t},

K ′
u := K X

u 1{u≤t} + (K Y
u − K Y

t + K X
t )1{u>t}.

Note thatH ′ ∈ H by predictable convexity and that the value process corresponding
to (x′, H ′, K ′) is given byV ′ := V X1[[0,t[[+VY1[[t,T]] (sinceV X

t = VY
t ). Hence,V ′ is

in particular uniformly bounded (from below) so that(x′, H ′, K ′) is anH -constrained
hedging portfolio for−Y. SinceP[V ′

s < VY
s ] > 0 we get a contradiction to the

minimality of (xY, HY, K Y). Therefore8̂s(X) = 8̂s(Y) and8̂ is time-consistent.

Combining Theorems 2.6.8 and 2.4.3 immediately shows that we can extend Propo-
sition 2.6.7 to obtain strong time-consistency as well:
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Proposition 2.6.9. Let 8 be a time-consistent DMCUF which is continuous from
below, and such that (2.6.9) is satisfied for each t∈ [0, T] with Ct from (2.6.20). Then
the indifference valuation DMCUF p( . ) is also continuous from below and strongly
time-consistent.

Remark 2.6.10. i) The idea for using the optional decomposition under constraints
to construct an MCUF describing a financial market is due to Föllmer/Schied
[FS02] in the static case; see also Section 4.8 in [FS04]. But, time-consistency
aspects have apparently not been studied or proved so far.

ii) Note that (NFLVR ) implies thatCt from (2.6.20) always satisfies the no-arbitrage
condition (2.6.14); see also Lemma 2.6.15 below.

3

As mentioned in Section 2.3, one might be interested in finding an indifference
value ps,t(X) for all intermediate time horizonst < T ands ≤ t , X ∈ L∞(Ft ). This
requires a definition for8opt

s,t : L∞(Ft ) → L∞(Fs) so that we can set

ps,t(X) := 8
opt
s,t (X)−8

opt
s,t (0).

We have argued in Section 2.3 that the existence of a bank account with zero interest
rate implies that we should have

ps,t (X) = ps,T (X) for all X ∈ L∞(Ft ) (2.6.24)

since money can be freely transferred betweent andT . (2.6.24) holds if and only if

8
opt
s,t (X)−8opt

s,t (0) = 8
opt
s,T (X)−8opt

s,T (0) for all s ≤ t ≤ T , X ∈ L∞(Ft ), (2.6.25)

and in this case, time-consistency of the familyp is equivalent to its recursiveness.
The natural choice8opt

s,t (X) := 8
opt
s,T (X)−8

opt
t,T (0) satisfies (2.6.25) and makes sense

if (8opt
s,T (0))0≤s≤T is adeterministicprocess, hence in particular if the process is con-

stantly zero. This occurs for instance if all setsCt from (2.6.20) are convex cones
containing 0, so that the market functional is a time-consistent DMCohUF, and if in
addition8 is a time-consistent DMCohUF. Their convolution8opt is then by Theo-
rem 2.4.3 a strongly time-consistent DMCohUF and in particular normalized. Hence,
in this coherent setting, the valuation familyp is recursive as in (R).

Remark 2.6.11. Let us indicate why we used the results of Section 2.5 about super-
hedging under constraints to prove that(8

−Ct
t )0≤t≤T is time-consistent. In Theorem

2.6.8, we have seen that those results imply that−Ct is a σ(L∞, L1)-closed pre-
acceptance set at timet , so that it is the acceptance set of8−Ct

t and the essential
supremum in the definition of8−Ct

t (X) is attained by somemt ∈ L∞(Ft ). Moreover,
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Theorem 2.6.8 tells us that there exists anH -constrained hedging portfolio for−X
such that8−Ct

t (X) corresponds at each timet to minus the valuêVt of this portfolio.
In particular, this value process is uniformly bounded.

Now suppose we try to find a setH of integrands such that(8−Ct
t )0≤t≤T becomes

time-consistent, without using the results from Section 2.5. From Lemma 2.3.25, we
basically have two possibilities to prove time-consistency. Since the set of payoffs
which can be superhedged from zero initial capital by trading during(t, T ] corre-
sponds to a set of stochastic integrals with respect to the price process of the traded
assetsS, it seems natural to try and prove that the acceptance sets(At ) of (8−Ct

t )0≤t≤T

have the decomposition property

As = As(Ft )+ At for all s ≤ t. (2.6.26)

But then the following problems occur:

• It is difficult to find conditions on the setH of integrands allowed for trading
so that−Ct is an acceptance set of some MCUF at each timet , e.g., conditions
which ensure that−Ct from (2.6.20) is aσ(L∞, L1)-closed pre-acceptance set
at each timet . But if this fails, the acceptance set of8−Ct

t differs from −Ct

and we cannot expect that it has the nice structure as a set of integrals which
we would like to exploit to prove (2.6.26). ReplacingCt by its closureCt in
σ(L∞, L1) at each timet we lose the above integral structure. So the difficulty
here is that a closure operation inσ(L∞, L1) does not fit well with stochastic
integrals.

• Even if−Ct is for each timet the acceptance set of8−Ct
t and has a nice integral

structure as above, we have not finished. Indeed, if
∫ T

s H dSis an element ofCs,

we can clearly split it for anys ≤ t ≤ T into the sum of
∫ t

s H dSand
∫ T

t H dS.
But unfortunately, uniform boundedness from below of(

∫ u
s H dS)s≤u≤T need

not carry over to(
∫ u

t H dS)t≤u≤T , which is required if we want the latter to
correspond to an element of−Ct . So here the difficulty is to handle lower
bounds on varying time intervals.

Alternatively, we might try to prove time-consistency directly from its definition, i.e.,
to show that

8
−Ct
t (X) = 8

−Ct
t (Y) implies 8−Cs

s (X) = 8−Cs
s (Y) (2.6.27)

for all s ≤ t , where8−Cu
u (X) = ess sup{mu ∈ L∞(Fu) | X − mu ∈ −Cu}. It looks

natural to try this by a contradiction argument, and that involves the construction of a
hedging strategy starting at times by pasting together at timet the strategies which are
associated with8−Cs

s (X) and8−Ct
t (Y). But then similar problems as above occur:
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• If −Ct is not aσ(L∞, L1)-closed pre-acceptance set at timet , the supremum
in the definition of8−Ct

t need not be attained. Hence we cannot relate to it one
single hedging strategy, but need an entire sequence. However, pasting together
countably many strategies is not feasible in general since we lose control over
the required uniform lower bound for the corresponding value process.

• Even if−Ct is closed inσ(L∞, L1), so that the essential supremum is attained,
it is not clear how8−Cs

s (X) and8−Ct
t (X) are related. The problem is that the

value at timet of the hedging strategy corresponding to8−Cs
s need not be in

L∞(Ft ), since it is not necessarily bounded from above.

This discussion explains why we decided to provide and work with the results about
superhedging under constraints. 3

We now turn to a discussion of the special case of unconstrained trading. In partic-
ular, we examine the effect of unconstrained trading on the MCUF8t which expresses
the preferences of an investor. For a static MCUF80, it is known (see e.g., Chapter 4.8
in [FS04] or [BEK05]) that this is captured by taking the infimum in the representation
of 80 only over all Q ∈ Ma(S), the set of allQ ∈ P a which are local martingale
measures forS, instead of taking it over the whole setP a. In other words, ifα0 is the
concave conjugate of80, then the new MCUF8opt

0 ( . ) = supG∈C0
80( . + G) can be

represented as
8

opt
0 (X) = inf

Q∈Ma(S)

{
EQ[X] − α0(Q)

}
. (2.6.28)

We shall obtain an analogous result in the dynamic case. One might expect that at time
t , we have to take the essential supremum over the set of all local martingale measures
for the process(Su)t≤u≤T , but we shall see that it is even possible to take the set of all
equivalent local martingale measures forS (considered on all of[[0, T]]).

Before we can state our result, we have to introduce some notation.Unconstrained
trading means that we allow all admissible strategies for trading, i.e., we use the ad-
missible hedging setH = La

loc(S). We denote byLa
t (S) := Ht the set of all processes

H in La
loc(S)which are(uniformly) admissible from time tin the sense that the process

(
∫ s

t Hu dSu)t≤s≤T is uniformly bounded from below, and by

Dt :=
{∫ T

t
Hu dSu

∣∣∣∣ H ∈ La
t (S)

}
we denote the corresponding set of terminal values. Furthermore we distinguish be-
tween several sets of martingale measures:

Definition 2.6.12. For anyt ∈ [0, T] and A ∈ Ft we denote byMe,A
t (S) the set of

all Q ∈ P e such that(Ss1A)t≤s≤T is a local martingale underQ, i.e., there exists an
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increasing sequence of[t, T ]-valued stopping timesτn with limn→∞ P[τn < T] = 0
such that(Sτns 1A1{τn>t})t≤s≤T is a uniformly integrableQ-martingale for eachn ∈ IN .
For A = � we writeMe

t (S) := Me,�
t (S). In particularMe(S) := Me

0(S) denotes the
set of all equivalent local martingale measures forS = (Ss)0≤s≤T .

Theorem 2.6.13.Let8t be an MCUF at time t with acceptance setAt and concave
conjugateαt . Assume that8t is continuous from below,infX∈At EQ[X] > −∞ for
some Q∈ Me(S) and that (2.6.9) holds with

Ct =
(
Dt − L0+

)
∩ L∞. (2.6.29)

Then we have the representation

8
opt
t (X) = 8t28

−Ct
t (X) = ess inf

Q∈Me(S)

{
EQ[X|Ft ] − αt (Q)

}
. (2.6.30)

Remark 2.6.14. Both (2.6.9) and the assumption that infX∈At EQ[X] > −∞ for
someQ ∈ Me(S) formalize the intuitive requirement that the a priori preferences
8t should fit together with the financial market. Like in the comment after Lemma
2.3.25, the second condition (involvingQ) need only hold fort = 0 if 8 is strongly
time-consistent. 3

In order to prove Theorem 2.6.13, we need to characterize the setMe(S) of equiv-
alent local martingale measures in terms ofDt .

Lemma 2.6.15.Let t ∈ [0, T], A ∈ Ft , Q ∈ P e. Then

Q ∈ Me,A
t (S) ⇐⇒ EQ[G1A|Ft ] ≤ 0 Q - a.s. for allG ∈ Dt ∩ L∞

⇐⇒ EQ[G1A] ≤ 0 for all G ∈ Dt ∩ L∞.

Proof. The second equivalence is trivial sinceDt is closed under multiplication with
1B, B ∈ Ft . Hence we only have to prove the first equivalence.

“⇒”: Let Q ∈ Me,A
t (S). Then(Ss1A)t≤s≤T is a localQ-martingale. Each element

G of Dt satisfiesG = ∫ T
t Hs dSs for someH ∈ La

t (S). By Corollary 3.5 of
[AS94], the uniform boundedness from below of(1A

∫ s
t Hs dSs)t≤s≤T implies

that(1A
∫ s

t Hs dSs)t≤s≤T is also a localQ-martingale and hence, again by uni-
form boundedness from below, aQ-supermartingale. ThusEQ[G1A|Ft ] ≤ 0
Q - a.s.

76 Chapter 2. Dynamic indifference valuation

“⇐”: Since (Ss1A)t≤s≤T is locally bounded, it is a localQ-martingale if and only
if (Sτs 1A1{τ>t})t≤s≤T is a Q-martingale for each stopping timet ≤ τ ≤ T
such that(Sτs 1A1{τ>t})t≤s≤T is uniformly bounded. Fort ≤ s1 ≤ s2 ≤ T and
B ∈ Fs1, defineH := 1]]τ∧s1,τ∧s2]]1B which is in La

t (S). By assumption,

0 ≥ EQ

[
1A

∫ T

t
Hs dSs

]
= EQ[1B(1ASτs2

− 1ASτs1
)]

= EQ[1B(1ASτs2
1{τ>t} − 1ASτs1

1{τ>t})],
and sinceB ∈ Fs1 is arbitrary, we get thatEQ[1ASτs2

1{τ>t}|Fs1] ≤ 1ASτs1
1{τ>t}

Q - a.s. Because we also have−H ∈ La
t (S), we even get equality, and so

(Sτs 1A1{τ>t})t≤s≤T is a Q-martingale.

Proof of Theorem 2.6.13. 1) By Theorem 2.6.8,8−Ct
t is a well-representable

MCUF at timet with acceptance set−Ct . BecauseCt is a convex cone contain-
ing 0, the concave conjugateα−Ct

t of8−Ct
t only takes the values 0 and−∞. We

claim that we have for eachQ ∈ P e the explicit expression (with∞ · 0 := 0)

α
−Ct
t (Q) = −∞ 1(AQ)c, (2.6.31)

whereAQ ∈ Ft is defined up to nullsets by

1AQ = ess sup
{
1A

∣∣∣ A ∈ Ft and Q ∈ Me,A
t (S)

}
.

Intuitively, AQ is the largestFt -measurable set on which(Ss)t≤s≤T is a local

Q-martingale. To see (2.6.31), note first thatQ ∈ Me,AQ

t (S). Since 0∈ Ct and
Dt ∩ L∞ ⊆ Ct , Lemma 2.6.15 implies that

1AQ ess inf
G∈−Ct

EQ[G|Ft ] ≡ 0 P - a.s.,

which means by Lemma 2.3.12 thatα−Ct
t (Q) = 0 on AQ. To prove (2.6.31), it

thus only remains to show that

ess inf
G∈−Ct

EQ[G|Ft ] = −∞ P - a.s. on(AQ)c.

For this, we may assume thatP[(AQ)c] > 0 so that(Ss)t≤s≤T with positive
probability fails to be a localQ-martingale. By Lemma 2.6.15, we can thus find
a B ∈ Ft with P[B] > 0 andB ⊆ (AQ)c and someG0 ∈ Dt ∩ L∞ ⊆ Ct
such thatEQ[−G0|Ft ] ≤ −ε on B for someε > 0. Closedness ofCt under
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multiplication with non-negative scalars then implies that ess inf
G∈−Ct

EQ[G|Ft ] =
−∞ on B. But this must even hold on the whole set(AQ)c. In fact, if it does
not, we obtain some set̃B ∈ Ft with P[B̃] > 0 andB̃ ⊆ (AQ)c such that

0 ≥ ess inf
G∈−Ct

EQ[G|Ft ] ≥ −m > −∞ on B̃ for somem> 0.

Closedness ofCt under multiplication with non-negative scalars now implies
that ess inf

G∈−Ct
EQ[G|Ft ] = 0 on B̃ and therefore by Lemma 2.6.15 that

Q ∈ Me,AQ∪B̃
t (S). But this contradicts the definition ofAQ, and hence we

have proved (2.6.31).

2) From (2.6.31), our assumptions and Theorem 2.4.3, the MCUF8t28
−Ct
t is

well-representable and since convoluting two MCUFs means adding their con-
cave conjugates we obtain

8t28
−Ct
t (X) = ess inf

Q∈P e

{
EQ[X|Ft ] − αt (Q)+ ∞ 1(AQ)c

}
. (2.6.32)

This suggests that it should be enough to take the above essential infimum only
over thoseQ ∈ P e that haveP[AQ] = 1, which means thatQ should be in
Me

t (S). We now prove that this is true by showing that

8t28
−Ct
t (X) = ess inf

Q′∈Me
t (S)

{
EQ′ [X|Ft ] − αt (Q

′)
}
. (2.6.33)

By (NFLVR ), there existsQ̂ ∈ Me(S) ⊆ Me
t (S) with density procesŝZ. For

any Q ∈ P e with density processZQ, define a new measureQ′ ∈ P e with
density processZ′ by

d Q′

d P
:= 1AQ

ZQ
T

ZQ
t

+ 1(AQ)c
ẐT

Ẑt

so thatQ′ ∈ Me
t (S) by the definition ofAQ. Since

EQ′ [ . |Ft ] = 1AQ EQ[ . |Ft ] + 1(AQ)c EQ̂[ . |Ft ]
we obtain from Lemma 2.3.12 and (2.6.31) that

EQ′ [X|Ft ] − αt (Q
′)− α

−Ct
t (Q′)

= 1AQ

(
EQ[X|Ft ] − αt (Q)− α

−Ct
t (Q)

)
+1(AQ)c

(
EQ̂[X|Ft ] − αt (Q̂)− α

−Ct
t (Q̂)

)
= 1AQ

(
EQ[X|Ft ] − αt (Q)+ ∞ 1(AQ)c

)
+1(AQ)c

(
EQ̂[X|Ft ] − αt (Q̂)+ ∞ 1

(AQ̂)c

)
.
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But (AQ̂)c is a P-nullset sinceQ̂ ∈ Me
t (S) and soα−Ct

t (Q̂) = 0 = −∞1
(AQ̂)c

by (2.6.31). The same is true forQ′. Hence, usingAQ∩(AQ)c = ∅ and (2.6.31)
for Q′, we get

EQ′ [X|Ft ] − αt (Q
′)

= EQ′ [X|Ft ] − αt (Q
′)+ ∞ 1

(AQ′
)c

= 1AQ

(
EQ[X|Ft ] − αt (Q)

)
+ 1(AQ)c

(
EQ̂[X|Ft ] − αt (Q̂)

)
≤ EQ[X|Ft ] − αt (Q)+ ∞ 1(AQ)c

by looking separately atAQ and(AQ)c. This shows that we can replace any
Q ∈ P e by a correspondingQ′ ∈ Me

t (S) when taking the essential infimum in
(2.6.32) and thus establishes (2.6.33).

3) In view of (2.6.33), it only remains to show that

ess inf
Q∈Me

t (S)

{
EQ[X|Ft ] − αt (Q)

} = ess inf
Q∈Me(S)

{
EQ[X|Ft ] − αt (Q)

}
.

The inequality “≤” is clear sinceMe
t (S) ⊇ Me(S). To prove the converse, we

show that for anyQ ∈ Me
t (S) with density processZ, there existsQ′ ∈ Me(S)

with density processZ′ such that

ZT = ht Z
′
T

for someFt -measurableht > 0. Because then we have fromZT
Zt

= Z′
T

Z′
t

and by

using (2.3.3) that

EQ[X|Ft ] − αt (Q) = EQ′ [X|Ft ] − αt (Q
′),

and obtain “≥”. To constructQ′, take someQ̂ ∈ Me(S) with density process
Ẑ and define

Z′
T := Ẑt

ZT

Zt
= 1

ht
ZT

with ht = Zt

Ẑt
. ThenQ′ ∈ Me(S) becauseZ′S is a localP-martingale on all

of [[0, T]]: on [[0, t]] becauseZ′ = Ẑ on [[0, t]] andQ̂ ∈ Me(S), and on[[t, T]]
because

Z′ = 1

ht
Z on [[t, T]]

and Z S is a localP-martingale on[[t, T ]] sinceQ ∈ Me
t (S). This completes

the proof.
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As an immediate consequence we get the following no-arbitrage result for the
indifference value in the case of unconstrained trading:

Corollary 2.6.16. Under the assumptions of Theorem 2.6.13 and withCt as in (2.6.29),
the valuations pt and ps

t are consistent with the no-arbitrage principle in the following
two senses:

a) If X ∈ L∞ is attainable from time t in the sense that X= xt + ∫ T
t Hs dSs

with xt ∈ L∞(Ft ) and H ∈ La
t (S) such that

(∫ u
t Hs dSs

)
t≤u≤T is uniformly

bounded, then

pt (X) = pt

(
xt +

∫ T

t
Hs dSs

)
= ps

t

(
xt +

∫ T

t
Hs dSs

)
= ps

t (X) = xt .

b) Both, pt and ps
t , take values in the interval of possible arbitrage-free valuations,

i.e.,

ess inf
Q∈Me(S)

EQ[X|Ft ] ≤ pt (X) ≤ ps
t (X) ≤ ess sup

Q∈Me(S)
EQ[X|Ft ] for all X ∈ L∞.

Proof. a) Since we haveEQ[X|Ft ] = xt for anyQ ∈ Me(S) , this follows imme-
diately from (2.6.12) and the representation (2.6.30).

b) Since−Ct is a convex cone containing 0, this follows from Proposition 2.6.5
and Remark 2.5.12.

In all of Section 2.6, we have assumed that it is the MCUF8 representing the
agent’s preferences which is continuous from below, and not the market MCUF8

−Ct
t .

(Note that for Theorem 2.4.3 it is enough if one of the two is continuous from below.)
The reason is the following. It is known that in the unconstrained case we can represent
8

−C0
0 analogously to (2.6.28) as

8
−C0
0 (X) = inf

Q∈Ma(S)
EQ[X],

whereMa(S) denotes the set of all local martingale measuresQ ∈ P a for S. It fol-
lows from Corollary 4.35 of [FS04] that continuity from below of8−C0

0 implies that
Ma(S) is weakly compact (since it is weakly closed). But if the price processS is
continuous and the filtration is quasi left-continuous, Corollary 7.2 of [Del92] then
implies thatMa(S) is a singleton so that the market must be complete. This shows
that it may be rather restrictive to insist on a market DMCUF which is continuous
from below.
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We finish this section with a comment about the connection between the indiffer-
ence valuespt(X), ps

t (X) andgood deal bounds.

The no-arbitrage price bounds8−Ct
t ( . ) and−8−Ct

t (− . ) induced by superhedg-
ing are usually not sharp enough to be useful for pricing in practice. Therefore several
approaches have been suggested to define tighter price bounds which are less restric-
tive than the choice of one pricing measure; see, e.g., [BL00], [CSR00] or [CGM01].
In particular, Cochrane/Saà-Requejo [CSR00] introduced the concept ofgood deal
bounds. These price bounds are obtained by ruling out not only arbitrage opportunities
but alsogood deals, which are in [CSR00] defined as investment opportunities with a
high Sharpe ratio. This procedure is justified by arguing that Sharpe ratios observed
in the market tend to be rather low. Subsequently, the good deal pricing approach has
been generalized by many authors; see, e.g., [JK01], [CH02], [Cer03] or [Sta04]. In
particular, they defined good deals more generally as investment opportunities which
are in some sense desirable and do not necessarily have a high Sharpe ratio. To jus-
tify the exclusion of good deals, it is argued like for arbitrage opportunities that they
would vanish immediately from the market by trading.

For these good deal price bounds, it is well known that they correspond to risk
measures (and hence to MCUFs). However, the literature often creates the impression
that they are somehow generic and independent of individual preferences. This is not
the case: One has to specify the set of good deals, and we shall see presently that this
basically corresponds to the choice of an MCUF and hence of a specification of utility.

The following definition of good deals (in a static and coherent framework) is
taken from Jaschke/K̈uchler [JK01]. They fixC0, a convex cone containing zero of
payoffs which can be superhedged with zero initial capital, and in addition a coherent
acceptance setA0 ⊆ L∞, i.e., A0 is the acceptance set of some MCohUF at time
0. This specifies the set of desirable payoffs, and the most conservative choice is
A0 = L∞+ . In this latter case, the good deal price bounds correspond to those obtained
by excluding arbitrage opportunities only.

Definition 2.6.17. An elementX ∈ C0 is calledgood deal of the first kindif X is
contained inA0 andX 6= 0, andgood deal (of the second kind)if there existsε > 0
such thatX − ε1� ∈ A0.

Whereas good deals of the first kind represent opportunities to get something good
for free, where the good part may or may not come, those of the second kind are
“cash-and-carry good deals” and yield a sure profit. Jaschke and Küchler consider the
second concept to be much more important. They argue that any arbitrage transaction
in practice involves some risks or costs that cannot be captured in a model. Therefore
arbitrageurs will only act if the anticipated gain is substantial enough. As a conse-
quence, they only consider good deals of the second kind, and we do the same here.
The lower bound for prices forX obtained by excluding these good deals is given by

π
A0
0 (X) := sup{m0 ∈ IR | X − m01� + G ∈ A0 for someG ∈ C0} .



2.6. Dynamic indifference valuation 81

In fact, if the agent could buy the future payoffX for a priceπ0(X) < π
A0
0 (X),

then there existG ∈ C0 andε > 0 with π0(X) + ε ≤ π
A0
0 (X) − ε and such that

X − (π0(X) + ε)1� + G is contained in the set of desirable payoffsA0. Hence the
agent could buyX for π0(X), use the superhedging strategy corresponding toG and
obtain a resulting payoffX − π0(X) + G which is a good deal. As before, sellingX
corresponds to buying−X, and so the good deal price bounds are given by[

π
A0
0 (X),−πA0

0 (−X)
]
.

The above concept of good deal price bounds can immediately be generalized to a
dynamic and convex framework. For a convex (but still static) setting this can also
be found in Staum [Sta04]. However, he works with a slightly different definition,
and the one given in [JK01] fits better into our framework. We model the setCt of
payoffs which are superhedgeable via trading during(t, T ] by a non-empty, convex
andFt -regular subset ofL∞; compare Lemma 2.4.5. The set of desirable payoffs is
given by some pre-acceptance setBt at timet . In analogy to the static case, we then
define a good deal as follows:

Definition 2.6.18. Fix Y ∈ Bt . ThenX ∈ Ct is called agood deal at time tif there
exists a constantε > 0 and a setA ∈ Ft , P[A] > 0 such that(X − ε1�)1A + Y1Ac

is contained inBt .

Note thatBt is Ft -regular so that the definition does not depend on the choice of
the elementY ∈ Bt ; this is introduced since whetherX is a good deal at timet or
not should not depend on events which can already be ruled out at this time. Note that
alsoBt need not contain 0 which is otherwise a natural choice forY. The lower price
bound obtained from excluding good deals is then given by

π
Bt
t (X) := ess sup

{
mt ∈ L∞(Ft )

∣∣ X − mt + G ∈ Bt for someG ∈ Ct
}
. (2.6.34)

The reasoning is similar to the static case. Indeed, if the agent could buy the future
payoff X for a priceπt (X) which is not greater or equal toπBt

t (X), then there exist
ε > 0 and a setA ∈ Ft with P[A] > 0 such thatπt (X) + ε1� ≤ π

Bt
t (X) − ε1� on

A. By (2.6.34) we can find a subsetB ∈ Ft of A with P[B] > 0, mt ∈ L∞(Ft ) and
G ∈ Ct such thatY′ := X − mt + G ∈ Bt andmt ≥ π

Bt
t (X) − ε1� on B. TheFt -

regularity ofBt implies that alsoY′1B +Y1Bc ∈ Bt . But sinceπt (X)+ε1� ≤ mt on
B and−Bt is solid, we now obtain that((X − πt (X)+ G)− ε1�)1B + Y1Bc ∈ Bt ,
i.e., thatX − πt (X)+ G is a good deal.

Next we show how the above price bound is connected to an indifference valuation
functional pt (X). To this end, we recall from (2.3.2) in Lemma 2.3.9 thatBt induces
an MCUF8t at timet by

8t(X) := 8
Bt
t (X) = ess sup

{
mt ∈ L∞(Ft )

∣∣ X − mt ∈ Bt
}
.
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This representation implies that

8
opt
t (X) = ess sup

G∈Ct

8t(X + G)

= ess sup
G∈Ct

ess sup
{

mt ∈ L∞(Ft )
∣∣ X + G − mt ∈ Bt

}
= ess sup

{
mt ∈ L∞(Ft )

∣∣ X − mt + G ∈ Bt for someG ∈ Ct
}

= π
Bt
t (X).

Hence if8opt
t (0) = 0 so thatpt (X) = 8

opt
t (X), the lower good deal bound is the

indifference valuept(X) and[
πBt (X),−πBt (−X)

] = [
pt (X), ps

t (X)
]

is the interval of possible prices forX which do not yield a good deal. We recall from
Proposition 2.6.5 that we might need additional assumptions to have price bounds
which are actually tighter than those obtained by excluding arbitrage opportunities.

Using that pt ( . ) is defined as the indifference value, we can also give another
interpretation for whypt ( . ) can be viewed as a lower price bound obtained by ex-
cluding (slightly differently defined) good deals. We fix a setCt of superhedgeable
payoffs and an MCUF8t . Then we might callX ∈ Ct useful dealif it increases the
maximal attainable utility, i.e., if

8
opt
t (X) = ess sup

G∈Ct

8t (X + G) ≥ ess sup
G∈Ct

8t (G) = 8
opt
t (0)

and the inequality is strict with strictly positive probability. This implies that[
pt (X), ps

t (X)
]

is the interval of all prices forX which do not yield a useful deal.
Staum [Sta04] proves fundamental theorems of asset pricing for good deal bounds.

In particular, he gives in his Theorem 6.1 an equivalent condition for the weak no-
arbitrage condition (2.6.16). This theorem and its proof can easily be adapted to our
framework; we simply state the result without giving a proof.

Theorem 2.6.19.Let−Ct ⊆ L∞ be a pre-acceptance set at time t containing0 such
that8−Ct

t (0) = 0. Let8t be an MCUF at time t with acceptance setAt such that
8t (0) ≥ 0. Then

pt (X) ≤ −8−Ct
t (−X) for all X ∈ L∞ and 8

opt
t (0) = ess sup

G∈Ct

8t (G) = 0

if and only if

(Ct − At ) ∩
{

X ∈ L∞
∣∣∣ P

[
8

−Ct
t (X) > 0

]
> 0

}
= ∅.
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2.7 Examples

2.7.1 Time-consistency and normalization

This example illustrates several points we have discussed in this chapter. For the
exponential utility functionU(x) = −e−x we define by

8t(X) := U−1(E[U(X)|Ft ]
) = − log E

[
e−X

∣∣Ft
]

for X ∈ L∞ (2.7.1)

the correspondingFt -conditional exponential certainty equivalent; see Example 2.3.3.
Then8 = (8t )0≤t≤T is a DMCUF, each8t is clearly continuous from below, and
the concave conjugate functional of8t is

αt (Q) = −EQ

[
log

ZQ
T

ZQ
t

∣∣∣∣Ft

]
=: − f e

t (Q|P), (2.7.2)

i.e., minus theFt -conditional relative entropy ofQ with respect toP. This is shown in
Section 4 of [DS05]; see also Example 4.33 in [FS04]. The DMCUF8 = (8t )0≤t≤T

is clearly normalized and time-consistent due to the explicit expression (2.7.1); hence
8 is strongly time-consistent. Moreover, each8t is well-representable since Lemma
2.3.14 and (2.7.1) imply I) of Theorem 2.3.16. In fact, from Jensen’s inequality we
obtainE[U(X)|Ft ] ≤ U(E[X|Ft ]), henceE[X|Ft ] ≥ 8t (X) ≥ 0 for all X ∈ At and
therefore infX∈At E[X] ≥ 0> −∞. From Theorem 2.3.16 and (2.7.2), we thus have

8t(X) = ess inf
Q∈P e

{
EQ[X|Ft ] + f e

t (Q|P)}.
Consider next a financial market as in Section 2.6. ChooseH = La

loc(S) so that we
have no constraints, defineCt by (2.6.29) and̂8 = (8̂t )0≤t≤T by (2.6.22) so that̂8t is
by Theorem 2.6.8 the market MCUF induced byCt . Moreover,8̂ is also normalized,
well-representable and strongly time-consistent by Theorem 2.6.8. Define

8
opt
t (X) := ess sup

G∈Ct

8t (X + G) for t ∈ [0, T] andX ∈ L∞

and assume that
8

opt
t (0) = ess sup

G∈Ct

8t(G) ∈ L∞. (2.7.3)

We give below a sufficient condition onS to ensure (2.7.3). Due to (2.7.2) and Theo-
rem 2.6.13, we have

8
opt
t (X) = 8t2(−Ct )(X) = 8t28̂t (X)

= ess inf
Q∈Me(S)

{
EQ[X|Ft ] + f e

t (Q|P)} (2.7.4)

and by Theorem 2.4.3,8opt is then again a strongly time-consistent DMCUF.

84 Chapter 2. Dynamic indifference valuation

Now impose on the financial market the assumptions thatP 6∈ Me(S) (so S is
not a localP-martingale) and that infQ∈Me(S) f e

0 (Q|P) < ∞, so that there exists an
equivalent local martingale measure forS with finite relative entropy with respect to
P. Then it is well known that the minimal entropy martingale measure

Qe := argmin
{

f e
0 (Q|P) ∣∣ Q ∈ Me(S)

}
exists inMe(S) and is unique, and we have

f e
0 (Q

e|P) > 0 (2.7.5)

becauseP is not inMe(S). But (2.7.5) implies by (2.7.4) that

8
opt
0 (0) = inf

Q∈Me(S)
f e
0 (Q|P) = f e

0 (Q
e|P) > 0,

and therefore8opt is not normalized. Hence this example illustrates that

– a DMCUF may be strongly time-consistent without being normalized.

– the convolution of two normalized DMCUFs may fail to be normalized.

To finish the example, let us briefly discuss how to guarantee the condition (2.7.3).
By the explicit expression (2.7.1) for8t , (2.7.3) is equivalent to

ess sup
G∈Ct

E[U(G)|Ft ] ∈ L∞, (2.7.6)

and sinceG ≡ 0 is in Ct , it is enough to have an upper bound forE[U(G)|Ft ]
uniformly overG ∈ Ct . Applying Fenchel’s inequality

U(x) = −e−x ≤ sup
x′>0

(
U(x′)− x′y

)+ xy = y log y − y + xy

with y = ZQ
T

ZQ
t

for someQ ∈ Me(S) gives

E[U(G)|Ft ] ≤ f e
t (Q|P)− 1 + EQ[G|Ft ] ≤ f e

t (Q|P)
becauseEQ[G|Ft ] ≤ 0 for anyG ∈ Ct , since

∫ .
t H dSfor H ∈ Ht is a Q-supermar-

tingale for anyQ ∈ Me(S); see Lemma 2.6.15. Hence (2.7.6) holds as soon as

ess inf
Q∈Me(S)

f e
t (Q|P) ∈ L∞.

One sufficient condition for this is that there exists someQ ∈ Me(S) satisfying the
reverse Ḧolder inequalityRL log L (P), i.e.,

f e
t (Q|P) = E

[
ZQ

T

ZQ
t

log
ZQ

T

ZQ
t

∣∣∣∣Ft

]
≤ C

for all t ∈ [0, T] with some constantC. This ends the example.
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2.7.2 DMCUFs, indifference valuation and BSDEs

In this subsection we first recall and extend some known results about DMCUFs which
are described by backward stochastic differential equations (BSDEs for short), since
this provides us with a big class of time-consistent DMCUFs. Then we represent the
preferences of our investor by such a DMCUF8 and try to express the corresponding
indifference valuation DMCUF in terms of BSDEs as well. As in Section 2.6, we
apply the convolution to8 and the market DMCUF given via the superhedging price
to obtain an equivalent description for the indifference value respectively for the DM-
CUF8opt. To this end, we first prove that the market DMCUF can also be described
by a BSDE. Then we show that the DMCUF8opt corresponds to a BSDE whose driver
is given by the pointwise convolution of the drivers for8 and for the market DMCUF.
This extends results of Barrieu/El Karoui [BEK04] about the convolution of dynamic
risk measures described by BSDEs.

We start by recalling a well-known existence result for solutions of BSDEs. To
this end we introduce some notation and conventions. In particular, we require a very
special structure of the filtration since the proof of the existence result relies on a
martingale representation theorem.

Remark 2.7.1. An existence proof based on fixed point arguments instead of a mar-
tingale representation theorem can be found in [EKH97]. However, the integrability
conditions there are too restrictive for our purposes. 3

Let W = (Wt )0≤t≤T be a standardd-dimensional Brownian motion on a proba-
bility space(�,F , P) and letF = (Ft )0≤t≤T be the augmented filtration generated
by W. As before, we assume thatF = FT . We introduce the notationM2

F
(0, T; IRn)

for the space of all equivalence classes ofIRn-valued,F-progressively measurable
processes(ϑt )0≤t≤T such that

E

[∫ T

0
‖ϑt‖2 dt

]
< ∞,

where‖ . ‖ stands for the Euclidean norm. Hence two processesϑ1 andϑ2 are identi-
fied in M2

F
(0, T; IRn) if

E

[∫ T

0
‖ϑ1

t − ϑ2
t ‖2 dt

]
= 0.

The drivers which appear in the BSDEs we consider are product-measurable functions
g : �× [0, T] × IR × IRd → IR. We often writegt(y, z) instead ofg(ω, t, y, z) and
usually impose some of the following properties:

Definition 2.7.2. (A) (ω, t) 7→ g(ω, t, y, z) is in M2
F
(0, T; IR) for any y ∈ IR,

z ∈ IRd.
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(B) g is Lipschitz in(y, z) ∈ IR × IRd, i.e., there exists a constantC > 0 such that
d P ⊗ dt-a.s. for all(y0, z0), (y1, z1) ∈ IR × IRd

|gt (y0, z0)− gt (y1, z1)| ≤ C(|y0 − y1| + ‖z0 − z1‖).

(C) d P ⊗ dt-a.s.,g satisfiesgt (y, 0) ≡ 0 for anyy ∈ IR.

(D) g does not depend ony.

(E ) g is concave in(y, z), i.e. d P⊗ dt-a.s. for all(y0, z0), (y1, z1) ∈ IR × IRd and
α ∈ (0, 1)

gt
(
αy0 + (1 − α)y1, αz0 + (1 − α)z1

) ≥ αgt (y0, z0)+ (1 − α)gt (y1, z1).

(F ) g is positively homogeneous in(y, z), i.e., d P ⊗ dt-a.s. for allλ ≥ 0 and
(y, z) ∈ IR × IRd

gt(λy, λz) = λgt (y, z).

The following result is taken from Peng [Pen97], Proposition 36.4; see also Par-
doux/Peng [PP90], Theorem 4.1.

Theorem 2.7.3.Let g satisfy (A) and (B) of Definition 2.7.2. For any (fixed) random
variable X ∈ L2 = L2(�,FT , P) there exists a unique pair of processes(y, z) in
M2

F
(0, T; IR)× M2

F
(0, T; IRd) with y continuous, satisfying the BSDE

yt = X +
∫ T

t
gs(ys, zs)ds−

∫ T

t
z∗

s dWs, t ∈ [0, T]. (2.7.7)

The pair(y, z) is called g-solution with terminal valueX and satisfies yt ∈ L2(Ft )

for each t. If the driver g satisfies in addition property (C), thenEg[X] := y0 is called
g-expectation ofX and for each t∈ [0, T] there exists a P -a.s. uniqueηt ∈ L2(Ft )

such that
Eg[1AX] = Eg[1Aηt ] for all A ∈ Ft .

Thenηt = yt and we callEg
t [X] := yt theconditionalg-expectation ofX underFt .

Remark 2.7.4. We can and do choose the processy in Theorem 2.7.3 continuous,
since this will allow us to draw conclusions about the behavior ofyt which hold al-
most surely, simultaneously for allt ∈ [0, T], instead of only almost surely almost
everywhere. 3

Next we recall some well-known properties ofg-solutions from which we shall
deduce conditions on the driverg under which ag-solution describes a time-consistent
DMCUF.
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Proposition 2.7.5. Let g satisfy conditions (A), (B) of Definition 2.7.2 and denote
for any X ∈ L2 by (yX, zX) the corresponding g-solution as defined in (2.7.7). Then
the following assertions hold:

a) Ft -translation invariance: If g satisfies property (D), then

yX+at
t = yX

t + at for any t ∈ [0, T] and at ∈ L2(Ft ).

b) Monotonicity: For any X′ ∈ L2 such that X′ ≥ X, we have

yX′
t ≥ yX

t for any t ∈ [0, T].

c) Concavity: If g satisfies property (E ), then we have for any X1, X2 ∈ L2 and
anyβ ∈ [0, 1] that

yβX1+(1−β)X2
t ≥ βyX1

t + (1 − β)yX2
t .

d) Ft -regularity: For any X1, X2 ∈ L2 and A∈ Ft ,

y1AX1+1Ac X2
t = 1A yX1

t + 1Ac yX2
t .

e) Normalization: If g satisfies property (C), then

y0 ≡ 0.

f) Positive homogeneity: If g satisfies property (F ), then

yλX
t = λyX

t for any λ ≥ 0.

g) Time-consistency: Let0 ≤ s ≤ t ≤ T and X1, X2 ∈ L2. Then

yX1
t = yX2

t implies that also yX1
s = yX2

s .

Proof. For some parts of Proposition 2.7.5, proofs are available only for the special
case thatg satisfies in addition to (A) and (B) also

(C′) gt (0, 0) ≡ 0.

Therefore we first show how the general case can be reduced to this situation. More
precisely, we prove that(ỹX, z̃X) := (yX − y0, zX −z0) is theg-solution for the driver

g̃t (y, z) := gt(y + y0
t , z + z0

t )− gt (y
0
t , z

0
t ), t ∈ [0, T]
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and terminal valueX. In fact, it is easy to see thatg̃ satisfies (A), (B) and (C′). Hence
by uniqueness,(ỹX, z̃X) solves

−dỹX
t =

(
gt(y

X
t , z

X
t )− gt (y

0
t , z

0
t )
)

dt − (zX
t − z0

t )
∗ dWt (2.7.8)

=
(

gt(ỹ
X
t + y0

t , z̃
X
t + z0

t )− gt (y
0
t , z

0
t )
)

dt − (z̃X
t )

∗ dWt (2.7.9)

= g̃t (ỹ
X
t , z̃

X
t )dt − (z̃X

t )
∗ dWt . (2.7.10)

SinceỹX
t = yX

t − y0
t for all X ∈ L∞ and because the properties a) and d) are invariant

under the translation by−y0
t , we can thus assume for their proof thatg satisfies (C′)

as well. After this preliminary step, the rest is easy:

a) Forg satisfying (C′), this can be found in Lemma 4.2 in [BCHMP00]; see also
Example 11 in [Pen97].

b) See Proposition 3.5 in [EKPQ97].

c) See Proposition 3.5 in [EKPQ97].

d) If g satisfies (C′), then

1A gu( . , . ) = gu(1A . , 1A . ) for all u ≥ t andA ∈ Ft .

Hence the claim follows from 2) of the proof of Proposition 36.4 in [Pen97].

e) See Lemma 36.6 in [Pen97].

f) This is Proposition 8 in [RG06]; see also Example 10 in [Pen97].

g) This follows immediately from Proposition 2.5 in [EKPQ97] and the uniqueness
of g-solutions.

Remark 2.7.6. To obtain normalization in e) it suffices to have (C′) together with (A)
and (B). However, the stronger condition (C) yields in addition that theg-solution
is independent of the time horizon. In fact, let us writeE

g
t,T [X] instead ofEg

t [X] to
emphasize the dependence on the time horizonT . Then property (C) implies that

E
g
s,t [X] = E

g
s,T [X] for s ≤ t ≤ T andX ∈ L2(Ft ),

as described. Note also that (D) implies the equivalence of (C) and (C′). 3
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Since BSDEs are typically defined onL2 spaces, it appears more natural in this
context to define (dynamic) MCUFs onL2 instead ofL∞. Thus an MCUF at time
t is a mapping fromL2 into L2(Ft ) which has all the properties of Definition 2.3.1
with L∞ replaced byL2 everywhere and with its acceptance set defined as a subset
of L2. In the same way, we extend Definition 2.3.23 of time-consistency by replacing
L∞ with L2. It is easy to check that Lemma 2.3.25 remains true for DMCUFs on
L2 so that we can make use here of its equivalent conditions for time-consistency. In
particular, the following result follows immediately from Proposition 2.7.5:

Corollary 2.7.7. Let g satisfy properties (A), (B), (D) and (E ) of Definition 2.7.2
and denote by(yX, zX) the corresponding g-solution with terminal value X∈ L2.
Then

8t(X) := yX
t , t ∈ [0, T]

defines a time-consistent DMCUF. It is normalized and therefore even strongly time-
consistent if g satisfies in addition property (C), and coherent if g also satisfies prop-
erty (F ).

Remark 2.7.8. i) A similar result, stated for dynamic risk measures, is given in
Proposition 19 of [RG06]. However, her definition of a dynamic risk measure
(and hence of a DMCUF) differs from ours. For the convenience of the reader,
we therefore showed here how Corollary 2.7.7 can be obtained. We also remark
that in her Section 4.1.2, Rosazza Gianin states in addition conditions under
which the converse holds true, i.e., for when a time-consistent DMCUF can be
described by someg-solution.

ii) Note that DMCUFs described byg-solutions are in particular continuous int .
3

Now we consider an investor whose preferences can be expressed by a DMCUF
8 which is described by ag-solution, and we assume that this investor can trade in
some financial market. As in Section 2.6, we want to obtain results for the indifference
valuation DMCUF by convoluting8 with the market DMCUF corresponding to the
superhedging price process in the given market. To this end, we should like to express
also the market DMCUF in terms of BSDEs. However, the superhedging price process
(and hence the market DMCUF) is in general not ag-solution, but belongs to the
bigger class of (constrained)g-supersolutions which we define next:

Definition 2.7.9. Let X ∈ L2 and let bothψ : � × [0, T] × IR × IRd → IR+ and
g satisfy (A) and (B) of Definition 2.7.2. We call a triple(y, z, A) g-supersolution
with terminal value Xif (y, z) is in M2

F
(0, T; IR) × M2

F
(0, T; IRd) with y RCLL

and A = (At )0≤t≤T is an increasingF-adapted RCLL process withA0 = 0 and
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E
[
A2

T

]
< ∞ such that(y, z, A) satisfies

yt = X +
∫ T

t
gs(ys, zs)ds+ (AT − At )−

∫ T

t
z∗

s dWs, t ∈ [0, T]. (2.7.11)

We call the triple aψ-constrained g-supersolutionif (y, z, A) satisfies in addition

ψt (yt , zt ) = 0 d P ⊗ dt-a.s.

If y satisfies
yt ≤ y′

t for all t ∈ [0, T] P-a.s.

for any ψ-constrainedg-supersolution(y′, z′, A′) with terminal valueX, we call
(y, z, A) thesmallestψ-constrained g-supersolution with terminal value X.

Remark 2.7.10. i) Proposition 1.6 in [Pen99] implies uniqueness of the processes
z and A in a g-supersolution(y, z, A) in the following sense: If(y, z′, A′) is
also ag-supersolution with the same terminal valueX ∈ L2, then z and z′
respectivelyA andA′ coincide.

ii) The original terminology in [Pen99] for aψ-constrainedg-supersolution isg-
supersolution under the constraintψ . We slightly change the terminology here
in order to avoid confusion. In fact, we shall consider the indifference valu-
ation for the case ofunconstrainedtrading opportunities in the market. But
the corresponding market DMCUF will be described by aψ-constrained g-
supersolution. The deeper reason for this mismatch is that the construction in
terms ofψ-constrainedg-supersolutions is somewhat artificial, as we describe
the market DMCUF as a stochastic integral with respect to a Brownian mo-
tion W and as a process adapted to the filtration generated byW. It would be
more natural to use stochastic integrals with respect to the price processSof the
traded assets and work with the filtration generated byS.

3

A fundamental result for BSDEs which we require later is thecomparison theo-
rem. The version we present in Theorem 2.7.11 can be found in [Pen99], Theorem
1.3.

Theorem 2.7.11.Let y, y′, B, B′, g′ ∈ M2
F
(0, T; IR) where B and B′ are RCLL pro-

cesses with B0 = B′
0, E

[
sup0≤t≤T |Bt |

]
< ∞ and E

[
sup0≤t≤T |B′

t |
]
< ∞. More-

over, let z, z′ ∈ M2
F
(0, T; IRd), X, X′ ∈ L2 and let g be a driver which satisfies (A)

and (B). Assume that(y, z, B) solves

yt = X +
∫ T

t
gt (yt , zt)dt + (BT − Bt)−

∫ T

t
z∗

t dWt , t ∈ [0, T]
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and(y′, z′, B′) solves

y′
t = X′ +

∫ T

t
g′

t dt + (B′
T − B′

t)−
∫ T

t
(z′

t )
∗ dWt , t ∈ [0, T].

If

X ≥ X′, gt (y
′
t , z

′
t) ≥ g′

t d P⊗dt−a.s. and B � B′ (i.e., B − B′ is increasing),

then we have P-a.s.
yt ≥ y′

t for all t ∈ [0, T].
If in addition P[X > X′] > 0 then P

[
yt > y′

t for all t ∈ [0, T]] > 0.

In order to define the market functional, we now need to specify the financial
market and the set of strategies we allow for trading in the presentL2-setting. We
retain the assumptions made at the beginning of this section with respect to the filtered
probability space and thed-dimensional Brownian motionW. Our model consists
of n ≤ d risky assets and one riskless asset which is constantly 1 so that the price
processes of then risky assets are already discounted. They are defined by

Si
t = si

0 exp

 d∑
j =1

∫ t

0
σ

i , j
s dWj

s +
∫ t

0
µi

s ds−
d∑

j =1

1

2

∫ t

0

∣∣∣σ i , j
s

∣∣∣2 ds

 ,
with si

0 > 0, i = 1, . . . , n, whereµ andσ are uniformly bounded progressively mea-
surable processes and such that the inverse ofσσ ∗ exists and is uniformly bounded.
Note that there exists an equivalent martingale measure forS so that there are no
arbitrage opportunities in this market.

Definition 2.7.12. An admissible portfoliois a triple(x, π, K ), wherex ∈ IR, π is
a progressively measurableIRn-valued process andK is an adapted RCLL increasing
process satisfyingK0 = 0 and

E

[∫ T

0
‖π∗

t σt‖2 dt + K 2
T

]
< ∞.

Here,x is the initial wealth,π i
t is the amount of money invested in thei -th stock at

time t , andKt is the cumulative consumption up to timet . The correspondingvalue
processis defined as the RCLL processV = (Vt )0≤t≤T given by

dVt = π∗
t µt dt − dKt + π∗

t σt dWt , (2.7.12)

V0 = x.

An admissible portfolio(x, π, K ) is ahedging portfolio for X∈ L2 if VT = X, and it
is aminimal hedging portfolio for Xif its value processV satisfies

Vt ≤ V ′
t for all t ∈ [0, T] P−a.s.

for every hedging portfolio(x′, π ′, K ′) for X with value processV ′.
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Remark 2.7.13. The definition of an admissible portfolio is here slightly different
from the one given in Section 2.5. First of all, due to a different setting, we impose
different integrability conditions. Moreover, the processH in an admissible portfolio
(x, H, K ) in Section 2.5 describes the portfolio by fixing thenumbersof units of each
asset held, whereas in this section the processπ fixes theamountsinvested in each of
the assets. The relation betweenπ andH is thus given byπ i

t = Hi
t Si

t . 3

For simplicity we only consider the case of unconstrained hedging in the sense of
Sections 2.5 and 2.6. Thus the agent can use any admissible portfolio for hedging, and
the set of payoffs she can superhedge by trading during(t, T ] is given by

Ct :=
{∫ T

t
π∗

u (µu du + σu dWu)− Y

∣∣∣∣Y ∈ L2+ , (0, π, 0) an admissible portfolio

}
.

Remark 2.7.14. In principle, the present approach via the results on minimalg-
supersolutions can be extended to more general situations with constraints imposed on
trading, i.e., when the setC′

t of payoffs which can be superhedged by trading during
(t, T ] is a subset of the aboveCt . This idea goes back to Bender/Kohlmann [BK04]
who also give many examples of general constraints. For the applications here, we
needC′

t to be convex so that we can impose only convex constraints. 3

Similarly to Section 2.6, the programme for describing the indifference valuation
p with respect to8 and the market corresponding to the family(Ct ) now looks as
follows:

1) Construct the market DMCUF corresponding to(Ct ); compare (2.6.10).

2) Describe it via BSDEs.

3) Convolute it with8 to obtain8opt; compare (2.6.7) and (2.6.11).

4) Describe8opt via BSDEs.

5) Expressp via8opt; compare (2.6.8).

Because we work here inL2 instead ofL∞, the above steps become technically
slightly different. The main problem is that we cannot construct the market DMCUF
on all of L2. But fortunately, the convolution with8 can still be formed since it only
needs the values of the market DMCUF on a suitable subset ofL2; this essentially
goes back to the last equality of (2.4.4) in Theorem 2.4.3. Let us explain this in more
detail.

In analogy to (2.6.10), we should want to define the market DMCUF by

8
−Ct
t (X) := ess sup

{
mt ∈ L2(Ft )

∣∣∣ X − mt ∈ −Ct

}
(2.7.13)
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so that a simple reformulation would give

−8−Ct
t (−X) = ess inf

{
mt ∈ L2(Ft )

∣∣∣ X = mt + G for someG ∈ Ct

}
. (2.7.14)

In other words,−8−Ct
t (−X) should correspond to the superhedging price ofX at

time t . But this does not work with everyX in L2. It is well-known that in contrast
to theL∞-context, a hedging portfolio need not exist for everyX ∈ L2 in general so
that the set on the RHS of (2.7.14) can be empty and the essential infimum is possibly
not well-defined. In particular,8−Ct

t in (2.7.13) is not an MCUF at timet because it
is not defined on all ofL2. We might try to save the situation by defining the essential
infimum in (2.7.14) as∞ when it is taken over an empty set. But in view of the desired
interpretation as superhedging price, this is not appropriate either. In fact, there might
exist a setA ∈ Ft with P[A] > 0 and such that there exists a hedging portfolio forX
on A, i.e., for X1A, and then the superhedging price ofX at timet should be finite on
A. Hence the definition (2.7.13) cannot be used for everyX ∈ L2; we must restrictX
to some suitable subset ofL2.

Now the reason why we consider the functional8
−Ct
t is that we want to convo-

lute it with the DMCUF8 which expresses the agent’s preferences. Fortunately, this
operation does not need the values of8

−Ct
t on all ofL2; this can be seen from (2.4.4)

which is easily extended from theL∞- to the presentL2-context. In more detail,
(2.4.4) suggests that we should have

8
opt
t (X) = “8t28

−Ct
t (X)” = ess sup

Y∈−B

(
8t (X + Y)+8

−Ct
t (−Y)

)
(2.7.15)

for all X ∈ L2, whereB is an arbitrary subset ofL2 such that

B ⊇
{
Y ∈ L2

∣∣∣8−Ct
t (Y) from (2.7.13) is well-defind inL2 and≥ 0

}
.

In other words,B should contain the “acceptance set of8
−Ct
t ”. To prove that (2.7.15)

is indeed true withB := −C0, we shall first show that the superhedging price at time
t for X ∈ C0 coincides with the RHS of (2.7.14), and is≤ 0 if X ∈ Ct ⊆ C0; hence
8

−Ct
t (X) is well-defined by (2.7.13) forX ∈ −C0 and≥ 0 if X ∈ −Ct . Then we

prove that
8

opt
t (X) := ess sup

G∈Ct

8t (X + G) (2.7.16)

coincides for everyX ∈ L2 with the RHS of (2.7.15) forB := −C0.

The next result achieves steps 1) and 2) in the above scheme. It shows that
the superhedging price process forX ∈ L2 can be described via a constrainedg-
supersolution of a BSDE, and that this process is nonpositive att if and only if X ∈ Ct .
Moreover, the superhedging price operator is shown to coincide with−8−Ct

t (− . )
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from (2.7.14) or (2.7.13) onC0. Note again that in contrast to theL∞ case, these
results do not hold on all ofCt + L2(Ft ) ⊇ C0, because not everyX ∈ L2(Ft ) admits
a superhedging portfolio.

Theorem 2.7.15. a) Let X ∈ L2 be such that there exists a hedging portfolio for
X. Then the minimal hedging portfolio(x̃, π̃, Ã) for X exists, and the corre-
sponding value process̃V coincides with the y-component from the smallest
ψ-constrained g-supersolution of the BSDE

−dyt = gm
t (zt )dt + d At − z∗

t dWt (2.7.17)

with terminal value
yT = X

and constraint

ψt (zt ) :=
∥∥∥zt − σ ∗

t

(
σtσ

∗
t

)−1
σt zt

∥∥∥ = 0 d P ⊗ dt-a.s., (2.7.18)

where
gm

t (z) := −z∗σ ∗
t

(
σtσ

∗
t

)−1
µt . (2.7.19)

b) For X ∈ L2, the minimal hedging portfolio exists and has a value processṼ
which satisfiesṼt ≤ 0 if and only if X belongs toCt .

c) For any G0 ∈ C0 ⊇ Ct , the minimal hedging portfolio(x̃, π̃, K̃ ) exists, and its
value process̃V coincides with

(−8
−Ct
t (−G0)

)
0≤t≤T with −8−Ct

t (− . ) from
(2.7.14): For each t∈ [0, T], we have

Ṽt = −8−Ct
t (−G0). (2.7.20)

Remark 2.7.16. i) We denote the driver in (2.7.17) bygm
. ( . ) to emphasize its

connection to the market functional (respectively to−8−Ct
t (− . )).

ii) Since σ ∗
t

(
σtσ

∗
t

)−1
σt is the projection onto the range ofσ ∗

t , the constraint
(2.7.18) simply ensures thatzt is in the range ofσ ∗

t . As mentioned before,
this is needed because our strategies ought to be expressed viaS, notW.

3

Proof of Theorem 2.7.15. a) We first show that(x, π, K ) is a hedging portfolio
for X with value processV if and only if (V, σ ∗π, K ) is aψ-constrainedg-
supersolution with terminal valueX. To see this, note that (2.7.11) can equiva-
lently be written as

−dyt = gt (yt , zt)dt + d At − z∗
t dWt , yT = X
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and that the constraint fromψ is always satisfied forz = σ ∗π . Hence we
only have to check the integrability conditions in Definitions 2.7.9 and 2.7.12,
and show that for anyψ-constrainedg-supersolution(y, z, A) we can write
z = σ ∗π for a suitable processπ . However, the latter holds sincez satisfies
the constraint fromψ so that we can takeπ := (σσ ∗)−1σz, and the former
holds sinceµ, σ and(σσ ∗)−1 are uniformly bounded processes. Now the as-
sertion follows if we can prove the existence of a smallestψ-constrainedg-
supersolution with terminal conditionX. But this follows by Theorem 4.2 of
[Pen99] already from the existence of aψ-constrainedg-supersolution with ter-
minal valueX or, equivalently, from the existence of a hedging portfolio for
X.

b) Any X ∈ Ct is of the formX = ∫ T
t π∗

u (µu du + σu dWu) − Y whereY ∈ L2+
andπ is a progressively measurableIRd-valued process such that

E

[∫ T

0
‖π∗

t σt‖2 dt

]
< ∞.

Hence(0, π ′, K ′) with K ′
u := 0 for u < T , K ′

T := Y, π ′ = 0 on [[0, t]] and
π ′ = π on ]]t, T]] is a hedging portfolio forX so that by a) the minimal hedg-
ing portfolio for X exists. Moreover, since the value processV ′ of (0, π ′, K ′)
satisfiesV ′

t = 0, the value process̃V of the minimal hedging portfolio forX
satisfiesṼt ≤ 0. To finish the proof of b), it suffices to show that if forX ∈ L2

the minimal hedging portfolio(x, π, K ) exists with value processV such that
Vt ≤ 0, thenX ∈ Ct . But this is easy since (2.7.12) implies that

X = VT = (VT − Vt)+ Vt =
∫ T

t
π∗

u (µu du + σu dWu)− (KT − Kt − Vt)

whereKT − Kt − Vt ∈ L2+ so thatX ∈ Ct .

c) By part b), it suffices to prove (2.7.20). Also by b) the minimal hedging portfolio
(x̃, π̃ , K̃ ) for G0 exists. If Ṽ denotes the corresponding value process, we can
write

G0 = Ṽt +
∫ T

t
π̃∗

u (µu du + σu dWu)− (K̃T − K̃t ) =: Ṽt + G̃,

whereG̃ ∈ Ct . This yields the estimate

−8−Ct
t (−G0)

= ess inf
{

mt ∈ L2(Ft )

∣∣∣G0 = mt + G′ for someG′ ∈ Ct

}
(2.7.21)

≤ Ṽt .
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The converse inequality is shown by contradiction. Suppose it does not hold.
Then there existε > 0 andA ∈ Ft with P[A] > 0 such that

−8−Ct
t (−G0)+ ε < Ṽt on A.

By (2.7.21), we can then findmt ∈ L2(Ft ) andG ∈ Ct such thatG0 = mt + G
and some setB ⊆ A with B ∈ Ft andP[B] > 0 so that onB

mt ≤ −8−Ct
t (−G0)+ ε < Ṽt = Ṽt− +1Ṽt = Ṽt− −1K̃t ≤ Ṽt−. (2.7.22)

By b) the minimal hedging portfolio(x, π, K ) for G ∈ Ct exists and if we
denote the corresponding value process byV , we can write

G = Vt +
∫ T

t
π∗

s(µs ds+ σs dWs)− K T + K t . (2.7.23)

Now we fix t ∈ (0, T) and construct a new hedging portfolio(x̂, π̂, K̂ ) for G0

such that its value procesŝV satisfiesV̂t = mt < Ṽt on B, which contradicts
the minimality ofṼ . To this end we define

x̂ := x̃,

π̂ := π̃1[[0,t]] + (π1B + π̃1Bc)1]]t,T]],
K̂ := K̃ on [[0, t[[,

K̂u :=
(

Ṽt− + K̃t− − mt + K u − K t − Vt1{u=T}
)

1B + K̃u1Bc

for t ≤ u ≤ T.

We note thatṼt− + K̃t− = x̃ + ∫ t
0 π̃

∗
s (µs ds+ σs dWs) so that

V̂t = x̂ +
∫ t

0
π̂∗

s (µs ds+ σs dWs)− K̂t = mt on B (2.7.24)

and that by (2.7.23), we have onB from the definition ofK̂T that

V̂T = Ṽt− +
∫ T

t
π∗

s(µs ds+ σs dWs)− K̂T + K̃t−

= mt + G

= G0.

Hence we are only left to show that(x̂, π̂, K̂ ) is an admissible portfolio, which
is obviously true ifK̂ is increasing. BecauseG ∈ Ct implies thatVt ≤ 0, this is
obvious if1K̂t := K̂t − K̂t− = K̂t − K̃t− ≥ 0 on B. However, the latter holds
true since by (2.7.24) and (2.7.22) we have1K̂t = −1V̂t = −(mt − Ṽt−) > 0
on B. This establishes the contradiction and hence completes the proof.
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We now pass on to steps 3) – 5) in our scheme. So let us fix a DMCUF8 and
define for eachX ∈ L2 the indifference valuept (X) at timet implicitly by

ess sup
G∈Ct

8t(xt + G) = ess sup
G∈Ct

8t (xt − pt (X)+ X + G), (2.7.25)

wherext ∈ L2(Ft ) is the initial endowment at timet . In addition, we define a func-
tional8opt

t (X) = ess sup
G∈Ct

8t (X + G) as in (2.7.16). If

8
opt
t (0) ∈ L2(Ft ) and 8

opt
t (X) ∈ L2(Ft ),

then we can use the translation invariance of8t to solve (2.7.25) forpt (X) and get

pt (X) = 8
opt
t (X)−8

opt
t (0) ∈ L2(Ft ). (2.7.26)

This last expression is a first answer to step 5). For steps 3) and 4), we assume that8

is described by someg-solution and we should also like to express8opt(X) in terms of
BSDEs. The idea to achieve this is as follows. Thanks to Theorem 2.7.15 and (2.7.15),
we know that8opt

t is “morally” the convolution of8t with the market MCUF8−Ct
t .

Now Barrieu and El Karoui have proved in [BEK04] that the convolution of DMCUFs
which are both described byg-solutions corresponds (under some technical assump-
tions) to theg-solution whose driver is the pointwise convolution (in the sense of
Rockafellar as in (2.4.3)) at each timet of the drivers for the two originalg-solutions.
Since the market functional is not ag-solution but a constrainedg-supersolution, we
have here a slightly different setting. Nevertheless, we can extend the result of Barrieu
and El Karoui to this more general setting by similar arguments.

Theorem 2.7.17. a) Let the DMCUF8 be described by a g-solution with a driver
g which satisfies (A), (B), (D) and (E ). With gm as in (2.7.19), define for
z ∈ IRd

ĝt(z) := sup
v∈IRn

{
gt(z + σ ∗

t v)+ gm
t (−σ ∗

t v)
}

= sup
v∈IRn

{
gt(z + σ ∗

t v)+ v∗µt
}

(2.7.27)

and fix X∈ L2. If ĝ : � × [0, T] × IRd → IR satisfies (A) and (B), then the
g-solution(ŷ, ẑ) of

−dŷt = ĝt(ẑt )dt − ẑ∗
t dWt , ŷT = X

exists. If in addition there existsz ∈ M2
F
(0, T; IRd) satisfying theψ-constraint

(2.7.18) and such that

ĝt (ẑt ) = gt (ẑt + zt )+ gm
t (−zt ) d P ⊗ dt−a.s., (2.7.28)
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then

8
opt
t (X) = ess sup

G0∈C0

{
8t(X + G0)+8

−Ct
t (−G0)

}
= ŷt . (2.7.29)

In other words,8opt(X) then equals the y-component of the g-solution with
driver ĝ and terminal value X.

b) Suppose the assumptions of a) hold and denote by(y0, z0) the g-solution with
driver ĝ and terminal value 0. If there existsz0 ∈ M2

F
(0, T; IRd) satisfying the

ψ-constraint (2.7.18) and also

ĝt (z
0
t ) = gt (z

0
t + z0

t )+ gm
t (−z0

t ),

then
(
pt (X)

)
0≤t≤T is the g-expectation with driver

˜̂gt (z) := ĝt (z + z0
t )− ĝt(z

0
t ) (2.7.30)

and terminal value X.

Remark 2.7.18. i) It is easy to check that̂g always satisfies (D) and (E ); the latter
holds sinceg andgm are both concave and for anyβ ∈ [0, 1], we can replace
the supremum over allv ∈ IRn in (2.7.27) by the supremum over all elements
βv1 + (1 − β)v2, wherev1, v2 ∈ IRn. Moreover ĝ can always be chosen
product-measurable on�×[0, T]× IRd and such that(ω, t) 7→ ĝ(ω, t, z) is F-
progressively measurable, so that (A) is reduced to an integrability condition. In
fact, we can fix a product-measurableA ⊆ �×[0, T] such thatAc is ad P⊗dt-
nullset andz 7→ g(ω, t, z) is continuous onIRd for all (ω, t) ∈ A. Without loss
of generality,1A is F-adapted; otherwise replace it byA′ := A ∩ (B × �),
where B := {t ∈ [0, T] | E[1A(ω, t)] = 1} is a Borel set. It follows from

E
[∫ T

0 1A(ω, t)dt
]

= T and Fubini’s theorem that
∫ T

0 1B(t)dt = T P-a.s. so

that(A′)c is ad P⊗ dt-nullset. Adaptedness of1A′ is then implied by the usual
conditions and sinceE[1A′(ω, t)] ∈ {0, 1} for eacht ∈ [0, T]. Now, since1A is
product-measurable and adapted, it has a progressively measurable modification
Y = (Yt )0≤t≤T . Define

gt(z) := Yt sup
v∈ IQn

{gt (z + σ ∗
t v)+ v∗µt }

on�× [0, T] × IRd. Theng is product-measurable on�× [0, T] × IRd and in
addition(ω, t) 7→ g(ω, t, z) is progressively measurable. Finally, we need to
show that

ĝt (z) = gt (z) for all z ∈ IRd d P ⊗ dt-a.s.
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To this end, note that by Fubini’s theorem and sinceY is a modification of1A

whereAc is ad P ⊗ dt-nullset we haveY1A = 1 d P ⊗ dt-a.s. Hence we can
conclude thatd P ⊗ dt-a.s.

ĝt(z) = Y1Aĝt(z) = Y1A sup
v∈ IQn

{gt (z+ σ ∗
t v)+ v∗µt } = gt(z) for all z ∈ IRd,

where the second equality holds sinceg is continuous inz on A.

ii) If ĝ satisfies (A) and (B), it is by Corollary 2.7.7 the driver of ag-solution
which describes a time-consistent DMCUF. Note that the condition (2.7.28) on
z depends onX via ẑ. If it does not hold for allX ∈ L2, steps 1) and 2) in
the following proof still show that̂y = ŷ(X) is an upper bound for8opt(X).
However,ŷ( . ) need not describe8opt( . ) on all ofL2 because the upper bound
need not be attained.

iii) Supposep. ,T = E
˜̂g
. ,T is described by theg-expectation with driver̃̂g on all of

L2. Since ˜̂g satisfies (C), we know from Remark 2.7.6 that

E
˜̂g

s,t [X] = E
˜̂g

s,T [X] for all s ≤ t ≤ T andX ∈ L2(Ft ).

Since DMCUFs defined via BSDEs are always time-consistent, one might be
tempted to conclude that the familyp satisfies the recursiveness property

(R) ps,t (ps,T (X)) = ps,T (X) for all s ≤ t ≤ T andX ∈ L2

introduced in Section 2.3. But how isp. ,t defined? In view of the desired in-
terpretation, we should takep. ,t = 8

opt
. ,t −8

opt
. ,t (0), where8opt

. ,t is described by
the g-solution with driverĝ and time horizont , and then ask ifp. ,t coincides

with E
˜̂g
. ,t . In general this is not true: Because˜̂g depends onz0 which itself de-

pends on the time horizonT , p. ,t will in general correspond to ag-expectation
with a driver different from˜̂g. However, if the driver̂g corresponding to8opt is
deterministic, one can show that

8
opt
s,t (X) = 8

opt
s,T (X)−8

opt
t,T (0) for all s ≤ t ≤ T andX ∈ L2(Ft ).

This implies that

ps,t (X) = 8
opt
s,t (X)−8

opt
s,t (0) = 8

opt
s,T (X)−8

opt
s,T (0) = ps,T (X)

for s ≤ t ≤ T andX ∈ L2(Ft ) so that the time-consistency ofp. ,T does imply
(R) after all. Example 2.7.19 below and the subsequent remark illustrate thatp
can satisfy (R) even if ĝ is not deterministic. It would be nice to have also an
explicit example forp described by ag-solution where (R) does not hold.

3
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Proof of Theorem 2.7.17. a) 1) We begin with the first equality in (2.7.29), i.e.,
we show that

ess sup
G∈Ct

8t (X + G) = ess sup
G′∈C0

{
8t(X + G′)+8

−Ct
t (−G′)

}
. (2.7.31)

SinceCt ⊆ C0 and8−Ct
t is non-negative on−Ct by part b) of Theo-

rem 2.7.15, the inequality “≤” is trivial. The converse inequality fol-
lows if for any G′ ∈ C0, we have8−Ct

t (−G′) ∈ L2(Ft ) and G :=
G′ +8−Ct

t (−G′) ∈ Ct , since thenFt -translation invariance of8t implies
that8t(X + G′) + 8

−Ct
t (−G′) = 8t(X + G). To show that these two

properties hold, we recall from Theorem 2.7.15 that the minimal hedging
portfolio (x′, π ′, K ′) exists forG′ ∈ C0 and that its valueV ′

t at time t
equals−8−Ct

t (−G′) so that in particular8−Ct
t (−G′) ∈ L2(Ft ). Again

by Theorem 2.7.15,G ∈ Ct if and only if a hedging portfolio forG exists
with a non-positive value at timet . But sinceV ′

t = −8−Ct
t (−G′) and

(x′, π ′, K ′) is a hedging portfolio forG′, we have

G′ = −8−Ct
t (−G′)+

∫ T

t
(π ′

s)
∗(µs ds+ σs dWs)− (K ′

T − K ′
t ).

Hence

G =
∫ T

t
(π ′

s)
∗(µs ds+ σs dWs)− (K ′

T − K ′
t )

admits the hedging portfolio(0, π, K ) with π := π ′1]]t,T]] and
K := K ′1[[t,T]] which has value 0 at timet . This proves (2.7.31).

2) To show the second equality in (2.7.29) we takeG′ ∈ C0 and denote by
(y, z) theg-solution for the driverg and terminal valueX + G′. By The-
orem 2.7.15 the process(−8−Ct

t (−G′))0≤t≤T is the y-component of the
smallestψ-constrainedg-supersolution(y′, z′, A′) with ψ from (2.7.18),
driver gm and terminal valueG′. Hence we get

−d
(
8t(X + G′)+8

−Ct
t (−G′)

)
= (

gt (zt )− gm
t (z

′
t )
)

dt − d A′
t − (

zt − z′
t

)∗ dWt

= (
gt (z̃t + z′

t )+ gm
t (−z′

t )
)

dt − d A′
t − z̃∗

t dWt , (2.7.32)

with 8T (X + G′)+8−CT
T (−G′) = X and where we set̃zt := zt − z′

t and
use that−gm

t ( . ) = gm
t (− . ). Since

ĝt (z̃t ) ≥ gt (z̃t + z′
t )+ gm

t (−z′
t ) d P ⊗ dt-a.s. and 0� −A′,
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the comparison result in Theorem 2.7.11 applied to the driverĝt ( . ) with
solution(ŷ, ẑ, 0) and the integrandgt (z̃t + z′

t )+ gm
t (−z′

t ) with solution((
8t (X + G′)+8

−Ct
t (−G′)

)
t , z̃,−A′)

yields

ŷt ≥ 8t (X + G′)+8
−Ct
t (−G′) for all t ∈ [0, T] P-a.s. (2.7.33)

Henceŷ is an upper bound for8opt.

3) Next we construct an elementǦ ∈ C0 for which this bound is attained to
establish the second equality in (2.7.29). To this end set

Ǧ :=
∫ T

0
gm

t (−zt )dt +
∫ T

0
z∗

t dWt

and note thatz by assumption satisfies the constraintψ from (2.7.18).
Henceπt := (σtσ

∗
t )

−1σt zt , t ∈ [0, T], satisfiesπ∗
t σt = z∗

t so that

Ǧ =
∫ T

0
π∗

t (µt dt + σt dWt).

Thus(0, π, 0) is a hedging portfolio forǦ and soǦ ∈ C0 by Theorem
2.7.15. Next we define(y̌t)0≤t≤T as the continuous process

y̌t :=
∫ t

0
gm

s (−zs)ds+
∫ t

0
z∗

s dWs.

Again sincegm
t (− . ) = −gm

t ( . ), (y̌, z) is the uniqueg-solution of

−dy̌t = gm
t (zt )dt − z∗

t dWt , y̌T = Ǧ.

In particular, sincez satisfies the constraintψ from (2.7.18), the compar-
ison result in Theorem 2.7.11 implies that the triple(y̌, z, 0) is the small-
estψ-constrainedg-supersolution with terminal valuěG and drivergm.
Thus and sinceǦ ∈ C0, parts c) and a) of Theorem 2.7.15 yield that
−y̌t = 8

−Ct
t (−Ǧ). We know from (2.7.32) that forG′ := Ǧ we have

−d
(
8t (X + Ǧ)+8

−Ct
t (−Ǧ)

)
= (

gt (z̃t + zt )+ gm
t (−zt )

)
dt− z̃∗

t dWt

for somez̃ ∈ M2
F
(0, T; IRd). Since one can easily check that the driver

(gt ( . + zt )+ gm
t (−zt ))0≤t≤T
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satisfies (A) and (B) and since by assumption (2.7.28) we have

ĝt (ẑt ) = gt(ẑt + zt )+ gm
t (−zt) d P ⊗ dt−a.s.,

uniqueness ofg-solutions implies that

8t(X + Ǧ)+8
−Ct
t (−Ǧ) = ŷt for all t ∈ [0, T] P-a.s.

Henceŷ is not only an upper bound for8opt, but equal to it. This proves
(2.7.29).

b) With a) and (2.7.26), this follows from the uniqueness ofg-solutions and since

−d
(

yX
t − y0

t

)
=

(
ĝt

(
zX

t

)
− ĝt

(
z0

t

))
dt −

(
zX

t − z0
t

)∗
dWt

=
(

ĝt

(
z̃t + z0

t

)
− ĝt

(
(z0

t

)
)
)

dt − (z̃t )
∗ dWt ,

yX
T − y0

T = X,

wherez̃ := zX − z0.

We conclude this section with an explicit example where the DMCUF8 is given
by the conditional exponential certainty equivalent with risk aversionγ , i.e.,

8t(X) := − 1

γ
log E[exp(−γ X) |Ft ] for X sufficiently integrable;

see also Examples 2.3.3 and 2.7.1. Then8 is described by theg-solution with driver
gt (z) := − γ

2 ‖z‖2; see, e.g., Section 3.1 in [BEK04]. Although this driver obviously
does not satisfy(B), so that Theorem 2.7.17 cannot be applied, this is quite an illus-
trative example. In fact, the driver of theg-solution describing the indifference value
process is known here explicitly, and we can show by formal calculations that it corre-
sponds tõ̂g from (2.7.30). Moreover, this example shows that ifg has a nice structure,
one can eliminate the dependence of˜̂g on z0 by expressing the value process asg-
solution under an appropriate measure. Instead of successively solving two BSDEs
(one fory0, then one fory which depends onz0), one can first do a measure change
and then solve one BSDE (fory) under the new measure. While this usually does not
reduce the difficulty of the problem, it still gives a conceptually clearer view.
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Example 2.7.19.Let the DMCUF8 be described by theg-solution with driver given
by gt(z) := − γ

2‖z‖2. Then withθt := σ ∗
t (σtσ

∗
t )

−1µt , we have from (2.7.27)

ĝt(z) = sup
v∈IRn

{
gt(z + σ ∗

t v)+ gm
t (−σ ∗

t v)
}

= sup
v∈IRn

{
−γ

2
‖z + σ ∗

t v‖2 + v∗µt

}
= sup

v∈IRn

{
−γ

2
‖z + σ ∗

t v‖2 + (σ ∗
t v)

∗θt
}
.

By completion of the square we can rewrite the term in brackets on the RHS as

−γ
2

∥∥∥∥σ ∗
t v −

(
−z + 1

γ
θt

)∥∥∥∥2

− z∗θt + 1

2γ
‖θt‖2

to get

ĝt (z) = −γ
2

∥∥∥∥5t

(
−z + 1

γ
θt

)∥∥∥∥2

− z∗θt + 1

2γ
‖θt‖2,

where5t (u) denotes the projection ofu onto the orthogonal complement ofσ ∗
t (IR

n).
Denoting by( . , . ) the scalar product and using the properties

‖a‖2 − ‖b‖2 = ‖a − b‖2 + 2(a − b , b)

and
(
5t (a) ,5t(b)

) = (
a ,5t(b)

)
and linearity of the projection5t , we get

˜̂gt (z) = ĝt (z + z0
t )− ĝt(z

0
t )

= −γ
2

(∥∥∥∥5t

(
−z − z0

t + 1

γ
θt

)∥∥∥∥2

−
∥∥∥∥5t

(
−z0

t + 1

γ
θt

)∥∥∥∥2
)

− z∗θt

= −γ
2

‖5t (z)‖2 − γ

(
−5t (z) ,

1

γ
5t

(
−γ z0

t + θt

))
− z∗θt

= −γ
2

‖5t (z)‖2 +
(

z ,5t

(
−γ z0

t + θt

))
− z∗θt

= −γ
2

‖5t (z)‖2 +
(

z ,5t

(
−γ z0

t + θt

)
− θt

)
.

In particular, if the processE(
∫
θ0

s dWs) for θ0
t := 5t

(−γ z0
t + θt

)− θt is the density
process of some equivalent martingale measureQ0 ∈ P e, then we obtain

−dpt (X) = −γ
2

‖5t (zt )‖2 +
〈
zt , θ

0
t

〉
dt − z∗

t dWt

= −γ
2

‖5t (zt )‖2 − z∗
t dW0

t ,

pT (X) = X,
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whereW0 := W − ∫
θ0

s ds is a Brownian motion underQ0. This representation
has the advantage that the driver does not depend onz0; it was presented (in a more
general setting) by Rouge and El Karoui in Theorem 5.1 in [REK00]. To see that
their results agree with ours, note that the price/value process in [REK00] is the seller
price process whereas we consider the value process for the buyer. Moreover, our
processz0 is associated to theg-solution which describes the process8opt(0) =
(− 1

γ
ess infG∈Ct E[exp(−γG)|Ft ])0≤t≤T whereas their processz0 is associated to

the g-solution which describes−8opt(0). However, one can easily check that if
(y, z) denotes the solution for a driverg and terminal condition−X and if (ỹ, z̃)
denotes the solution for the driverg̃t (y, z) := −gt (−y,−z) and terminal condition
X, then(ỹ, z̃) = (−y,−z). Therefore the driver in [REK00] should be compared with
− ˜̂gt (− . ) where in additionz0 is replaced by−z0. The BSDE for8opt can also be
found in Theorem 7 of [HIM05]. For similar reasons as above, the driver there should
be compared witĥg(− . ).
Remark 2.7.20.Although the driver̂g in the above example does not satisfyĝ(0) = 0
and is not deterministic, the corresponding indifference price satisfies (R); see Propo-
sition 15 in [MS05]. It would be interesting to see an explanation for why this happens.

3

2.7.3 Extension to a dynamic MCUF

In this example we show that an MCohUF at time 0 cannot always be extended to
a time-consistent normalized DMCUF; note that if there exists any time-consistent
extension, then there also exists a normalized extension. More precisely, we consider
the MCohUF

80(X) := E[X] − a‖(X − E[X])−‖p for X ∈ L∞, (2.7.34)

where 0< a ≤ 1 is a constant and‖ . ‖p is theL p-norm for some 1≤ p < ∞. One
straightforward extension to a DMCohUF can be obtained by setting

8t(X) := E[X|Ft ] − a
(
E
[
( (X − E[X|Ft ])−)p |Ft

]) 1
p , 0 ≤ t ≤ T.

Then for each timet we can specify a convexL1-closed setQt of measures represent-
ing8t as in (2.3.8) of Theorem 2.3.16. However, we show by a counterexample that
Q0 is in general not weakly m-stable so that by Lemma 2.3.298 is not time-consistent.
Moreover, we also show that it is even impossible to extend80 to any time-consistent
DMCUF at all. The point of this example is to illustrate that time-consistency is a
rather severe condition on a DMCUF.

The definition of80 is inspired by an example given in [Fis01] by Fischer who
considers (static) coherent risk measures depending on one-sided moments. It is quite
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natural to define an MCohUF in this way, since it is just the expected value of the
payoff minus a term which punishes the downside risk.

Let us first show that at each timet ∈ [0, T],8t ( . ) can be represented as

8t (X) = ess inf
Q∈Qe

t

EQ[X|Ft ], (2.7.35)

where forp > 1

Qt :=
{

Q ∈ P a
∣∣∣∣ d Q

d P
= 1 + a(Y − E[Y|Ft ]), Y ≥ 0, E[Yq|Ft ] ≤ 1

}
with q conjugate top, and forp = 1

Qt :=
{

Q ∈ P a
∣∣∣∣ d Q

d P
= 1 + a(Y − E[Y|Ft ]), 0 ≤ Y ≤ 1

}
.

Note that by Example 2.3.3 b), this shows in particular that8 is a DMCohUF. For
t = 0 the proof of (2.7.35) can be found in [Del00], and for generalt ∈ [0, T], it
works similarly as follows. FixX ∈ L∞ andt ∈ [0, T]. We start with the case when
p > 1 and define

Ỹ :=
(
(X − E[X|Ft ])+

)p−1(
E
[ (
(X − E[X|Ft ])+

)p∣∣Ft
]) p−1

p

≥ 0.

ThenE
[
Ỹq
∣∣Ft
] = 1 and hence alsoE

[
Ỹ
∣∣Ft
] ≤ 1 by the conditional Jensen inequal-

ity. Denote byZ̃ the density process of the corresponding measureQ̃ in Qt so that

Z̃s := E
[

1 + a
(
Ỹ − E[Ỹ|Ft ]

) ∣∣∣ Fs

]
for s ∈ [0, T]. Note that Z̃t = 1. Since

Ỹ − E[Ỹ|Ft ] ≥ −1, Q̃ is equivalent toP for a < 1. If a = 1, thenQ̃ need not be
absolutely continuous with respect toP. However, we shall see thatQt is convex and
containsP, so that we can approximatẽQ in L1(P) by the sequence(Qn)n∈IN ⊆ Qe

t
associated to the sequence of densitiesZεT := ε+ (1−ε)Z̃T , 0< ε < 1; see the proof
of Lemma 2.3.29. SincẽZt = 1, we have

E

[
Z̃T

Z̃t
X

∣∣∣∣∣Ft

]
= E[X|Ft ] + E

[
Z̃T (X − E[X|Ft ])

∣∣∣ Ft

]
= E[X|Ft ] + E

[
(Z̃T − 1 + aE[Ỹ|Ft ]) (X − E[X|Ft ])

∣∣∣ Ft

]
= E[X|Ft ] + E

[
aỸ (X − E[X|Ft ])

∣∣∣ Ft

]
(2.7.36)

= E[X|Ft ] + a
E
[(
(X − E[X|Ft ])+

)p−1
(X − E[X|Ft ])

∣∣∣ Ft

]
(
E
[(
(X − E[X|Ft ])+

)p ∣∣ Ft
]) p−1

p

= E[X|Ft ] + a
(
E
[(
(X − E[X|Ft ])+

)p ∣∣ Ft
]) 1

p . (2.7.37)
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Now takeQ′ ∈ Qt with correspondingY′ and denote the density process ofQ′ by Z′.
As above we obtain

E

[
Z′

T

Z′
t

X

∣∣∣∣Ft

]
= E[X|Ft ] + E

[
aY′ (X − E[X|Ft ])

∣∣ Ft
]

≤ E[X|Ft ] + aE
[
Y′ (X − E[X|Ft ])+

∣∣ Ft
]

≤ E[X|Ft ]
+ a

(
E
[
(Y′)q

∣∣Ft
]) 1

q
(
E
[ (
(X − E[X|Ft ])+

)p ∣∣ Ft
]) 1

p

≤ E[X|Ft ] + a
(
E
[(
(X − E[X|Ft ])+

)p ∣∣ Ft
]) 1

p

by using Ḧolder’s inequality and the definition ofQt . ReplacingX by X̂ := −X and
using(X̂ − E[X̂|Ft ])+ = (X − E[X|Ft ])− gives after changing signs that

E

[
Z′

T

Z′
t

X

∣∣∣∣Ft

]
≥ E[X|Ft ] − a

(
E
[ (
(X − E[X|Ft ])−

)p ∣∣ Ft
]) 1

p = 8t (X).

Analogously, (2.7.37) can be transformed into

E

[
Z̃T

Z̃t
X

∣∣∣∣∣Ft

]
= 8t (X).

This proves (2.7.35) forp > 1. If p = 1 we takeỸ := 1{X<E[X|Ft ]} and obtain as in
(2.7.36) that

E

[
Z̃T

Z̃t
X

∣∣∣∣∣Ft

]
= E[X|Ft ] + aE

[
Ỹ (X − E[X|Ft ])

∣∣∣ Ft

]
= E[X|Ft ] − aE

[
(X − E[X|Ft ])−

∣∣ Ft
]

= 8t(X)

and that for arbitraryQ′ ∈ Qt with correspondingY′ and densityZ′, we have

E

[
Z′

T

Z′
t

X

∣∣∣∣Ft

]
≤ E[X|Ft ] + aE

[
Y′ (X − E[X|Ft ])+

∣∣ Ft
]

≤ E[X|Ft ] + aE
[
(X − E[X|Ft ])+

∣∣ Ft
]
.

The same arguments as above then again yield (2.7.35).

In a second step, we now prove thatQt is convex and closed inL1. Convexity is
easy since forp > 1, the boundedness by 1 ofE

[(
αY + (1 − α)Y′)q∣∣Ft

]
follows
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from the conditional Minkowski inequality. To show closedness, we fix a sequence
(Qn)n∈IN ⊆ Qt which converges inL1 to someQ and denote byZn

T and ZT their
respective densities and by(Yn)n∈IN andY the associated random variables from the
definition of Qt . Since eachfn := E[Yn|Ft ] satisfies 0≤ fn ≤ 1, Lemma 3.2 of
[Sch92] ensures the existence of a sequence( f̂n)n∈IN of convex combinationŝfn ∈
conv{ fn, fn+1, . . .} which converges to somêf almost surely and hence also inL1.
Denote for eachn ∈ IN by Ẑn

T ∈ conv{Zn
T , Zn+1

T , . . .} andŶn ∈ conv{Yn,Yn+1, . . .}
the convex combinations with the same weights asf̂n. Then

E[ |Ŷm − Ŷn| ] ≤ E
[ ∣∣∣(Ŷm − f̂m)− (Ŷn − f̂n)

∣∣∣ ]+ E
[ ∣∣∣ f̂m − f̂n

∣∣∣ ]
= E

[∣∣∣∣1a (Ẑm
T − 1)− 1

a
(Ẑn

T − 1)

∣∣∣∣]+ E
[∣∣∣ f̂m − f̂n

∣∣∣] ,
and the RHS converges to 0 form, n → ∞ since(Ẑn

T )n∈IN converges like(Zn
T )n∈IN

to ZT in L1; this uses that̂Zn
T ∈ conv{Zn

T , Zn+1
t , . . .}. Thus the Cauchy sequence

(Ŷn)n∈IN converges to somêY ≥ 0 in L1. If p > 1, the conditional Minkowski
inequality implies thatE[Ŷq

n |Ft ] ≤ 1 for eachn ∈ IN and hence by Fatou’s lemma
alsoE[Ŷq|Ft ] ≤ 1; for p = 1, we have 0≤ Ŷ ≤ 1. Moreover,

Ẑn
T = 1 + a

(
Ŷn − E

[
Ŷn

∣∣∣Ft

])
≥ 0

converges forn → ∞ in L1 to

ẐT := 1 + a
(
Ŷ − E

[
Ŷ
∣∣∣Ft

])
sinceŶn → Ŷ in L1. So ẐT is ≥ 0 and the density of an element ofQt . But we
already know that̂Zn

T → ZT in L1; henceZT = ẐT which implies thatQt is closed.

Finally we provide a counterexample which shows that8 is in general not a time-
consistent DMCohUF and that it is even impossible to redefine it fort ∈ (0, T] such
that8 becomes a time-consistent DMCUF. In fact, the counterexample shows thatQ0
is not weakly m-stable in general, which is by Lemma 2.3.29 a necessary condition for
time-consistency if80 is positively homogeneous; note that we showed in the proof
of Lemma 2.3.29 that theL1-closed convex stQ0 representing a DMCohUF at time 0
is unique.

Counterexample: Let � = {ω1, . . . , ω6}, F the power set of�, T = 2, F0 =
{∅, �}, F1 = σ({ω1, ω2}, {ω3, ω4}, {ω5, ω6}), F2 = F , a = p = 1, pi := P[{wi }],
i = 1, . . . , 6, p1 = 100p2, p6 = 100p5. Define two densitiesZ1

T andZ2
T of elements

of Q0 by their associated random variablesY1 andY2, whereE[Yi ] = 1
2, 0 ≤ Yi ≤ 1,

i = 1, 2, and

Y1(ω1) = 1

100
, Y1(ω2) = 1, Y1(ω5) = 1, Y1(ω6) = 1,
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Y2(ω1) = 1

100
, Y2(ω2) = 1, Y2(ω5) = 1, Y2(ω6) = 1

100
.

If Q0 is weakly m-stable, then

ZT := Z1
1

Z2
T

Z2
1

=
(
1 + (E[Y1|F1] − E[Y1])

) 1 + (Y2 − E[Y2])
1 + (E[Y2|F1] − E[Y2])

= 1 +
(

−1 +
(
1 + (E[Y1|F1] − E[Y1])

) 1 + (Y2 − E[Y2])
1 + (E[Y2|F1] − E[Y2])

)

must be the density of some element ofQ0. Since

Ỹ :=
(
1 + (E[Y1|F1] − E[Y1])

) 1 + (Y2 − E[Y2])
1 + (E[Y2|F1] − E[Y2])

hasE[Ỹ] = 1 we can write

ZT = 1 +
(
(Ỹ + c)− E[Ỹ + c]

)
for anyc ∈ IR, and this is the unique decomposition of the form “1+ (Y − E[Y])”,
whereY is a random variable, except for the constantc. ZT is an element ofQ0 if and
only if there existsc ∈ IR such that 0≤ Ỹ + c ≤ 1. SinceỸ ≥ 0 this is equivalent to

max
i ∈{1,...,6} Ỹ(ωi )− min

i ∈{1,...,6} Ỹ(ωi ) ≤ 1. (2.7.38)

However,E[Y1|F1](ω1) = E[Y2|F1](ω1) so that

Ỹ(ω1) = 1 + Y2(ω1)− E
[
Y2
]

= 0.51

andE[Y1|F1](ω5) = 1 andE[Y2|F1](ω5) = 2
101 imply that

Ỹ(ω5) =
(

1 + 1 − 1

2

)
1 + 1 − 1

2

1 + 2
101 − 1

2

= 303

70
.

Therefore (2.7.38) is not satisfied andQ0 is not weakly m-stable. 3



Chapter 3

Utility based good deal bounds

3.1 Introduction

In this chapter we study good deal value bounds in a dynamic setting. We model the
discounted price processes of the traded assets in an incomplete market by a multi-
dimensional semimartingaleS and denote the set of equivalent local martingale mea-
sures forSby Me(S); the latter is assumed to be non-empty. For a (possibly untraded)
discounted random payoffX, the expectation under anyQ ∈ Me(S) is an arbitrage
free value forX and the interval of arbitrage-free values is given by(

inf
Q∈Me(S)

EQ[X], sup
Q∈Me(S)

EQ[X]
)
.

But this interval is usually too big to be useful in practice. On the other hand, intro-
ducing subjective criteria to single out one pricing measure can be very restrictive.
Therefore we pursue a middle course.Me(S) contains many martingale measures
which are not reasonable for pricing because they are too “good” in some way, or,
more technically, too far away from the reference measureP in an appropriate sense.
Consider for instance the following simple example of a finite model with only one
time step and two traded assets. Their payoff structure is given in Figure 3.1 below
and we assume that the subjective measureP assigns the same probability to each of
the three states. The set of equivalent martingale measures is given by

Me(S) =
{
(2q, 1 − 3q,q)

∣∣∣∣q ∈
(

0,
1

3

)}
.

Thus, for the payoffX = (0, 1, 0), the interval of arbitrage-free values is the whole
interval(0, 1). The values close to the boundaries of this interval are attained by prob-
ability measures which either have hardly any mass in the second state or concentrate
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Figure 3.1:

most of the mass there. Since these measures are very different from the subjective
measureP, they are not very reasonable pricing measures. To exclude such extreme
values and degenerate measures, one might for instance impose a bound on the vari-
ance of the density, i.e., allow only those measures for pricing which are contained
in

N :=
{

Q ∈ Me(S)

∣∣∣∣d Q

d P
= ZT , Var[ZT ] ≤ A

}
,

whereA is some constant. This gives forX the value interval[
inf

Q∈N
EQ[X], sup

Q∈N
EQ[X]

]
which is (depending on the choice ofA) much smaller than the no-arbitrage value
interval.

The first study of this approach is due to Cochrane and Saà-Requejo in [CSR00].
They use a performance measurement (the Sharpe ratio, to be precise) to quantify
the attractiveness of some payoff priced with respect to someQ ∈ Me(S), and want
to exclude those measures from pricing which yield agood deal, i.e., an investment
opportunity which is too attractive in comparison with those traded in the market.
Using an inequality of Hansen/Jagannathan [HJ91], they find that a restriction on the
variance of the density ofQ ∈ Me(S) with respect toP yields an upper bound for the
attractiveness of all payoffs priced with respect toQ. Therefore they take for pricing
only measures which are contained inN and thus do not yield good deals.

We show below that the upper bound for the Sharpe ratio in [CSR00] is just the
maximal attainable Sharpe ratio in an extended market, where the extension depends
on the respective pricing measure. Moreover, we prove that one can obtain the same
set N of no-good-deal measuresby imposing a bound on the maximal attainable
quadratic utility in the extended market. This gives rise to a more general approach
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where we replace the quadratic by other utility functions. To obtain a set of no-good-
deal measuresN , i.e., of reasonable pricing measures, we then restrict the maximal
attainable utility in the extended market. Our main goal is to study the no-good-
deal values and value bounds as processes. Because their computability and dynamic
properties depend on the setN , the main difficulty is to find an appropriate and yet
workable definition for this set in a dynamic context. In a Lévy setting, we defineN by
a pointwise restriction on an appropriate integrand. This allows us to apply dynamic
programming techniques. We show that this “local” restriction implies a bound on the
corresponding “global” criterion and clarify the connection between the pointwise and
the global restriction. The corresponding lower value bound is a dynamic monetary
coherent utility functional, i.e., up to sign a dynamic coherent risk measure and in
particular time-consistent. Any such functional8 is fully described by a setQ of
probability measuresQ ≈ P via8t (X) = ess inf

Q∈Q
EQ[X|Ft ]; see [Del06] or Lemma

2.3.29. AlthoughQ has a clear economic interpretation as the set of all possible
scenarios, it is often not clear which measures one should choose. Thus a byproduct
of our approach is that it yields a very intuitive way to specify withQ := N a set of
scenarios in the context of valuation in incomplete markets.

Good deal value or price bounds have been studied in some recent papers. Simi-
larly to Cochrane/Sàa-Requejo, Bj̈ork/Slinko [BS06] use the Sharpe ratio and impose
a bound on the variance of the densities of the pricing measures. Ross [Ros05] also
works with this set of pricing measures, but obtains it in the Capital Asset Pricing
Model from a different reasoning.̌Cerńy [Cer03] obtains good deal bounds for sev-
eral utility functions via a constraint on the indifference value in an extended market.
Bernardo/Ledoit [BL00] use thegain-loss ratioas a measure for the attractiveness;
for a payoff X priced with respect toQ ∈ Me(S), this is the ratio of the expecta-
tions (with respect toP) of the positive and the negative parts of the excess return
X − EQ[X]. Pinar/Salih [PS05] use a similar gain-loss trade-off. Longarela [Lon01]
and Bondarenko/Longarela [BL04] suggest to take only those measures which are not
too far away from some benchmark valuation measure and propose several definitions
for the distance between valuation measures. A different type of approach is pur-
sued byČerńy/Hodges [CH02], Jaschke/K̈uchler [JK01], Staum [Sta04], Carr et al.
[CGM01] and Cherny [Che06,05a,05b]. They start with a set ofdesirable payoffs,
and a good deal is a desirable claim which is available for free. This latter approach is
strongly related with monetary risk measures; see the discussion at the end of Section
2.6. Of all these works on good deal price bounds, only [CSR00], [Cer03] and [BS06]
consider also a dynamic setting; in Section 2.6 we also work in a dynamic framework,
however our results are formulated in terms of indifference valuation.

The chapter is structured as follows. In Section 3.2 we recall the original definition
of good deal bounds from [CSR00] and explain how it can be generalized. This is
done in a static setting. Section 3.3 explains the link between good deal value bounds
and monetary risk measures. Moreover, we present in more detail the connections
between the different existing approaches on good deal bounds. But our main goal
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is to study good deal values and value bounds as processes. In order to have a nice
parametrization for the set of all equivalent local martingale measures, we choose
to work in a Ĺevy framework. Section 3.4 provides some auxiliary results on such
parameterizations and on Lévy processes. Section 3.5 deals with the extension of no-
good-deal valuation to a dynamic setting. The main difficulty is to find a reasonable
definition for the set of no-good-deal measures which still leads to mathematically
tractable problems. Our definition will be obtained from a pointwise restriction on
an appropriate integrand. This ”local“ restriction is motivated by a ”global“ criterion,
and we explain how the two are linked. Section 3.6 discusses the properties of the
resulting good deal values and value bounds as processes. Finally, we present two
explicit examples in Section 3.7.

3.2 Static good deal bounds

In this section we introduce some notation and the concept of good deal value bounds.
We generalize the original approach by Cochrane/Saà-Requejo [CSR00] and introduce
several criteria for good deals.

To describe a financial market, we start with a probability space(�,F , P) with
a right-continuous and complete filtration(Ft )0≤t≤T whereT < ∞ is a finite time
horizon,F0 is trivial andF = FT . There are one riskless andd risky assets with dis-
counted price processes modelled by anIRd-valued semimartingaleS. In this section
we assume thatS is locally bounded. We can and do choose RCLL versions for all
semimartingales. ByP a we denote the set of all probability measuresQ � P and by
P e the subset of equivalent measures.E[ . ] denotes the expectation with respect to
P.

For anyQ ∈ P a, its density processZ = (Zt )0≤t≤T and densityZT are defined
with respect toP. The problem we investigate is the following. For an agent who can
dynamically trade inS, what is a reasonable value for an untraded (discounted) payoff
X̂ contained inL∞(P) or in L0+(P)? Let us fix a payoffX̂ for the moment. A first
reasonable requirement is to have absence of arbitrage. An arbitrage-free value for
X̂ is typically given by the expectation of̂X under some equivalent local martingale
measure forS. We denote byMe(S) the set of allQ ∈ P e such thatS is a local
martingale underQ and exclude arbitrage opportunities by the standing assumption

Me(S) 6= ∅.
But for an incomplete market,Me(S) contains infinitely many elements. Thus no-
arbitrage arguments imply only that the value ofX̂ should lie in the interval(

inf
Q∈Me(S)

EQ[X̂], sup
Q∈Me(S)

EQ[X̂]
)
.
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As illustrated in the introduction,Me(S) contains in general many martingale mea-
sures which are not reasonable for pricing because they are too “good” respectively
too far away from the reference measureP in an appropriate sense. By omitting those
measures, we define a setN ⊆ Me(S) of no-good-deal measuresand obtain the value
interval [

inf
Q∈N

EQ[X̂], sup
Q∈N

EQ[X̂]
]

(3.2.1)

which is smaller than the no arbitrage interval. This is the abstract concept ofgood
deal bounds. To make things more concrete, one has to specify what too “good”
measures are. In the pioneering work by Cochrane and Saà-Requejo in [CSR00] this
is done as follows. IfQ ∈ Me(S) is chosen as pricing measure, theexcess returnof
some payoffX̂ ∈ L2(P) is X̂ − EQ[X̂] and the correspondingSharpe ratiois defined
as

SR(X̂, Q) :=
E
[
X̂ − EQ[X̂]

]
√

Var
[
X̂ − EQ[X̂]

] .
This is a widely used performance measure. Cochrane and Saà-Requejo now argue
that Sharpe ratios observed in the market tend to be rather low. Therefore they define
good dealsas excess returns with high Sharpe ratios. To obtain a mathematically
better tractable problem, they use an inequality due to Hansen/Jagannathan [HJ91].
For Q ∈ Me(S) with densityZT ∈ L2(P) andX̂ ∈ L2(P), this inequality yields

SR(X̂, Q) ≤
√

Var[ZT ]
E[ZT ] =

√
E[Z2

T ] − 1. (3.2.2)

Thus, a bound on Var[ZT ] or, equivalently, onE[Z2
T ] implies a bound on the Sharpe

ratios of all payoffs valued byQ. Therefore, [CSR00] define the set of no-good-deal
measures by

N q :=
{

Q ∈ Me(S)

∣∣∣∣ d Q

d P
= ZT , E[Z2

T ] ≤ Aq
}

for some constantAq; hereq stands forquadratic.
A first and important question is in which sense the inequality (3.2.2) is sharp.

To discuss this, we need to clarify for which payoffs we should like to have a bound
on the Sharpe ratio. Our agent can dynamically trade inS. If we assume that also
the terminal payoffX̂ is dynamically traded for the priceEQ[X̂|Ft ], we want the

Sharpe ratio obtainable by dynamically trading inSQ :=
(

S, (EQ[X̂|Ft ])0≤t≤T

)
to

be restricted. We define the set of all wealth processes obtainable by trading inSQ
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with initial capitalx ∈ IR by

X(x, SQ) :=
{

V = (Vt )0≤t≤T

∣∣∣Vt = x + (H · SQ)t for some predictable,

SQ-integrableH such thatV is uniformly bounded from below
}
.

The corresponding set of payoffs which are bounded from below and dominated by
the terminal values of these wealth processes is

C(x, SQ) (3.2.3)

:=
{

X ∈ L0(P)
∣∣∣ X− ∈ L∞(P) andX ≤ VT for someV ∈ X(x, SQ)

}
.

This is the set of payoffs whose Sharpe ratios we want to be bounded. SinceSQ

is a local Q-martingale, eachV ∈ X(x, SQ) is a local Q-martingale and aQ-
supermartingale. HenceC(x, SQ) is contained in

C(x, Q) :=
{

X ∈ L1(Q)
∣∣∣ EQ[X] ≤ x, X− ∈ L∞(P)

}
. (3.2.4)

Recall that by duality theory, in acompletemarket with traded assetsS′ modelled by a
locally bounded semimartingale and unique martingale measureQ′, we have for any
X ∈ L∞(P)

EQ′ [X] ≤ x ⇐⇒ X ∈ C(x, S′).
In this sense the payoffs inC(x, Q) constitute the natural analogue of those obtainable
by dynamically trading in an extended market with unique martingale measureQ. The
following lemma shows that the RHS of (3.2.2) is the maximal Sharpe ratio obtainable
in this Q-extended market.

Lemma 3.2.1. For x ∈ IR and Q∈ P e with density ZT ∈ L2(P) we have

sup
X∈C(0,Q)
E[X]<∞

SR(X, Q) = sup
X∈C(x,Q)
E[X]<∞

SR(X, Q) =
√

E[Z2
T ] − 1. (3.2.5)

Remark 3.2.2. Note that ifE[X] = ∞, the variance and hence the Sharpe ratio ofX
is not well-defined. IfE[X] < ∞ and Var[X] = ∞, we simply set the Sharpe ratio
equal to zero. 3

Proof. Note first thatC(x, Q) = x+C(0, Q) and SR(x+X, Q) = SR(X; Q). Hence
the first equality in (3.2.5) is clear and we may without loss of generality takex = 1.
Now, let X ∈ C(1, Q) with E[X] < ∞ and defineX̂ := X − E[X] so thatE[X̂] = 0.
The Cauchy-Schwarz inequality implies that

E2
Q[X̂] = E2[ZT X̂] = E2[(ZT − 1)X̂] ≤ E[(ZT − 1)2]E[X̂2]
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so that

SR(X, Q) = SR(X̂, Q) = −EQ[X̂]√
E[X̂2]

≤
√

E[(ZT − 1)2] =
√

E[Z2
T ] − 1.

This proves “≤” in (3.2.5). To show equality, first assume thatZT ∈ L∞(P) and de-

fine X := 1−ZT so thatE[X] = 0 andX = X̂. Since then SR(X, Q) =
√

E[Z2
T ] − 1

andX ∈ C(1, Q), this establishes equality in (3.2.5). IfZT 6∈ L∞(P), then approxi-
mateX by

Xn := 1 − ZT 1{ZT ≤n}
which is clearly inC(x, Q). Computing the Sharpe ratio SR(Xn, Q) explicitly and
then using monotone convergence both for its numerator and denominator directly
gives

lim
n→∞ SR(Xn, Q) =

√
E[Z2

T ] − 1

and thus completes the proof.

Exploiting the same estimate via the extended market, one can get the same good
deal bounds via a different criterion. In fact, it can be obtained from maximizing
expected utility in the extended market for the quadratic “utility” function which is
defined for fixeda ∈ IR by

Uq(x) := −(a − x)2, x ∈ IR.

Proposition 3.2.3. Let Q ∈ P e with density ZT ∈ L2(P) and x< a. Then

sup
X∈C(x,Q)

E[Uq(X)] = Uq(x)
1

E[Z2
T ] . (3.2.6)

Proof. “≤” holds by the Cauchy-Schwarz inequality since for anyX ∈ C(x, Q)

E[Uq(X)]E[Z2
T ] = −E[(a − X)2]E[Z2

T ] ≤ − (E[ZT (a − X)])2
≤ −(a − x)2 = Uq(x).

If ZT ∈ L∞(P), equality follows sinceX := a − a−x
E[Z2

T ] ZT ∈ C(x, Q) and

E[(a − X)2] = (a − x)2

E[Z2
T ] .

For ZT 6∈ L∞(P) approximateX by

Xn := a − a − x

E[Z2
T ]
(
ZT 1{ZT ≤n} + cn

)
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with cn = E[Z2
T 1{ZT>n}] ↘ 0. ThenXn ∈ C(x, Q), and combining an explicit

computation with the dominated convergence theorem yields

lim
n→∞ E

[
(a − Xn)

2
]

= (a − x)2

E[Z2
T ] .

Proposition 3.2.3 shows that the maximal expected utility in the extended market
is separable into the utility of the initial capitalx and a term depending onQ only.
Our aim is to find a setN of no-good-deal pricing measures. We want to deduce the
criterion for good deals from a restriction on the maximal quadratic utility, and we
should like it to be independent of the initial capitalx. Therefore, we work with the
term depending onQ only and thus choose the value of the variance or, equivalently, of
the second moment ofZT as criterion for no-good-deal measures. SinceUq( . ) ≤ 0,
the set of no-good-deal measures is then like for the restriction of the Sharpe ratio
given by

N q =
{

Q ∈ Me(S)

∣∣∣∣ ZT := d Q

d P
, E[Z2

T ] ≤ Aq
}

for some constantAq.

Remark 3.2.4. a) BothČerńy [Cer03] and Hodges [Hod98] purport to illustrate
with an example that the Sharpe ratio is not a good performance measure. In a
finite state model, they specify the excess returns of two payoffs in such a way
that except for one state, the excess returns of both payoffs are equal, but the
Sharpe ratio of the payoff with the higher excess return in the remaining state
is smaller. To describe this mathematically, suppose there aren different states.
Denote byxi and yi the respective payoffs in statei ∈ {1, . . . , n}, by qi the
probability of statei under the pricing measure and byε > 0 the difference of
the excess returns in staten. By assumption, the excess returns satisfy

x1 −
n∑

i =1

xi qi = y1 −
n∑

i =1

yi qi ,

...

xn−1 −
n∑

i =1

xi qi = yn−1 −
n∑

i =1

yi qi ,

xn −
n∑

i =1

xi qi = ε + yn −
n∑

i =1

yi qi .
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Since
∑

qi = 1, multiplying thei -th equation withqi and summing up both
sides of the system of equations gives

n∑
i =1

xi qi −
n∑

i =1

xi qi = εqn +
n∑

i =1

yi qi −
n∑

i =1

yi qi .

This can only be true ifqn = 0, i.e., if the pricing measureQ is only abso-
lutely continuous, but not equivalent toP. Hence this animadversion against
the Sharpe ratio is not justified.

b) The quadratic “utility” functionUq is not increasing and thus not an econom-
ically reasonable utility function. Note, however, that this does not affect the
criterion derived from the restriction of the maximal attainable quadratic utility
since this criterion is based only on the term depending on the measureQ.

3

Up to now, we have examined the original approach of Cochrane and Saà-Requejo
which is based on a restriction for the Sharpe ratio. We have shown that restricting the
maximal attainable quadratic utility yields the same set of no-good-deal measures. An
obvious generalization of this approach is thus to introduce and study no-good-deal
criteria from maximizing expected utility for more general utility functions like

Ue(x) := − 1

β
e−βx, β > 0;

Up(x) :=



x1−γ
1−γ : x > 0

lim
x↘0

x1−γ
1−γ : x = 0

−∞ : x < 0

0< γ 6= 1;

U`(x) :=
{

log x : x > 0
−∞ : x ≤ 0.

We setUp andU` equal to−∞ on IR− to avoid having to distinguish between utility
functions onIR and IR+ and define dom(Ui ) := {x ∈ IR | Ui (x) > −∞}. The well-
known approach to calculate maximal expected utility is to apply duality theory. We
are interested in the solution to theprimal problem of maximizing expected utility
over some set of payoffsC(x), e.g.,C(x) = C(x, S) from (3.2.3). That is, forUi :
IR → IR ∪ {−∞} andi ∈ {e, p, `} we want to find

ui (x) := sup
X∈C(x)

E[Ui (X)].

Here we make the convention thatE[Ui (X)] := −∞ wheneverE
[(

Ui (X)
)−] = ∞.
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Theconvex conjugateof the concave functionUi is defined by

Vi (y) := sup
x∈IR

{Ui (x)− xy}, y > 0 (3.2.7)

and satisfies
Ui (x) = inf

y>0
{Vi (y)+ xy}, x ∈ dom(Ui ). (3.2.8)

In particular, we have

Ve(y) = y

β
(log y − 1), V p(y) = γ

1 − γ
y
γ−1
γ , V`(y) = − log y − 1. (3.2.9)

If the market is complete with a unique martingale measureQ′ with densityZ′
T , the

dual formulation is
vi (y) := vi ,Q′

(y) := E[Vi (yZ′
T )]. (3.2.10)

Under appropriate assumptions onC(x), ui andvi are conjugate so that

ui (x) = inf
y>0

{vi (y)+ xy}.

If the market is incomplete, then the RHS in (3.2.10) involves in addition an infimum
over an (extended) set of equivalent martingale measures; see [KS99] and [Sch01]
for precise statements. We apply these duality results to the above utility functions to
obtain the maximal expected utility in theQ-extended market with payoffsC(x, Q)
from (3.2.4).

Definition 3.2.5. For i ∈ {e, p, `} andQ ∈ Me(S), themaximal(Ui , Q)-utility from
x ∈ dom(Ui ) is defined as

ui ,Q(x) := sup
X∈C(x,Q)

E[Ui (X)]. (3.2.11)

We also introduce the set

Qi
u :=

{
Q ∈ Me(S)

∣∣∣ ∃ x ∈ dom(Ui ) such thatui ,Q(x) < Ui (∞)
}
.

Remark 3.2.6. For i ∈ {p, `} we haveUi (∞) = ∞, so thatui ,Q(x) < Ui (∞) holds
by concavity for allx ∈ dom(Ui ) if Q ∈ Qi

u. For i = e, this holds because of the
multiplicative dependence ofui ,Q on x. 3

Proposition 3.2.7. For i ∈ {e, p, `}, x ∈ dom(Ui ) and Q∈ Qi
u with density ZT , we

have
ui ,Q(x) = inf

y>0
{vi ,Q(y)+ xy} (3.2.12)
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wherevi ,Q(y) := E[Vi (yZT )] so that

ue,Q(x) = Ue(x)e−E[ZT log ZT ]; (3.2.13)

up,Q(x) = Up(x)E

[
Z
γ−1
γ

T

]γ
; (3.2.14)

u`,Q(x) = U`(x)− E
[
log ZT

]
. (3.2.15)

Proof. (3.2.13) – (3.2.15) follow from easy calculations as soon as we prove (3.2.12).
However, it is easy to check thatC := C(1, Q)∩L0+ andD := {

Y ∈ L0+(P)
∣∣Y ≤ ZT

}
satisfy conditions (i) – (iii) of Proposition 3.1 in [KS99] and that fori ∈ {p, `} we can
replace in (3.2.11)C(x, Q) by xC sinceUi (x) = −∞ for x < 0. Hence fori ∈ {p, `}
the claim follows from Theorem 3.1 there. Fori = e, it can be shown as in the proof
of Theorem 2.1 in [Sch01], approximatingUe by a sequence of functionsUe

n to which
one can apply the results from the first part of this proof.

Proposition 3.2.7 shows that like forUe, the maximal attainable utility forUe, Up

andU` is separable into the utility of the initial capital and a term depending onQ
only. We thus propose the following criteria for no-good-deal measures.

Definition 3.2.8. Define thef -divergencesof Q ∈ P e with respect toP by

f e(Q|P) := E[ZT log ZT ],
f p(Q|P) := E

[
sign(1 − γ )Z

γ−1
γ

T

]
with 0< γ 6= 1,

f `(Q|P) := E
[− log ZT

]
,

and for i ∈ {e, p, `} the corresponding subsetsN i ⊆ Me(S) of no-good-deal mea-
suresby

N i :=
{

Q ∈ Me(S)
∣∣∣ f i (Q|P) ≤ Ai

}
(3.2.16)

for some constantsAi .

Remark 3.2.9. a) Any functional like f e(Q|P), f p(Q|P) or f `(Q|P) of the
form E[ f (ZT )] for a convex functionf is called f -divergence; see [LV87].
It is a measure for the distance betweenQ and P. Therefore another interpre-
tation of the set of no-good-deal measures is that it is the set of all measures
which are close enough toP with respect to thef -divergence associated with
the utility under consideration.

b) In the definition off p(Q|P), the term sign(1 − γ ) is introduced to ensure that
f in E[ f (ZT )] is convex.

3
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In order to have the setN i in (3.2.16) non-empty, the smallest choice for the
boundAi is infQ∈Me(S) f i (Q|P). Since we obtainedf i (Q|P) via Proposition 3.2.7
from ui ,Q, this lower bound is linked to the infimum over all(Ui , Q)-utilities where
Q runs throughMe(S). The following proposition shows that this infimum has a
very intuitive meaning. It is the maximal expected utility attainable from dynamically
trading in the basis assetsSonly.

Proposition 3.2.10.Let i ∈ {e, p, `}, Qi
u 6= ∅ and x∈ dom(Ui ). Then

inf
Q∈Me(S)

ui ,Q(x) = sup
X∈C(x,S)

E[Ui (X)].

Proof. We first show forQ ∈ Me(S) the equivalence

Q ∈ Qi
u ⇐⇒ inf

y>0
{vi ,Q(y)+ xy} < Ui (∞) for all x ∈ dom(Ui ). (3.2.17)

If Q ∈ Qi
u, then Remark 3.2.6 and (3.2.12) imply that forx ∈ dom(Ui )

Ui (∞) > ui ,Q(x) = inf
y>0

{vi ,Q(y)+ xy}.

Now assume thatQ 6∈ Qi
u and denote its density byZT . Then relation (3.2.8) implies

that for allx ∈ dom(Ui ) and ally > 0

Ui (∞) ≤ ui ,Q(x) = sup
X∈C(x,Q)

E[Ui (X)]

≤ E[Vi (yZT )] + sup
X∈C(x,Q)

EQ[X]y

≤ E[Vi (yZT )] + xy. (3.2.18)

Sincevi ,Q(y) = E[Vi (yZT )], this proves (3.2.17). Next we claim that

sup
X∈C(x,S)

E[Ui (X)] = inf
y>0

{ inf
Q∈Me(S)

vi ,Q(y)+ xy}

= inf
Q∈Me(S)

inf
y>0

{vi ,Q(y)+ xy}. (3.2.19)

For i ∈ {p, `} this is implied by [KS99] Theorem 2.1 (i) and Theorem 2.2 (iv). For
i = e, it follows from the first part of this proof and [Sch01] Theorem 2.1 (i), Remark
2.3 and the discussion on page 697 in [Sch01] thatCb

U (x) there can be replaced by
C(x, S); the latter uses in addition thatUe is bounded from above so that it suffices to
consider for the maximal attainable utility those elements ofCb

U (x)which are bounded
from below. Finally, forQ ∈ Qi

u andx ∈ dom(Ui ),

Ui (∞) > ui ,Q(x) ≥ sup
X∈C(x,S)

[Ui (X)]. (3.2.20)
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Thus Qi
u 6= ∅, the first part of this proof, (3.2.19) and (3.2.12) imply that for

x ∈ dom(Ui )

Ui (∞) > sup
X∈C(x,S)

[Ui (X)] = inf
Q∈Me(S)

inf
y>0

{vi ,Q(y)+ xy}

= inf
Q∈Qi

u

inf
y>0

{vi ,Q(y)+ xy} = inf
Q∈Qi

u

ui ,Q(x) ≥ inf
Q∈Me(S)

ui ,Q(x)

so that the claim follows from (3.2.20).

Remark 3.2.11. For later reference we remark that that fori ∈ {e, `} andi = p, i.e.,
Up(x) = x1−γ

1−γ , with γ ∈ (0, 1) we have

Qi
u = Qi := {

Q ∈ Me(S)
∣∣ f i (Q|P) < ∞}

.

In fact, “⊆” holds by Proposition 3.2.7 and the definition ofQi
u, and for “⊇” note that

by (3.2.18) withy = 1 we have

ui ,Q(x) ≤ E[Vi (ZT )] + x.

Thus from Remark 3.2.6, (3.2.9) and Definition 3.2.8 we have forQ ∈ Me(S)

Q 6∈ Qi
u ⇒ ui ,Q(x) = Ui (∞) for all x ∈ dom(Ui )

⇒ E[Vi (ZT )] = ∞
⇒ f i (Q|P) = ∞.

Similarly one can show fori = p with γ > 1 that

Q
p
u = Qp := {Q ∈ Me(S) | f p(Q|P) < 0}.

3

In Definition 3.2.8 we defined forUi andi ∈ {e, p, `} a set of no-good-deal mea-
sures. However, we did not say what a good deal exactly is. Consider an agent with
preferences corresponding toUi and initial capitalx ∈ dom(Ui ). Suppose she gets
offered a future payoffX for the pricex. For her, this is a good deal ifE

[
Ui (X)

]
is

bigger than the maximal utility attainable by trading with initial capitalx in the basic
assetsS; the latter utility is known from Propositions 3.2.10 and 3.2.7. However, we
want to define good deals independently of any initial capital. Therefore we suggest
the following

Definition 3.2.12. Let i ∈ {e, p, `}, Q ∈ Qi
u andX ∈ ⋃

x∈dom(Ui ) C(x, Q). We call
(X, Q) a good deal of levelδ if

122 Chapter 3. Utility based good deal bounds

a) i = e andE
[
Ue(X)

] ≥ 1
δ
Ue
(
EQ[X]);

b) i = p, i.e.,Up(x) = x1−γ
1−γ , γ ∈ (0, 1) andE

[
Up(X)

] ≥ δUp
(
EQ[X]),

or i = p, γ > 1 andE
[
Up(X)

] ≥ 1
δ
Up

(
EQ[X]);

c) i = ` andE
[
U`(X)

] ≥ δ + U`
(
EQ[X]).

This definition deserves some comments. First of all, note that it is such that an
increase ofδ corresponds to good deals defined with respect to a higher utility level;
this is becauseUe andUp with γ > 1 are non-positive. Moreover, by Proposition
3.2.7, if i ∈ {e, p, `}, Q ∈ Qi

u and f i (Q|P) ≤ A, then choosingQ as pricing mea-
sures excludes good deals(X, Q) of some levelδ for any initial capitalx ∈ dom(Ui ).
More precisely, ifi = e, then good deals of all levelsδ ≥ eA are excluded; ifi = `

of all levelsδ ≥ A; if i = p andγ ∈ (0, 1), of all levelsδ ≥ Aγ ; and if i = p
andγ > 1, of all levelsδ > (− 1

A)
γ ; note that in the last case any reasonableA is

negative. Of course, the question arises how Definition 3.2.12 is related to good deals
defined as excess returns with a high Sharpe ratio. An important difference is that
for the Sharpe ratio criterion we consider excess returns instead of payoffs. There-
fore the bound specifying a good deal there does not depend onEQ[X]. In addition,
for the agent, the attractiveness of a payoff does not depend on the initial capital she
has, provided there is a riskless asset in the market. In fact, suppose she has initial
capital x and the opportunity to buy a payoffX for a price p such that the Sharpe
ratio (E[X] − p)/

√
Var[X − p] is higher than that in the market. Then the payoff

X − p + x can be obtained from initial capitalx and has the same, attractive, Sharpe
ratio. In contrast, for a good deal defined via Definition 3.2.12, it is not clear that
adding the constantx − p to some good dealX still results in a good deal.

We might define good deals forUq(x) = −(a − x)2 analogously as forUe .
However, relation (3.2.5) holds only forx < a sinceUq is decreasing forx ≥ a.
Therefore we suggest for preferences corresponding to quadratic utility to stick to the
original definition via a high Sharpe ratio.

3.3 Monetary utility functionals

In this section we give a review of the existing literature on good deal bounds and
explain where our approach fits in. It has been noticed quite early that good deal
bounds are closely connected with risk measures. To clarify the relations between the
different types of existing approaches on good deal bounds, we recall some key results
concerning risk measures; see Section 2.3 for a more detailed discussion of the latter.
We formulate these in terms of the recently very popular monetary utility functions;
these are defined as−ρ( · ) for a risk measureρ. In particular, this is more convenient
to explain the connection with von Neumann-Morgenstern expected utility.
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Definition 3.3.1. A monetary concave utility functionalon L∞(P) is a mapping8 :
L∞(P) → IR satisfying

A) monotonicity: X1 ≤ X2 implies8(X1) ≤ 8(X2);

B) translation invariance: 8(X + a) = 8(X)+ a for a ∈ IR;

C) concavity: 8
(
αX1 + (1 − α)X2

) ≥ α8(X1)+ (1 − α)8(X2) for α ∈ [0, 1].
Theacceptance setof8 is defined asA := {X ∈ L∞(P)|8(0) ≥ 0}. 8 is amonetary
coherent utility functionalif it satisfies in addition

D) positive homogeneity: 8(λX) = λ8(X) for λ ≥ 0.

Remark 3.3.2. Translation invariance distinguishes monetary concave utility func-
tionals from von Neumann-Morgenstern expected utilities, most of which do not have
this property. Presuming as usual that all payoffs are already discounted, transla-
tion invariance implies that utility is measured in monetary units; see the book of
Föllmer/Schied [FS04] for an overview of the theory of risk measures. 3

For the convenience of the reader and to keep this chapter self-contained, we recall
from Section 2.3 some important results on monetary concave utility functionals.

Proposition 3.3.3. (Proposition 4.6 of [FS04])Let8 be a monetary concave utility
functional with acceptance setA. Define a functional onL∞(P) by

8A(X) := sup{m ∈ IR | X − m1� ∈ A} = sup
(
(X − A) ∩ IR

)
.

Then8 = 8A, i.e.,8 can be recovered from its acceptance set.

The following theorem gives a dual representation for monetary utility functionals
which is of great importance for mathematical calculations. In addition, this result
shows that for any non-empty set of no-good-deal measuresN , the lower good deal
value bound

X 7→ inf
Q∈N

EQ[X]

as a function onL∞(P) is a monetary coherent utility functional; see Remark 3.3.5
below.

Theorem 3.3.4.For a functional8 : L∞(P) → IR the following are equivalent:

a) 8 is a monetary concave utility functional which is continuous from above, i.e.,
for any sequence(Xn)n∈IN ⊆ L∞(P) decreasing to some X∈ L∞(P) we have
limn→∞8(Xn) = 8(X).
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b) 8 can be represented as

8(X) = inf
Q∈P a

{
EQ[X] − α0(Q)

}
(3.3.1)

for a mappingα0 : P a → [−∞,+∞).

If 8 satisfies one of these equivalent conditions and is in addition positively homoge-
neous, then it can be represented as

8(X) = inf
Q∈P̂

EQ[X],

whereP̂ is a subset ofP a.

Proof. See Theorem 4.3 and Corollary 4.34 in [FS04].

Remark 3.3.5. a) To see that the lower good deal bound has a representation as
in (3.3.1), takeα0(Q) := 0 if Q ∈ N andα0(Q) := −∞ otherwise.

b) If 8 has a representation as in (3.3.1) with someα0, then it can also be repre-
sented with

α(Q) := inf
Y∈L∞(P)

{
EQ[Y] −8(Y)

}
,

i.e.,α0 can be chosen as the concave conjugateα of8. Moreover, if there exists
Q ∈ P e such thatα(Q) > −∞, then we can replaceP a by P e in (3.3.1) if we
takeα0 = α.

c) The relation between upper and lower good deal bound is given by

sup
Q∈N

EQ[X] = − inf
Q∈N

EQ[−X].

3

Now consider as in Section 3.2 a financial market with the processS describing
the discounted prices of the basic assets. In the seminal work on good deal bounds
by Cochrane/Sàa-Requejo [CSR00] and also in the more recent work by Björk/Slinko
[BS06], good deals are defined as excess returns with high Sharpe ratio. Using an in-
equality from Hansen/Jagannathan [HJ91], these authors define the setN q ⊆ Me(S)
of no-good-deal measuresQ by stipulating that the variance of the densityd Q/d P re-
mains below some threshold. We have shown in Section 3.2 that the estimate which is
induced by the Hansen-Jagannathan inequality for the Sharpe ratio of payoffs priced
with respect toQ ∈ Me(S) corresponds to the maximal attainable Sharpe ratio in
an extended market with payoffs fromC(x, Q). Ross [Ros05] also obtains an upper
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bound on the variance of the density; however, he does not argue with the Sharpe ratio,
but works with the Capital Asset Pricing Model. Without stating this link clearly and
generally,Čerńy [Cer03] proposes to define no-good-deal measures from several util-
ity functions via the associated indifference price in the extended market. The same
approach is used in the early work by Bernardo/Ledoit [BL00], but for good deals de-
fined via thegain-loss ratio. This is the ratio of the expectations, under some bench-
mark measure, of the positive and the negative parts of the excess return. Pinar/Salih
[PS05] use a similar gain-loss trade-off to define good deals. The formulation sug-
gested by Longarela [Lon01] and Bondarenko/Longarela [BL04] is also very similar
to those above. They define no-good-deal measures by the condition that the distance
between these measures and a benchmark valuation measure is not too big and pro-
pose several definitions for this distance. Our approach is inspired by [Cer03], and
one might say that our subjective initial ingredient is a (von Neumann-Morgenstern)
utility function.

A somewhat different line is taken by̌Cerńy/Hodges [CH02], Jaschke/K̈uchler
[JK01] and also by Cherny [Che05a,06]. They first define a set ofdesirable claims
as the (abstract) acceptance set of a monetary coherent utility functional and a good
deal as a desirable claim with zero or negative price. Their aim is to find linear pricing
functionals which price the basic assets correctly and do not yield good deals. A sim-
ilar approach is pursued by Cherny [Che05b] who allows the prices of the basic assets
to have bid-ask spreads. Instead of good deal bounds, he specifies no-good-deal bid
and ask prices in such a way that it is not possible to construct a good deal by trad-
ing. Staum [Sta04] permits in addition for acceptance sets of monetaryconcaveutility
functionals. Carr et al. [CGM01] define their set of desirable claims via valuation and
stress test measures. By requiring positive prices for these claims, they obtain that
the pricing functional must be a convex combination of the valuation test measures.
The common feature of this line of work is that desirability and hence good deals are
defined via a fairly abstract set only satisfying certain properties.

Although the two methods explained above look rather different at first sight,
they are actually closely related. Utility maximization also comes up in the second
approach, but with respect to monetary utility functionals instead of von Neumann-
Morgenstern expected utility. The key observation behind this is that the abstract set
used to define desirability induces by its properties in a natural way a monetary util-
ity functional; see [JK01], [Sta04] and also the discussion at the end of Section 2.6.
More precisely, let8 be a monetary coherent utility functional with acceptance setA.
Since this functional is defined onL∞(P), we restrict toL∞(P) the payoffs which
can be dominated by trading in the basic assets from initial capital zero and write
Cb(x, S) := C(x, S) ∩ L∞(P). Jaschke/K̈uchler [JK01] define a good deal as an
elementX ∈ Cb(0, S) such that there existsε > 0 with X − ε1� ∈ A. Hence a good
deal is a payoff which can be superreplicated by trading from zero initial capital and
from which one can even subtractε monetary units and still have a payoff which is
desirable, i.e., an element of the (acceptance) setA. The lower boundπA for prices of
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X̂ ∈ L∞(P) is then obtained as the biggest monetary amount which can be subtracted
from X̂ so that it is not possible to turn the resulting payoff into a good deal by trading
in the basic assets. Formally, it is defined by

πA(X̂) := sup
{
m ∈ IR

∣∣X̂ − m1� + X ∈ A for someX ∈ Cb(0, S)
}
.

In fact, if the agent could buy the random payoffX̂ for a priceπ(X̂) < πA(X̂), then
there existX ∈ Cb(0, S) andε > 0 with π(X̂)+ ε ≤ πA(X̂)− ε and such that

X̂ − (
π(X̂)+ ε

)
1� + X

is contained in the acceptance setA. Hence the agent could buŷX for π(X̂), use the
superhedging strategy corresponding toX and obtain the payoff̂X −π(X̂)+ X which
is a good deal. By Proposition 3.3.3, the maximal utility (with respect to8) attainable
from the random endowment̂X ∈ L∞(P) by trading in the basic assets is given by

sup
X∈Cb(0,S)

8(X̂ + X)

= sup
X∈Cb(0,S)

sup
{
m ∈ IR

∣∣X̂ + X − m1� ∈ A
}

= sup
{
m ∈ IR

∣∣X̂ − m1� + X ∈ A for someX ∈ Cb(0, S)
}

= πA(X̂). (3.3.2)

Note thatCb(x, S) = x + Cb(0, S) and that8 is translation invariant. Thus an initial
capitalx would show up in the above equations as an additive term. Hence the lower
good deal price bound of [JK01] is just the term which is independent of the initial
capital x in the maximal monetary utility attainable from trading inS with random
endowmentX̂. The generalization from monetary coherent utility functions to mon-
etary concave utility functions then corresponds to the approach suggested by Staum
[Sta04] (if the prices of the basic assets are linear); see also the discussion at the end
of Section 2.6.

Instead of linking good deals from abstract (acceptance) sets to good deal bounds
from utility maximization as above, one can relate the former directly to our approach
here via martingale measures. The key insight behind this is that a given set of mea-
sures naturally induces a monetary utility functional, which in principle brings us back
to the situation just discussed. In more detail, letN ⊆ Me(S) be a set of no-good-
deal measures. Assume thatN , identified with the corresponding set of densities with
respect toP, is weakly relatively compact; forN q andN e this holds by the la Valĺee-
Poussin theorem in [DM75], Theorem II.22. Moreover, letQ′ ⊆ P a be any weakly
relatively compact set such thatN ⊆ Q′ andN = Q′ ∩ Me(S). By Theorem 3.3.4
we can define a monetary coherent utility functional8 by

8(X) := inf
Q∈Q′ EQ[X]
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with acceptance setA := {X ∈ L∞(P) |8(X) ≥ 0}. Lemma 3.3.6 below yields that

inf
Q∈N

EQ[X̂] = sup
X∈Cb(0,S)

8(X̂ + X).

If the acceptance setA specifies a set of desirable claims, then (3.3.2) implies that

πA(X̂) = inf
Q∈N

EQ[X̂].

Thus the lower good deal price bound of Jaschke/Küchler [JK01] defined with respect
to A is the same then that obtained from the set of no-good-deal measuresN with our
approach.

Lemma 3.3.6. Let N ⊆ Me(S) be nonempty andQ′ ⊆ P a such thatN ⊆ Q′ and
N = Q′∩Me(S). Define8( . ) := infQ∈Q′ EQ[ . ]. If Q′ is weakly relatively compact,
then

inf
Q∈N

EQ[X̂] = sup
X∈Cb(0,S)

8(X̂ + X) for all X̂ ∈ L∞(P).

Proof. Denote byN andQ′ theL1(P)-closed convex hulls ofN andQ′, identified
with the corresponding set of densities with respect toP. Note that

inf
Q∈N

EQ[X] = inf
Q∈N

EQ[X] for all X ∈ L∞(P) (3.3.3)

and that an analogous statement holds forQ′. SinceQ′ is a Hausdorff compact space
andCb(0, S) is convex, the minimax theorem in [Sim98] thus implies that

sup
X∈Cb(0,S)

8(X̂ + X) = sup
X∈Cb(0,S)

inf
Q∈Q′

EQ[X̂ + X]

= inf
Q∈Q′

sup
X∈Cb(0,S)

EQ[X̂ + X]. (3.3.4)

It is well known thatQ ∈ P e is contained inMe(S) if and only if EQ[X] ≤ 0 for all
X ∈ Cb(0, S); see, e.g., Lemma 2.6.15. SinceCb(0, S) is a cone and contains 0, we
have forQ ∈ P e

sup
X∈Cb(0,S)

EQ[X̂ + X] =
{

EQ[X̂] if Q ∈ Me(S),
+∞ otherwise.

Thus (3.3.4),N = Q′ ∩ Me(S), Q′ ∩ Me(S) ⊆ N and (3.3.3) imply

sup
X∈Cb(0,S)

8(X̂ + X) = inf
Q∈Q′∩Me(S)

EQ[X̂] = inf
Q∈N

EQ[X̂].
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Remark 3.3.7. a) The exact choice ofQ′ does not matter. In particularQ′ = N
is always possible, provided thatN is weakly relatively compact.

b) Weak relative compactness of a setQ ⊆ P a is equivalent to a continuity prop-
erty of the corresponding monetary coherent utility functional infQ∈Q EQ[ . ];
see Corollary 4.35 in [FS04].

3

3.4 Auxiliary results on Lévy processes

As mentioned in the introduction, we are mainly interested in the good deal value
bounds as processes. To obtain results in a dynamic context, we need a nice represen-
tation of the set of all equivalent local martingale measures. Therefore we choose to
work in a Lévy framework. In this section we introduce some terminology, provide
some auxiliary results about Lévy processes, descriptions of probability measures via
Girsanov parameters and relative entropy. The proofs or references for proofs can
all be found in Esche/Schweizer [ES05]. Their main reference is the book by Ja-
cod/Shiryaev [JS87].

We first fix some notation. As before we work on a probability space(�,F , P)
equipped with a filtration(Ft )0≤t≤T satisfying the usual conditions.P denotes the
predictableσ -field on�×[0, T ] andBd the Borelσ -field on IRd. For ad-dimensional
semimartingaleX we denote byµX the random measure associated with its jumps and
by νP the predictableP-compensator ofµX ; only in this subsection we denote byX
a process and not a payoff. Moreover, we work throughout with a fixed but arbitrary
truncation functionh : IRd → IRd. By (B,C, ν) we denote theP-characteristics of
the semimartingaleX with respect toh. We can and do always choose a version of the
form

B =
∫

b d A, C =
∫

c d A and ν(ω; dx, dt) = Kω,t(dx)d At (ω), (3.4.1)

where A is a real-valued, predictable, increasing and locally integrable process,b
is an IRd-valued predictable process,c a predictable process with values in the set of
symmetric non-negative definited×d-matrices, andKω,t(dx) a transition kernel from
(�× [0, T],P) into (IRd,Bd) with Kω,t({0}) = 0 and

∫
IRd(1∧ ‖x‖2) Kω,t(dx) ≤ 1.

Let Q ∈ P a andL = (Lt )0≤t≤T be an adapted stochastic process null at 0 with RCLL
paths. We callL a Q-Lévy process if for alls ≤ t , the random variablesLt − Ls are
independent ofFs underQ and have a distribution depending only ont −s. If Q = P
we sometimes omit the mention ofP. Every Lévy process is a semimartingale, and a
P-semimartingaleL null at 0 is aP-Lévy process if and only if itsP-characteristics
are of the form

Bt = bt, Ct = ct and νP(dx, dt) = K (dx)dt, (3.4.2)
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whereb ∈ IRd, c is a symmetric non-negative definited×d-matrix andK is aσ -finite
measure on(IRd,Bd) with K ({0}) = 0 and

∫
IRd(1 ∧ ‖x‖2) K (dx) < ∞.

Next we recall Girsanov’s theorem to introduce the Girsanov parameters(β,Y) of
someQ ∈ P a.

Theorem 3.4.1. ([JS87], Theorem III 3.24)Let X be a semimartingale with P-char-
acteristics(BP,CP, νP) and denote by c and A the corresponding processes from
(3.4.1). For any Q∈ P a, there exist aP ⊗ Bd-measurable function Y≥ 0 on
�× [0, T] × IRd and a predictable IRd-valued processβ satisfying Q-a.s.∫ t

0

∫
IRd

‖(Y(s, x)− 1)h(x)‖ νP(dx, ds)+
∫ t

0
‖csβs‖ d As +

∫ t

0
β∗

s csβs d As < ∞

for all t ∈ [0, T] and such that the Q-characteristics(BQ,CQ, νQ) of X are given by

BQ
t = BP

t +
∫ t

0
csβs d As +

∫ t

0

∫
IRd

(
(Y(s, x)− 1)h(x)

)
νP(dx, ds),

CQ
t = CP

t ,

νQ(dx, dt) = Y(t, x) νP(dx, dt).

We callβ and Y theGirsanov parametersof Q (with respect to P, relative to X).

Remark 3.4.2. Note that the Girsanov parameters are not unique. In fact,Y(ω, t, x)
is unique onlyνP-a.e., and for fixedc and A we haveA-a.e.uniqueness only forcβ.
In what follows we fix a Ĺevy processL and express the Girsanov parameters of any
Q ∈ P a relative toL. We then identify all versions of Girsanov parameters(β,Y)
which describe the sameQ. In particular, if we say that the Girsanov parameters
(β,Y) of Q are time-independent, we mean that there exists one version with this
property. 3

In order to obtain nice parametrizations for the set of probability measures, we
make the following assumption for the rest of this chapter.

The filtration (Ft )0≤t≤T = (F L
t )0≤t≤T is the P-augmentation of the filtration

generated by a d-dimensional Lévy process L with semimartingale characteristics de-
scribed by a triplet(b, c, K ) as in (3.4.2).

The following result expresses the density process of anyQ ∈ P e in terms of
its Girsanov parameters(β,Y) and the Ĺevy processL. As usualE( . ) denotes the
stochastic exponential.

Proposition 3.4.3. (Proposition 3 in [ES05])If Q ∈ P e has Girsanov parameters
(β,Y), the density process of Q with respect to P is given by ZQ = E(NQ) with

NQ
t :=

∫ t

0
β∗

s dLc
s +

∫ t

0

∫
IRd
(Y(s, x)− 1)

(
µL (dx, ds)− K (dx)ds

)
, (3.4.3)
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for t ∈ [0, T], where Lc denotes the continuous local martingale part of L.

We can also go the other way round, i.e., start with some processesβ andY( . )
and identify them with the Girsanov parameters of some probability measure. Let us
first introduce the convex function

g(y) := y log y − y + 1 for y ∈ [0,∞), (3.4.4)

where we set 0 log 0:= 0. This function is denoted byf in [ES05]. However, in
order to preserve the variablef for the f -divergence, we use the notationg here. The
following result is a combination of Propositions 5 and 7 from [ES05].

Proposition 3.4.4. If β is a predictable process andY > 0 a predictable function
such that

E

[
exp

(∫ T

0

(
1

2
β

∗
scβs +

∫
IRd

g
(
Y(s, x)

)
K (dx)

)
ds

)]
< ∞,

thenY − 1 is integrable with respect toµL (dx, dt)− K (dx)dt, andZ := E(N) with

Nt :=
∫ t

0
β

∗
s dLc

s +
∫ t

0

∫
IRd

(
Y(s, x)− 1

) (
µL (dx, ds)− K (dx)ds

)
, t ∈ [0, T],

is a strictly positive P-martingale. In particular,Z is the density process of some
Q ∈ P e with Girsanov parameters(β,Y).

Let M be a fixedd × d-matrix and denote byMa(M L) the set of all absolutely
continuous local martingale measures forM L and byMe(M L) ⊆ Ma(M L) those
which are equivalent toP. The following result describes the elements ofMa(M L).

Proposition 3.4.5. (Proposition 10 of [ES05])Let Q ∈ P a with Girsanov parameters
(β,Y) and such that EQ

[ ∫ T
0

∫
IRd g

(
Y(s, x)

)
K (dx)ds

]
< ∞. ThenM L is a local Q-

martingale if and only if Q-a.s. both
∫ T

0

∫
IRd ‖M (xY(s, x)− h(x))‖ K (dx)ds< ∞

and for all t ∈ [0, T]

M
(

b + cβt +
∫

IRd

(
xY(t, x)− h(x)

)
K (dx)

)
= 0. (3.4.5)

Condition (3.4.5) is called themartingale conditionfor M L.

As we have illustrated in Section 3.2, forQ ∈ P e with density processZ, the rel-
ative entropyf e(Q|P) := E[ZT log ZT ] can be used as a criterion for the definition
of a set of no-good-deal measures. Analogously we define theFt -relative entropyof
Q ∈ P e with respect toP by

f e
t (Q|P) := EQ

[
ZT

Zt
log

ZT

Zt

∣∣∣∣ Ft

]
. (3.4.6)
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Esche/Schweizer [ES05] give in their Lemma 12 a formula forf e
0 (Q|P) in terms of

the Girsanov parameters ofQ. This can immediately be generalized to a formula for
f e
t (Q|P).

Proposition 3.4.6. If Q ∈ P e with Girsanov parameters(β,Y) and fe0 (Q|P) < ∞,
then for all t ∈ [0, T]

f e
t (Q|P) = EQ

[∫ T

t

1

2
β∗

s cβs ds+
∫ T

t

∫
IRd

g (Y(s, x)) K (dx)ds

∣∣∣∣ Ft

]
. (3.4.7)

If it exists, we denote byQe(M L) that probability measureQ ∈ Me(M L) which
minimizes the relative entropyf e(Q|P) = f e

0 (Q|P) over Me(M L). Qe(M L) is
called theminimal entropy martingale measurefor M L. The following is one of the
main results from Esche/Schweizer [ES05]. It shows thatQe(M L) preserves the Ĺevy
property ofL; conditions for the existence ofQe(M L) can also be found in [ES05].

Theorem 3.4.7. (Theorem A of [ES05])If Qe(M L) exists, and if there exists some
Q ∈ Me(M L) such that both fe(Q|P) < ∞ and L is a Q-Ĺevy process, then L is
also a Qe(M L)-Lévy process. In particular, the Girsanov parameters of Qe(M L) are
time-independent and deterministic.

3.5 Dynamic good deal bounds

Our main goal is to study the good deal value bounds as processes. Since their com-
putability and dynamic properties depend on the set of no-good-deal measures, the
main difficulty is to find an appropriate definition for this set in a dynamic context.
This is the subject of this section. The motivation for our way to proceed comes from
a restriction on the maximal attainable exponential utility, i.e., from the utility func-
tion Ue(x) = − 1

β
e−βx with β > 0. Results for more general utility functions can be

deduced from Chapter 4 below.
For dynamic considerations it is important to have a nice parametrization for the

set of probability measures in a model which is still as general as possible. Therefore
we use the same approach as Esche and Schweizer in [ES05]. LetM be a fixed
d × d matrix andL = (Lt )0≤t≤T a d-dimensional Ĺevy process with characteristics
(b, c, K ) as in (3.4.2). The filtration(Ft )0≤t≤T = (F L

t )0≤t≤T is theP-augmentation
of that generated byL. We consider the setMe(M L) of all equivalent local martingale
measures forM L because this allows for several possibilities to model the discounted
price processes of the basic assetsS. For instance, the Ĺevy processL is a localQ-
martingale forQ ∈ P e if and only if S := E(L) is a localQ-martingale. One can
also modelSas a process with stochastic volatility; see [ES05]. To exclude arbitrage
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opportunities we assume that
Me(M L) 6= ∅.

In analogy to the static case, we now consider for each timet ∈ [0, T] and each
Q ∈ Me(M L) the maximal attainable utility from trading in(t, T ] with initial capital
xt ∈ L∞(P,Ft) in the Q-extended market. More precisely, we consider the maximal
attainable utility over the set of payoffs

Ct(xt , Q) := {
X ∈ L1(Q)

∣∣ EQ[X|Ft ] ≤ xt andX− ∈ L∞(P)
}
.

Definition 3.5.1. For Q ∈ Me(M L) we define themaximal(Ue, Q)-utility at time t
from xt ∈ L∞(P,Ft) by

ue,Q
t (xt ) := ess sup

X∈Ct (xt ,Q)
E[Ue(X)|Ft ].

We recall from Remark 3.2.11 the set

Qe := {
Q ∈ Me(M L)

∣∣ f e(Q|P) < ∞ }
.

By Proposition 3.4.6 we have forQ ∈ Qe that alsof e
t (Q|P) is finite for all t ∈ (0, T].

Proposition 3.5.2.For x ∈ dom(Ue) and Q∈ Qe with density process Z= (Zt )0≤t≤T

we have

ue,Q
t (xt ) = Ue(xt )e

−E
[

ZT
Zt

log ZT
Zt

∣∣∣Ft

]
= Ue(xt )e

− f e
t (Q|P) (3.5.1)

where fet (Q|P) is theFt -relative entropy introduced in (3.4.6).

Proof. The conjugate function ofUe from (3.2.7) isVe(y) = − y
β

+ y
β

log y for y > 0,
and the duality relation from (3.2.8) implies that

Ue(x) = inf
y>0

{
Ve(y)+ xy

} ≤ Ve(y′)+ xy′

for any y′ > 0. If we sety′ := y′(ω) := ZT
Zt

exp
(−βxt − f e

t (Q|P)) and takeFt -
conditional expectations, we obtain forX ∈ Ct(xt , Q) that

E[Ue(X)|Ft ] ≤ Ue(xt )e
− f e

t (Q|P).

This proves “≤” in (3.5.1). To prove equality, choose

X := − 1

β

(
log

(
ZT

Zt

)
− βxt − f e

t (Q|P)
)
.
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If X− ∈ L∞(P), then we haveX ∈ Ct(xt , Q), and the result follows. Otherwise let

An :=
{

ZT
Zt

≤ n
}

and

Xn := − 1

β

(
1An log

ZT

Zt
− βxt − E

[
1An

ZT

Zt
log

ZT

Zt

∣∣∣∣Ft

])
so thatX−

n ∈ L∞(P) andEQ[Xn|Ft ] = xt . Finally, the conditional monotone con-
vergence theorem for a uniformly bounded from below sequence of random variables

implies that limn→∞ EQ

[
1An

ZT
Zt

log ZT
Zt

∣∣∣Ft

]
= f e

t (Q|P) and

lim
n→∞ E[Ue(Xn)|Ft ] = E[Ue(X)|Ft ].

This completes the proof.

Proposition 3.5.2 suggests to use theFt -relative entropy as a measurement for the
attractiveness of anyQ ∈ Me(M L) at time t . As in the static caset = 0, this is
anFt -conditional divergenceand thus a measure for the distance betweenQ andP.
Therefore we define a set of no-good-deal measures at timet by imposing an upper
bound on f e

t (Q|P). In order to have this set non-empty, we introduce abenchmark
measureQ̂ ∈ Me(M L) to obtain a lower bound forf e

t (Q|P). We take the same
benchmark measure for allt ∈ [0, T] because thet-benchmark will usually be the
measure which minimizes theFt -conditional divergence overMe(M L) and the fol-
lowing result from Kabanov/Stricker [KS02] shows that this is achieved by the same
Q̂ for all t .

Proposition 3.5.3. (Proposition 4.1 of [KS02])Let there exist Qe(M L) ∈ Me(M L)
with density process Ze such that for any Q∈ Me(M L) with density process Z,

E[Ze
T log Ze

T ] ≤ E[ZT log ZT ].
Then also for any stopping time0 ≤ τ ≤ T

E

[
Ze

T

Ze
τ

log
Ze

T

Ze
τ

∣∣∣∣Fτ] ≤ E

[
ZT

Zτ
log

ZT

Zτ

∣∣∣∣Fτ] .
Remark 3.5.4. An analogous result holds forUq, Up andU`; see [KS02] and Lemma
5.1.4 in the Appendix. 3

For dynamic considerations, the choice of the bound for theFt -conditional diver-
gences over time is very important. In principle, we should like to specify at each
time t the set of no-good-deal measuresNt as follows. Fix two adapted processes
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η′ = (η′
t )0≤t≤T andθ ′ = (θ ′

t )0≤t≤T with η′
t ≥ 1 andθ ′

t ≥ 0, and choose a benchmark
measureQ̂. Then defineNt as the set of allQ ∈ Me(M L) such that

f e
t (Q|P) ≤ η′

t f e
t (Q̂|P)+ θ ′

t (3.5.2)

or equivalently

−e− f e
t (Q|P) ≤ −θ ′′

t e−η′
t f e

t (Q̂|P) with θ ′′
t := e−θ ′

t .

Let g(y) := y log y − y + 1. If Q ∈ P e has Girsanov parameters(β,Y) and satisfies
f e
0 (Q|P) < ∞, then Proposition 3.4.6 implies for allt < T that

f e
t (Q|P) = EQ

[∫ T

t

1

2
β∗

s cβs ds+
∫ T

t

∫
IRd

g
(
Y(s, x)

)
K (dx)ds

∣∣∣∣ Ft

]
=: EQ

[∫ T

t
ke
(
βs,Y(s, . )

)
ds

∣∣∣∣Ft

]
. (3.5.3)

Despite this fairly explicit expression, calculating the good deal value bounds[
ess inf
Q∈Nt

EQ[X̂|Ft ], ess sup
Q∈Nt

EQ[X̂|Ft ]
]

as processes for some random payoffX̂ ∈ L∞(P) is mathematically intractable with
the above general definition ofNt . Therefore we want to replace theglobalconstraint
(3.5.2) onQ by a local restriction on the integrandke

(
βs,Y(s, . )

)
in (3.5.3). It will

turn out to be very helpful that if we choose the minimal entropy measureQe(M L) as
benchmark measurêQ, this integrand is very simple. In fact, Theorem 3.4.7 implies
that under appropriate assumptions, the Girsanov parameters(βe,Ye) of Qe(M L)
are time-independent and deterministic. So if we writek̂e := ke

(
βe,Ye( . )

)
for this

constant integrand, then

f e
t (Q̂|P) = f e

t (Q
e|P) = (T − t)k̂e.

Hence imposing a bound onf e(Q̂|P) is clearly equivalent to imposing a bound on
k̂e. Generalizing the latter to otherQ still remains tractable, in contrast to (3.5.2).

The above discussion, motivated by exponential utility, leads us to the following
general problem. In order to emphasize the dependence ofQ ∈ P e on its Girsanov
parameters(β,Y) (with respect toL), we writeQ(β,Y).

Problem: Let k be a deterministic function on IRd × IR+ and ft(Q|P) ≥ 0 an
Ft -conditional divergence. For the latter, assume that for all Q(β,Y) contained in

Q
f
t := {Q ≈ P | ft (Q|P) < ∞},
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it has the form

ft(Q
(β,Y)|P) = EQ(β,Y)

[∫ T

t
k
(
βs,Y(s, . )

)
ds

∣∣∣∣Ft

]
. (3.5.4)

For a benchmark measurêQ = Q(β̂,Ŷ) ∈ Q
f
t andglobalrestrictions

ft(Q
(β,Y)|P) ≤ η′

t ft (Q
(β̂,Ŷ)|P)+ θ ′

t for all t ∈ [0, T], (3.5.5)

find more tractable but economically still reasonablelocal restrictions on the inte-
grand k

(
βs,Y(s, . )

)
, which imply the global restrictions.

Remark 3.5.5. a) The conditional expectation in (3.5.4) could also be with re-
spect to some other measureR(β,Y) depending on the same(β,Y) asQ(β,Y)

and the integral
∫

k(β,Y)dscould be replaced bye
∫

k(β,Y)ds. This will actually
be required forUq, Up andU`; see Chapter 4. The same arguments as below
then still work. In order to keep notation simple and to concentrate on the main
ideas of our approach, we do not introduceR(β,Y) here.

b) Similarly, the assumptionft (Q|P) ≥ 0 is made only for simplicity. For more
generalft(Q|P) the processη′ might have to be chosen differently.

c) In this section we do not assume that the basic assetsS are locally bounded.
Therefore it would be natural to consider instead ofMe(S) = Me(M L) the set

Qσ := {Q ∈ P e | S is aσ -martingale underQ};
see [DS98]. However, ifS is uniformly bounded from below, thenQ ∈ Qσ

if and only if Q ∈ Me(S); this holds since by Theorem 88 in [Pro04] we
can write anyσ -martingale underQ as the integral with respect to someQ-
martingale and this integral is a local martingale if it is uniformly bounded from
below. Moreover, it was pointed out to us by F. Delbaen that the assumption
Me(S) 6= ∅ implies by Theorem 1.1 in [KS01] thatMe(S) is dense inQσ with
respect to the total variation norm. In fact, this holds since one can replaceP in
Theorem 1.1 of [KS01] by someQ ∈ Me(S) so that as remarked there, the set

Qσ
b =

{
Q̃ ∈ Qσ

∣∣∣ dQ̃
d Q ∈ L∞

}
is contained inMe(S) and dense inQσ . Thus,

for the purpose of good deal bounds it suffices to considerMe(S).
3

To tackle the above problem, we fix a benchmark measureQ̂ = Q(β̂,Ŷ) ∈ Me(M L)
and processesη = (ηs)0≤s≤T andθ = (θs)0≤s≤T with ηs ≥ 1 andθs ≥ 0. Then we
define for each timet a set of no-good-deal measures by local restrictions on the inte-
grandk

(
βs,Y(s, . )

)
. In order to obtain meaningful results we always assume that

Q̂ ∈ Q
f
t for all t ∈ [0, T).
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Definition 3.5.6. The set ofno-good-deal measuresat timet ∈ [0, T) is defined by

NLt := NL
η,θ,Q̂
t

:=
{

Q(β,Y) ∈ Me(M L)
∣∣∣ k(βs,Y(s, . )) ≤ ηsk(β̂s, Ŷ(s, . ))+ θs

d P ⊗ dt-a.e. on�× [t, T ]
}
. (3.5.6)

Note thatQ̂ ∈ Q
f
t implies NLt 6= ∅ for all t ∈ [0, T), and that the restriction

in (3.5.6) is completely analogous to the one in (3.5.5); the only difference is that
it is formulated at the level of the integrandsk instead of the integralsf (Q|P), see
(3.5.4). Moreover, the value offt (Q(β,Y)|P) depends onQ(β,Y) not only via the
integrandk

(
βs,Y(s, . )

)
but also via theQ(β,Y)-conditional expectation. Therefore,

even for deterministicη and θ , the local restriction in (3.5.6) does not necessarily
imply the global restriction (3.5.5). However, suppose that the benchmark measure
Q̂ has deterministic and time-independent Girsanov parameters(β̂, Ŷ) (as it is the
case for the minimal entropy measure). Then it seems reasonable to chooseη andθ
as deterministic functions as well. These two assumptions then imply that the local
restrictions induce the global restrictions.

Theorem 3.5.7. Let η = η( · ) and θ = θ( · ) be deterministic functions on[0, T]
with η ≥ 1 andθ ≥ 0 and let the benchmark measurêQ have time-independent and
deterministic Girsanov parameters(β̂, Ŷ). Suppose also that (3.5.4) holds. Then for
η′(t) := 1

T−t

∫ T
t η(s)ds andθ ′(t) := ∫ T

t θ(s)ds, we have

NL
η,θ,Q̂
t ⊆ {

Q ∈ Me(M L)
∣∣ ft(Q|P) ≤ η′(t) ft (Q̂|P)+ θ ′(t)

}
.

Proof. This is obvious from (3.5.4), (3.5.6) and the assumptions.

Remark 3.5.8. Why do we introduce the processθ? If θ ≡ 0, the upper bound for the
Ft -conditional divergence ofQ is proportional to theFt -conditional divergence of the
benchmark measurêQ. A convenient choice for̂Q is that measure which minimizes
theFt -conditional divergence overMe(M L). Then ft(Q̂|P) quantifies how farP is
away from being a local martingale measure. IfP itself is already a local martingale
measure, then one should chooseQ̂ = P, and if then ft(Q|P) = E

[
f (d Q/d P)

∣∣Ft
]

with f (1) = 0, we would getft(Q̂|P) ≡ 0. Hence in this case, the set of no-good-
deal measures would (for a reasonablef ) contain onlyP. If one starts with a local
martingale measure forP, one can of course argue that this is a valid pricing measure;
but it is still a matter of taste whether or not one is willing to say that it is the only
reasonable one. If one is, thenθ ≡ 0 is a very convenient choice. However, for greater
generality we allow also forθ 6≡ 0. 3
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Having definedNL
η,θ,Q̂
t , we next have to ask which dynamics the processesη

andθ should have. As argued above, they should be deterministic functions in order
that for a benchmark measure with time-independent and deterministic Girsanov pa-
rameters, the local restrictions imply the global ones. Given our Lévy framework and
the above desired properties of the benchmark measure, it seems convenient to let also
η andθ or η′ andθ ′ be time-independent in an appropriate sense. This can be made
more precise in two ways.

A first possibility is time-independence with respect to the global restriction (3.5.5),
i.e., such thatη′ andθ ′ are independent oft in (3.5.5). However, for fixedt , this yields
for η andθ from Definition 3.5.6 thatηs ≡ η′ andθs = θ

(t)
s ≡ θ ′

T−t for all s ∈ [t, T).
In other words, the local restriction which specifiesNL

η,θ,Q̂
t in (3.5.6) then depends

on t . This is very inconvenient if we want to apply dynamic programming techniques.
A much more convenient choice is time-independence with respect to the local

restrictions. One then choosesηs ≡ η andθs ≡ θ for all s ∈ [0, T], and if θ ≡ 0,
one gets the same result as for the first possibility. This second choice allows to
apply dynamic programming techniques; moreover, the set of no-good-deal measures

NLt = NL
η,θ,Q̂
t can be chosen independent oft in the following sense.

Lemma 3.5.9. If ηs ≡ η ≥ 1, θs ≡ θ ≥ 0 for all s ∈ [0, T] and the Girsanov
parameters ofQ̂ are time-independent and deterministic, then for any X∈ L∞(P)

ess inf
Q∈NL

η,θ,Q̂
t

EQ[X|Ft ] = ess inf
Q∈NL

η,θ,Q̂
0

EQ[X|Ft ].

Proof. Due to the Bayes rule, theFt -conditional expectations underQ depend only
on (NQ

s )t≤s≤T with NQ from (3.4.3). Hence restrictingβ andY via k has the same
effect if it is done on[t, T ] or on[0, T].

Now assume thatη, θ and the benchmark measureQ̂ are as in Lemma 3.5.9. Then
we can skip the mention oft for the set of no-good-deal measures and set

NL := NL0 = NL
η,θ,Q̂
0 .

The next result illustrates how the local and global restrictions are linked if we im-
pose in addition that any no-good-deal measure must preserve the Lévy property of
L or, equivalently, must have time-independent and deterministic Girsanov parame-
ters. Under this condition, the global and local restrictions on the set of no-good-deal
measures are equivalent.

Proposition 3.5.10. Supposeηs ≡ η ≥ 1, θs ≡ θ ≥ 0 and the Girsanov parameters
of Q̂ are time-independent and deterministic. Define

Me
Lévy(M L) := {

Q ∈ Me(M L)
∣∣ L is a Q-Lévy process

}
,

NLL := NL ∩ Me
Lévy(M L)
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and for each t∈ [0, T] set

N L
t := {Q ∈ Me(M L) | ft(Q|P) ≤ η ft(Q̂|P)+ θ(T − t)} ∩ Me

Lévy(M L).

Then

ess inf
Q∈NLL

EQ[X|Ft ] = ess inf
Q∈N L

t

EQ[X|Ft ] for all X̂ ∈ L∞(P).

Proof. Girsanov’s theorem and (3.4.2) imply thatQ(β,Y) ∈ Me(M L) preserves the
Lévy property ofL, i.e., is inMe

Lévy(M L), if and only if (β,Y) is time-independent.
This implies that instead of Theorem 3.5.7, we haveNLt ∩ Me

Lévy(M L) = N L
t . The

rest then goes as for Lemma 3.5.9.

To finish this section, let us relate Theorem 3.5.7 and Proposition 3.5.10 to the ar-
ticles [CSR00], [Cer03] and [BS06] which also deal with good deal bounds obtained
from local restrictions. [CSR00] and [Cer03] work in a Brownian setting and obtain a
connection between the local and global restrictions by taking limits. [BS06] extend
that model by adding a marked point process, but they do not study the relation be-
tween the local and global restrictions. In contrast, Theorem 3.5.7 proves in a general
setting that the local implies the global restriction, and Proposition 3.5.10 provides a
precise description of a situation when the local and global restrictions coincide for
the choice of no-good-deal pricing measures. Moreover, none of the above articles
gives a justification why a constant or deterministic local restriction is reasonable, nor
in particular why it induces a non-empty set of no-good-deal measures.

3.6 Valuation processes induced by good deal bounds

In this section we discuss properties of the processes of no-good-deal values and valu-
ation bounds. As in the previous section, we work with theP-augmentation of the fil-
tration generated by ad-dimensional Ĺevy processL and assume thatMe(M L) 6= ∅.
Proceeding in the abstract setting motivated by the exponential good deal bounds, we
fix a deterministic functionk which describes some non-negativef -divergence, con-
stantsη ≥ 1 andθ ≥ 0 and a benchmark measurêQ with time-independent and
deterministic Girsanov parameters(β̂, Ŷ). The set of no-good-deal measures is

NL =
{

Q(β,Y) ∈ Me(M L)
∣∣∣ k

(
βs,Y(s, . )

) ≤ ηk
(
β̂, Ŷ( . )

)+ θ

d P ⊗ dt-a.e. on�× [0, T]
}
. (3.6.1)
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Definition 3.6.1. For anyX ∈ L∞(P) we define thelowerandupper good deal value
processby

π`t (X) := ess inf
Q∈NL

EQ[X|Ft ] for t ∈ [0, T],
πu

t (X) := −π`t (−X) = ess sup
Q∈NL

EQ[X|Ft ] for t ∈ [0, T].

In analogy to the static case,π` is a dynamic monetary coherent utility functional
in the sense of the following definition; see Section 2.3 for more details.

Definition 3.6.2. Fix t ∈ [0, T]. A mapping8t : L∞(FT ) → L∞(Ft ) is amonetary
coherent utility functional at time tif it satisfies

A) monotonicity: 8t(X1) ≤ 8t (X2) for X1 ≤ X2;

B) Ft -translation invariance:8t (X + at ) = 8t (X)+ at for at ∈ L∞(Ft );

C) concavity: 8t
(
αX1+(1−α)X2

) ≥ α8t (X1)+(1−α)8t (X2) for α ∈ [0, 1];
D) positive homogeneity:8t(λX) = λ8t (X) for λ ≥ 0.

If each8t is a monetary coherent utility functional at timet ∈ [0, T], we call the
family 8 = (

8t ( . )
)
0≤t≤T a dynamic monetary coherent utility functional.

Lemma 3.6.3. π` is a dynamic monetary coherent utility functional.

Proof. Easy to check.

The setNL of no-good-deal measures has the following property which is very
important for the existence of a regular version and a nice dynamic behaviour ofπ`

as well as for the application of dynamic programming techniques.

Definition 3.6.4. A setS ⊆ P a such thatS ∩ P e 6= ∅ is calledm-stableif it has the
following property: If we takeQ1, Q2 ∈ S with associated density processesZ1, Z2

(with respect toP), fix a stopping timeτ ≤ T , impose thatQ2 ≈ P and define

ZT := Z1
τ

Z2
T

Z2
τ

,

thenZT is the density of some element inS.
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Remark 3.6.5. a) Although in the Definition 2.3.27 of weak m-stability there oc-
curs an additional setA, the only difference between weak m-stability and m-
stability is that the latter is defined with respect to stopping times instead of
deterministic times; see Remark 2.3.28.

b) The setNLL from Proposition 3.5.10 is in general not m-stable; the reason
is that the Girsanov parameters of the probability measure defined by the con-
catenation operation in Definition 3.6.4 change their value at timeτ , i.e., are
time-dependent.

3

Proposition 3.6.6. a) The setNL from (3.6.1) is m-stable.

b) For each X∈ L∞(P) there exists an RCLL version ofπ` = (
π`t (X)

)
0≤t≤T ,

again denoted byπ`, such that

π`τ (X) = ess inf
Q∈NL

E[X|Fτ ]

for any stopping timeτ ≤ T .

Proof. Part a) holds sinceMe(S) is m-stable by Proposition 5 in [Del06] and be-
causeNL is defined by a pointwise restriction and b) holds by Lemmata 22 and 23 in
[Del06].

In the sequel, we choose an RCLL version for everyπ`(X). The following two
properties are of interest for the dynamic behaviour of any dynamic monetary coherent
utility functional and in particular forπ`.

Definition 3.6.7. Let S ⊆ P e be non-empty and define for each stopping timeτ ≤ T
andX ∈ L∞(P)

8τ (X) := ess inf
Q∈S

EQ[X|Fτ ].

8 is calledstopping-time-consistentif 8τ(X1) ≤ 8τ (X2) implies8σ(X1) ≤ 8σ(X2)

for any pair of stopping timesσ ≤ τ ≤ T . We call8 recursive with respect to stop-
ping timesif 8σ

(
8τ(X)

) = 8σ(X) for any pair of stopping timesσ ≤ τ ≤ T .

Remark 3.6.8. a) The difference between stopping-time-consistency here and
time-consistency as defined in Definition 2.3.23 is that we allow here for stop-
ping times instead of deterministic times. The literature usually does not distin-
guish between these two properties and refers to both as time-consistency.
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b) In economic terms, stopping-time-consistency preserves over time the ordering
induced by8. Recursiveness means that if we want to value the timeT payoff
X at timeσ , we can either do this directly or first value it at timeτ ≥ σ and
then value that result at timeσ .

3

One can show that the two properties are in fact equivalent, and that they automat-
ically hold if S is m-stable. IfS = S′ ∩ P e for some setS′ ⊆ P a such that the set of
densities corresponding toS′ is convex and norm closed inL1(P), then they are even
equivalent to m-stability ofS; see Theorem 12 in [Del06].

Proposition 3.6.9.π` is time-consistent and recursive with respect to stopping times.

Proof. This follows as in the proof of Theorem 12 in [Del06].

We next turn to the question of nice representations for the value bound processes.
Let us assume that the basic assetsSare locally bounded and thatMe(M L) = Me(S).
For anyX ∈ L∞, recall that itssuperhedging value processis given by(

ess sup
Q∈Me(M L)

EQ[X|Ft ]
)

0≤t≤T
.

At time t , this corresponds to the smallest amount of money which allows one to
obtain, by trading inS during (t, T ], a payoff which dominatesX. It is well known
that this process has theoptional decomposition

ess sup
Q∈Me(M L)

EQ[X|Ft ] = x0 + (ϑ · S)t − Ct , (3.6.2)

wherex0 ∈ IR, ϑ is predictable,S-integrable and such thatϑ · S is locally bounded
from below, andC is an increasing adapted RCLL process; see [Kra96] or [FK97].
But even if we replaceC by some adapted RCLL processC̃ of finite variation which is
not necessarily increasing, we cannot hope in general to obtain such a representation
for the upper good deal value bound processπu, except for the special cases when
NL = Me(M L) or when X is attainable by trading in the basic assets. In fact,
suppose we could write

πu
t (X) = ess sup

Q∈NL
EQ[X|Ft ] = x̃0 + (ϑ̃ · S)t − C̃t .

For simplicity, assume that the filtration is Brownian so that any local martingale
of finite variation is constant. Since for anyQ ∈ NL the processπu(X) is a Q-
supermartingale and̃ϑ · S is a Q-local martingale, we see that̃C must be an in-
creasing process. Hence if a representation exists, it must be of the form (3.6.2).
However, by Theorem 3.1 in [FK97], an optional decomposition exists if and only if
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πu(X) is a local supermartingale for allQ ∈ Me(M L). This is not true in general;
we can get the supermartingale property forQ ∈ NL, but have no information for
Q ∈ Me(M L) \ NL.

Another way to obtain a representation might be to add a finite number of semi-
martingales to the basic assetsS such thatNL becomes the set of equivalent local
martingale measures for this enlarged family of processes. Unfortunately, this also
does not help in general. In fact, assume that the Lévy processL is continuous, so that
every strictly positive martingale is of the formE(

∫
β∗ dLc) and

NL = {
Qβ ∈ Me(M L)

∣∣ k(βt ) ≤ ηk(β̂)+ θ d P ⊗ dt-a.e.
}
.

By Theorem 19 of [Del06],NL corresponds to a set of equivalent local martingale
measures if and only if for eacht ∈ [0, T] and eachω ∈ �,{

βt(ω) ∈ IRd
∣∣∣ k(βt(ω)

) ≤ ηk(β̂)+ θ
}

− β̂

is a subspace ofIRd. But this is obviously not true in general. In view of the above
negative results, it would be interesting to know whether there are other useful decom-
positions for the good deal value bound processesπ` andπu.

We finish this section with a brief consideration concerning dynamic no-arbitrage
properties of no-good-deal value processes. FixX ∈ L∞(P). Every Q1 ∈ NL
induces an arbitrage-free value process(EQ1[X|Ft ])0≤t≤T for X. This is a subjective
no-good-deal value process of some agent, and so the agent might want to switch
from Q1 to some other pricing measureQ2 ∈ NL at some stopping timeτ . This
raises the question when such a change of the pricing measure does not yield arbitrage
opportunities. For simplicity, assume that the basic assetsS with Me(M L) = Me(S)
are locally bounded. Then there exist no arbitrage opportunities if and only if there
existsQ ∈ Me(M L) such that

pt(X) :=
{

EQ1[X|Ft ] on [[0, τ [[
EQ2[X|Ft ] on [[τ, T]] (3.6.3)

is a (true)Q-martingale; see [DS94] for locally bounded and [DS98] for unbounded
processes, and note thatp(X), like X, is bounded. Since the filtration is generated
by a Lévy process, it is quasi-left continuous. If the stopping timeτ is predictable,
no jumps can occur forpτ (X) and we can give a condition which is necessary and
sufficient for the existence of an appropriateQ ∈ Me(M L). For a totally inaccessible
stopping time, we have found so far only a sufficient condition.

Proposition 3.6.10. Denote by Z1, Z2 the density processes of Q1, Q2 ∈ NL from

(3.6.3). DefineQ ∈ NL by the densityZT := Z1
τ

Z2
T

Z2
τ

and set

1τ := EQ2[X|Fτ ] − EQ1[X|Fτ ].
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If M := 1τ1[[τ,T]] is a Q-martingale, thenp(X) is a Q-martingale. Ifτ is a pre-
dictable stopping time, then the following are equivalent:

a) There exists Q∈ Me(M L) such thatp(X) is a Q-martingale.

b) p(X) is a Q-martingale.

c) pτ−(X) = pτ (X).

Proof. The processp = (pt )0≤t≤T defined by

pt := EQ1[X|Ft∧τ ] + 1[[τ,T]](EQ2[X|Ft ] − EQ2[X|Fτ ])

is a Q-martingale. SinceM = p(X) − p we see thatp(X) is a Q-martingale if
and only if M is. The m-stability ofNL implies thatQ ∈ NL ⊆ Me(M L). This
proves the sufficient condition. Now suppose thatτ is a predictable stopping time.
The filtration is quasi-left-continuous so thatFτ = Fτ−. This together with Theorem
VI.14 of [DM82] implies that if p(X) is a martingale for someQ ∈ Me(M L), then c)
must hold. Moreover, if c) holds thenp(X) is a martingale forQ ∈ NL. This finishes
the proof.

3.7 Examples

In this section we study two examples. In the first we obtain a partial integro-differential
equation for the value bound via dynamic programming techniques. The second exam-
ines good deal value bounds under the additional assumption that the pricing measure
preserves the Ĺevy property of the processL which generates the filtration.

3.7.1 Stochastic control

In this example we derive a stochastic control problem for the good deal value process.
We fix the truncation functionh(x) := x1{‖x‖≤1} on IRd. The filtration is generated
by ad-dimensional Ĺevy processL = (Lt )0≤t≤T with dynamics

dLt = αdt + σ d Bt +
∫

‖x‖≤1
x
(
µ(dx, dt)− K (dx)dt

)
+
∫

‖x‖>1
xµ(dx, dt),

where B is a d-dimensional Brownian motion,K (dx)dt is the compensator of the
random measureµ, α is ad-dimensional vector andσ is ad × d nonnegative definite

144 Chapter 3. Utility based good deal bounds

matrix. We introduce the notations

σ =
 σ11 . . . σ1d

...
. . .

...

σd1 . . . σdd

 =
 σ ∗

1
...

σ ∗
d

 and α =
 α1

...

αd

 .
The triplet(b, c, K ) in (3.4.2) which describes the characteristics ofL is given by

b = α and c = σσ ∗ =:
 c11 . . . c1d

...
. . .

...

cd1 . . . cdd

 =
 c∗

1
...

c∗
d

 .
We defineS = (St )0≤t≤T as the stochastic exponential ofL, i.e.,

S = (S
1
, . . . , S

d
)∗ = E(L),

and for a fixedd × d-matrix M we denote byMe(M L) the set of all equivalent local
martingale measures forM L. The interpretation is as follows.S describes the dis-
counted price processes of some assets. If we assume, e.g., that trading is possible

only in S
1

andS
2

and set

M :=


1 0 0 · · · 0
0 1 0 · · · 0
0 0 0 · · · 0
...

. . .
...

0 0 0 · · · 0

 ,

thenMe(M L) = Me
(
E(M L)

) = Me
(

S
1
, S

2
)

corresponds to the set of equivalent

local martingale measures for thetradedassets. For a payoffX = 9(ST ) which is
sufficiently integrable (e.g.,X ∈ L∞(P) ), we want to find the solution to the follow-
ing optimal control problem which describes the upper good deal value process forX.

Problem: Find
ess sup

allowed(β,Y)
EQ(β,Y)[9(ST )|Ft ],

where the allowed Girsanov parameters(β,Y) satisfy for all t∈ [0, T] the conditions

Y(t, x) > 0, (3.7.1)∫ T

0

∫
IRd

∥∥M
(
xY(t, x)− h(x)

)∥∥ K (dx)dt < ∞, (3.7.2)

M
(

b + cβt +
∫

IRd

(
xY(t, x)− h(x)

)
K (dx)

)
= 0, (3.7.3)

ke(βt ,Y(t, . )
) := 1

2
β∗

t cβt +
∫

IRd
g
(
Y(t, x)

)
K (dx) ≤ η̂, (3.7.4)
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and where g(y) = y log y − y + 1 andη̂ is a fixed constant.

Remark 3.7.1. Recall from Proposition 3.4.5 that the conditions (3.7.2) and (3.7.3)
ensure thatQ(β,Y) ∈ Me(M L).

In order to apply dynamic programming techniques, we make the following

Assumptions:

A) f e
0 (Q|P) < ∞ for someQ ∈ Me(M L).

B) For every allowedQ = Q(β,Y), the Girsanov parameters(β,Y) are of the form

βt = β(t, St−) and Y(t, x) = Y(t, St−, x)

for deterministic functionsβ : IR+× IRd → IRd andY : IR+× IRd× IRd → IR.

AssumptionB) implies that the Markov property ofL is preserved underQ(β,Y) so
that

ess sup
allowed(β,Y)

EQ(β,Y)[9(ST )|Ft ] = V(t, St )

for a deterministic functionV : IR+ × IRd → IR. Note thatB − ∫
σ ∗βs ds is a

Q(β,Y)-Brownian motion and that the compensator of the random measureµ under
Q(β,Y) is given byY(t, x) K (dx)dt. If V is in C1,2(IR+, IRd) and η̂ is big enough,
then formally It̂o’s formula implies thatV should solve the following problem:

∂

∂t
V(t, s)+ sup

allowed(β,Y)
A(β,Y)V(t, s) = 0,

V(T, s) = 9(s),

Y(t, s, x) > 0,

M
(

b + cβt +
∫

IRd

(
xY(t, x)− h(x)

)
K (dx)

)
= 0,

1

2
β∗(t, s) cβ(t, s)+

∫
IRd

g
(
Y(t, s, x)

)
K (dx) ≤ η̂,

whereA(β,Y) denotes theQ(β,Y) generator ofS. Even if V solves the above partial
integro-differential equation, it remains to check thatY satisfies (3.7.2) and thatV
actually yields a solution to the original stochastic control problem; see [OS05] for a
more detailed discussion and Theorem 3.1 there for a verification problem in a similar
setting.
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Remark 3.7.2. In [BS06] there is a detailed discussion of a control problem which
differs from this example only with respect to the conditionke

(
β(t, s),Y(t, s, . )

) ≤ η̂

which is replaced there by

β∗(t, s) cβ(t, s)+
∫

IRd

(
Y(t, s, x)− 1

)2
K (dx) ≤ η̂.

3

3.7.2 Good deal bounds and preservation of the Ĺevy property

In this example we consider good deal value bounds under the additional condition
that the pricing measure has to preserve the Lévy property ofL or, equivalently, has
deterministic time-independent Girsanov parameters. In this case one cannot apply
the methods of dynamic programming. However, the restriction to time-independent
Girsanov parameters often yields relatively simple optimization problems for the value
bounds. To illustrate this, let the filtration be generated by the 2-dimensional Lévy
process

Lt = αt + σ Bt +
∫ t

0

∫
IR2

xµ(dx, dt),

whereB = (B1, B2)∗ is a 2-dimensional Brownian motion,α = (α1, α2)
∗ is a vector

in IR2 andσ =
(

σ1 0
σ2ρ σ2

√
1 − ρ2

)
with σ1, σ2 > 0 andρ ∈ [0, 1]. We denote

by δ{x} the Dirac measure inx ∈ IR2 and assume that the compensator ofµ is of the
form K (dx)dt with

K (dx) =
n∑

j =1

λ j δ{xj }(dx)

for fixedλ1, . . . , λn > 0 andx1, . . . , xn ∈ IR2 such that withxj =: (x′
j , x′′

j )
∗ we have

x′
j > −1 andx′′

j > −1 for j ∈ {1, . . . , n}. This means that underP the sum of jumps∫ ∫
IR2 xµ(dx, dt) is the sum ofn independent Poisson processes with respective jump

sizexj and intensityλ j . We introduce the notation
(
S

′
, S

′′)∗ := E(L). As before, it is
the choice of theIR2×2-matrixM which decides which processes are traded assets. By
Me(M L), we again denote the set of equivalent local martingale measures forM L.
If we impose that any pricing measureQ(β,Y) has to preserve the Lévy property of
L = (L1, L2)∗, the corresponding Girsanov parameters(β,Y) are fully described by
a constant vectorβ = (β1, β2)

∗ ∈ IR2 and by the valuesY(xj ) =: yj ∈ (0,∞) for
j ∈ {1, . . . , n}.

Assumption: There existsQ(β,Y) ∈ Me(M L) with (β,Y) deterministic and time-
independent and withf e

0 (Q
(β,Y)|P) < ∞.
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Let us consider the payoffX = (S
′′
T )

2 and defineWt := ρB1
t +√1 − ρ2B2

t . Denoting

x = (x′, x′′)∗, Itô’s formula implies thatS
′′
t = E(L2

t ) = eL̃t , where

L̃ t = L2
t +

∫ t

0

∫
IR2

(
log(x′′ + 1)− x′′)µ(dx, dt)− 1

2
σ 2

2 t

= α2t + σ2Wt +
∫ t

0

∫
IR2

log(x′′ + 1) µ(dx, dt)− 1

2
σ 2

2 t

=
(
α2 − 1

2
σ 2

2 + σ2

(
ρβ1 +

√
1 − ρ2β2

))
t

+σ2W(β,Y)
t +

∫ t

0

∫
IR2

log(x′′ + 1) µ(dx, dt)

andW(β,Y) is the Q(β,Y)-Brownian motionW(β,Y)
t := Wt −

(
ρβ1 +√

1 − ρ2β2

)
t .

Note that
∫ ∫

IR2 2 log(x′′ + 1) µ(dx, dt) is underQ(β,Y) the sum ofn independent
Poisson processes with respective jump sizes 2 log(x′′

j + 1) and intensitiesλ j yj so
that

EQ(β,Y)

[
exp

(∫ T

t

∫
IR2

2 log(x′′ + 1) µ(dx, dt)

)∣∣∣∣Ft

]
=

n∏
j =1

( ∞∑
k=0

e2 log(x′′
j +1)k

(
λ j yj (T − t)

)k
k! e−λ j yj (T−t)

)

=
n∏

j =1

( ∞∑
k=0

1

k!
(
(x′′

j + 1)2λ j yj (T − t)
)ke−λ j yj (T−t)

)

= exp

 n∑
j =1

λ j yj (T − t)
(
2x′′

j + (x′′
j )

2) .

Hence(s, ω) 7→ exp
(∫ s

0

∫
IR2 2 log(x′′ + 1) µ(dx, dt)− s

∑n
j =1 λ j yj

(
2x′′

j + (x′′
j )

2
))

is a Q(β,Y)-martingale. Since continuous and purely discontinuous martingales are
orthogonal we thus have that
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EQ(β,Y)

[
(S

′′
T )

2
∣∣∣ Ft

]
= (S

′′
t )

2EQ(β,Y)

[
exp

(
2(L̃T − L̃ t)

) ∣∣∣ Ft

]
= (S

′′
t )

2 exp

((
2α2 + σ 2

2 + 2σ2
(
ρβ1 +

√
1 − ρ2β2

)
+

n∑
j =1

λ j yj
(
2x′′

j + (x′′
j )

2))(T − t)

)

× EQ(β,Y)

[
exp

(
2σ2

(
W(β,Y)

T − W(β,Y)
t

)− 2σ 2
2 (T − t)

)
× exp

(∫ T

t

∫
IR2

2 log(x′′ + 1) µ(dx, dt)

−
n∑

j =1

λ j yj (T − t)
(
2x′′

j + (x′′
j )

2))∣∣∣∣Ft

]

= (S
′′
t )

2 exp

((
2α2 + σ 2

2 + 2σ2
(
ρβ1 +

√
1 − ρ2β2

)
+

n∑
j =1

λ j yj
(
2x′′

j + (x′′
j )

2))(T − t)

)
.

Since(S
′′
t )

2 > 0, calculating the upper good deal value process thus reduces to the
following optimization problem (which is independent oft):

maximize 2α2 + σ 2
2 + 2σ2

(
ρβ1 +√

1 − ρ2β2

)
+∑n

j =1 λ j yj (2x′′
j + (x′′

j )
2)

overβ ∈ IR2 and y∈ IRn, subject to

y1, y2, . . . , yn > 0,

M

α + σσ ∗β +
n∑

j =1

xj yjλ j

 = 0,

1

2
β∗σσ ∗β +

n∑
j =1

(yj log yj − yj + 1)λ j ≤ η̂

for some constant̂η.

It seems unlikely that this problem can be solved explicitly, but at least one can
resort to numerical methods. For other payoffs, analogous computations could be
done.



Chapter 4

Preservation of the Lévy
property under an optimal
change of measure

4.1 Introduction

Lévy models are very popular in finance due to their tractability and their good fitting
properties. However, Ĺevy models typically yield incomplete markets. This raises
the question of which measure one should choose for valuation or pricing of untraded
payoffs. Very often, a measure is chosen which minimizes a particular functional over
the setMe(S) of equivalent local martingale measures for the underlying assetsS.
This choice can be motivated by a dual formulation of a primal utility maximization
problem. If P denotes the subjective measure, then the functional onMe(S) is typi-
cally of the formQ 7→ EP

[
f
( d Q

d P

)]
where f is a convex function on(0,∞). Then

f (Q|P) := EP
[

f
( d Q

d P

)]
, known as thef -divergenceof Q with respect toP, is a

measure for the distance betweenQ andP; see [LV87] for a textbook account. Hence
one chooses as pricing measure the martingale measure which is closest toP with
respect to somef -divergence.

In this chapter, we considerf (Q|P) corresponding to

f `(z) := − logz, f p(z) := z−δ for δ ∈ (0,∞) and f q(z) := z2; (4.1.1)

they are (strictly) convex. More precisely, we work on a probability space(�,F , P)
equipped with a filtration which is theP-augmentation of that generated by ad-
dimensional Ĺevy processL. Instead of determining the basic assetsS explicitly,
we only assume that they are such thatMe(S) = Me(M L) whereM is a fixedd × d-
matrix; this allows several choices forS. Our main result then is that for a fixed
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f ∈ { f `, f p, f q}, the processL is still a Lévy process under thef -minimal martin-
gale measure(for M L) Q f which minimizesf (Q|P) overMe(M L). Put differently,
we show that the Ĺevy property is preserved under a change toQ f . This is a very
pleasant result. Firstly, it simplifies the determination ofQ f significantly. Secondly,
for values of payoffs calculated with respect to this measure one obtains relatively
simple formulas and often even closed-form expressions.

We obtain our main result as follows. Since the filtration is generated by theP-
Lévy processL, any probability measureQ ≈ P can be fully described via two
parametersβ and Y, calledGirsanov parametersof Q with respect toL. The f -
divergencef (Q|P) is a convex functional of the Girsanov parameters ofQ. Thus
one can apply Jensen’s inequality to show thatf (Q|P) can be reduced by averaging
β andY. More precisely, the new parameters obtained by averaging define a measure
Q with f (Q|P) ≤ f (Q|P). Since we are interested in the measureQ f which min-
imizes f (Q|P) over Q ∈ Me(M L), we need to ensure in addition thatQ is a local
martingale measure ifQ is. This is not true in general, but it does hold if we takeQ
from a suitable subset ofMe(M L), which is specified via an additional integrability
condition forL. We then show that this subset is dense inMe(M L) in an appropri-
ate sense, and this allows us to prove thatQ f has time-independent and deterministic
Girsanov parameters. Because this characterizes those measures which preserve the
Lévy property ofL, our main result follows.

The chapter is structured as follows. In Section 4.2, we motivate our results and
relate them to the existing literature. In Section 4.3 we fix some notation and recall
some important facts about Lévy processes and changes of measure. In particular, we
explain how equivalent measures can be described by their Girsanov parameters and
give conditions for the latter to describe a measure inMe(M L); for convenience of
the reader and to keep this chapter self-contained, we also recall results which were
already presented in Section 3.4. Section 4.4 then contains the main results. In Sub-
section 4.4.1 we explicitly define the averaging procedure for the Girsanov parameters
and show how it reduces thef -divergence. In the following Subsection 4.4.2 we spec-
ify a dense subset ofMe(M L) consisting of measures for which the averaging proce-
dure results in measures again contained inMe(M L). This is then exploited to prove
our main result, i.e., thatL is a Lévy process underQ f . In Section 4.5 we restrict to
f (z) = f q(z) = z2, where f (Q|P) is basically the variance of the densityd Q/d P.
There is a direct connection betweenQq and thevariance-optimal signed martingale
measure. We show that if these two coincide, then one can show directly thatQq pre-
serves the Ĺevy property. This uses that in a Lévy setting the variance-optimal signed
martingale measure agrees with theminimal signed martingale measurefor which an
explicit formula is known.

For better reading we omit long proofs from the main body of the chapter. They
are collected in the appendix together with some auxiliary results.
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4.2 Motivation and background

In this section we motivate the results contained in this chapter and connect them to
those of Esche and Schweizer in [ES05], abbreviated ES in the sequel. Our approach
is mainly inspired by ES.

The study of f -minimal martingale measures naturally arises in valuation in in-
complete markets. One way to specify a value for a nontraded payoff is to fix a mea-
sureQ ∈ Me(S) and to take theQ-expectation of the payoff. A common choice for
Q is to take the martingale measure which is closest to the subjective measureP, or,
more precisely, to take the measure which minimizes thef -divergencef (Q|P) over
Me(S) for some convex functionf . Typical choices are, e.g.,f (z) = zp with p ≥ 1
or f (z) = z logz. The first choice results in minimizing theL p-norm of the density
d Q
d P , the second in minimizing the relative entropy. The same pricing measures can also
be obtained from an approach based on utility maximization. In fact, each (primal)
utility maximization problem has a corresponding (dual)f -divergence minimization
problem; see [KS99] and [Sch01a] for precise results. Thef -divergences introduced
in (4.1.1) are associated to the following utility functionsU. The function f ` cor-

responds toU`(x) := − logx with x ∈ (0,∞), f p to Up(x) := δ+1
δ

x
δ
δ+1 = 1

δ̂
xδ̂

with δ̂ := δ
δ+1 ∈ (0, 1) andx ∈ (0,∞) and, finally, f q to Uq(x) = −(1 − x)2 with

x ∈ IR; see Chapter 3 for precise results. Loosely speaking, minimizingf (Q|P) over
Q ∈ Me(S) is dual to maximizing expectedU-utility from terminal wealth, andf is
essentially the Legendre transform ofU. We remark that the superscript` stands for
log, p for power andq for quadratic.

Instead of specifying a unique measure inMe(S) and thus a unique value for any
payoff, one can relax this approach to obtain a whole interval of possible values. For
instance, one can allow all those measures inMe(S) for pricing which do not yield
good deals. The latter are investment opportunities which are too good in an appropri-
ate sense, e.g., because they have a very high Sharpe ratio; see [CSR00] and [BS06].
Such good deals can also be defined via an upper bound on the maximal attainable
utility (in some extended market); this is done, e.g., in [Cer03] and Chapter 3 of this
thesis. In order to define a good deal one then has to calculate as benchmark the max-
imal utility attainable from trading in the basic assets, which again leads via duality
theory to the problem of finding thef -minimal martingale measureQ f . In a model
where the filtration is generated by a multi-dimensional processL which is a Ĺevy
process under the subjective measureP, it is then very convenient for interpretation
as well as calculation purposes ifQ f preserves the Ĺevy property ofL; see Chapter 3
for a precise statement. This has been the original motivation for this chapter.

In Chapter 3, we exploit the result of [ES05] that in a Lévy model, the minimal
entropy martingale measure preserves the Lévy property. It turns out that this approach
can actually be extended to the whole class off -divergences defined with respect to
the functions in (4.1.1). In contrast to ES, we consider onlyequivalentlocal martingale
measures here to avoid complications with the definitions off `(Q|P) and f p(Q|P).
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We remark that for the purposes of Chapter 3, we need thef -minimal martingale
measure not only at timet = 0, but also at any timet between 0 and the finite time
horizonT , i.e., we seek at timet a measureQ which minimizesEP

[
f
(
ZQ

T /ZQ
t
)∣∣Ft

]
.

However, Lemma 5.1.4 in the appendix shows that the measure which isf -minimal
at timet = 0 is also optimal at any later timet ≤ T .

4.3 Change of measure and Ĺevy processes

4.3.1 Notation and conventions

In this subsection we fix some notation and conventions, assumed to hold for the
whole chapter; for unexplained notation we refer to [JS87], abbreviated JS in the
sequel. We work on a filtered probability space(�,F ,F, P) with F = (Ft )0≤t≤T

satisfying the usual conditions underP, with a finite time horizonT < ∞ andF0
trivial. A localizing sequence is a sequence of stopping timesτn ≤ T such that
limn→∞ P[τn < T] = 0. We denote byEQ[ . ] the expectation with respect toQ. For
Q = P we often drop the mention ofQ and writeE[ . ]. For anyQ � P, its real-
valued density processZQ = (ZQ

t )0≤t≤T with ZQ
t := E[d Q/d P|Ft ] and its density

ZQ
T := E[d Q/d P|FT ] are defined with respect toP. If not mentioned otherwise,

processes are assumed to beIRd-valued and if it exists, we choose a right-continuous
version. For a semimartingaleX and a probability measureQ ≈ P, we denote byµX

the random measure associated with the jumps ofX and byνQ (or νX,Q if confusion
is possible) the predictableQ-compensator ofµX . If µ is a random measure andW
is sufficiently integrable, we denote byW ∗ µ the integral process ofW with respect
to µ. Moreover, we work throughout with a fixed but arbitrary truncation function
h : IRd → IRd; the results do not depend on the particular choice ofh. By P we
denote the predictableσ -field on�× [0, T] and by(B,C, ν) the P-characteristics of
the semimartingaleX with respect toh. As in Proposition II.2.9 of JS, we can and do
always choose a version of the form

B =
∫

b d A, C =
∫

c d A, ν(ω; dt, dx) = d At (ω) Kω,t (dx), (4.3.1)

whereA is a real-valued predictable increasing locally integrable process,b an IRd-
valued predictable process,c a predictable process with values in the set of all sym-
metric nonnegative definited × d-matrices, andKω,t(dx) a transition kernel from
(�×[0, T],P) into (IRd,Bd) with Kω,t(0) = 0 and

∫
IRd(1∧‖x‖2)Kω,t (dx) ≤ 1 for

all t ≤ T . We denote by‖ . ‖ the usual norm onIRd.
We now turn to the description of absolutely continuous probability measures. As

mentioned in the introduction, anyQ � P can be described by two parametersβ and
Y. To introduce them, we recall Girsanov’s theorem.
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Proposition 4.3.1. (Theorem III.3.24 of JS)Let X be a semimartingale with P-
characteristics(BP,CP, νP) and denote by c, A the processes from (4.3.1). For any
probability measure Q� P, there exist aP ⊗ Bd-measurable function Y≥ 0 and a
predictable IRd-valued processβ satisfying

‖(Y − 1)h‖ ∗ νP
T +

∫ T

0
‖csβs‖ d As +

∫ T

0
β∗

s csβs d As < ∞ Q-a.s.

and such that the Q-characteristics(BQ, cQ, νQ) of X are given by

BQ
t = BP

t + ∫ t
0 csβs d As + ((Y − 1)h) ∗ νP

t ,

CQ
t = CP

t ,

νQ(dt, dx) = Yt (x) νP(dt, dx).

We callβ and Y theGirsanov parametersof Q (with respect to P, relative to X) and
write Q = Q(β,Y) to emphasize the dependence.

Remark 4.3.2. a) In Proposition 4.3.1 we haveY(x) > 0 d P⊗ dt-a.e. forK -a.e.
x if and only if Q ≈ P.

b) Note thatβ andY are not unique. ForY andβ we identify all versions which
are νP-a.e. respectivelyA-a.e. equal. Thusβ and Y are called, e.g., time-
independent, if there exists one such version. In addition, for fixedc and A
only cβ is A-a.e. unique. To haveβ A-a.e. unique, we can and do defineβ as
suggested in Remark NV in ES. When defining quantities depending onβ and
Y directly, we always fix one version.

3

4.3.2 Lévy processes

We are concerned with models where the underlying filtration is generated by a Lévy
process. Therefore, we recall some facts about Lévy processes.

Let Q ≈ P andL = (Lt )0≤t≤T be anF-adapted stochastic process with RCLL
paths andL0 = 0. ThenL is called a(Q,F)-Lévy processif for all s ≤ t ≤ T , the
incrementLt − Ls is independent ofFs underQ and has a distribution which depends
on t − s only. If there is only a processL with L0 = 0 and independent, stationary
increments underQ, we call L a Q-Lévy process, take asF the Q-augmentation of
the filtration generated byL and denote this byFL ,Q. Recall that a Ĺevy process is
a Feller process, so thatF

L ,Q automatically satisfies the usual conditions underQ. If
Q = P, we even sometimes drop the mention ofP, i.e., refer toL simply as a Ĺevy
process and writeFL . In particular, if Q = P andF = F

L for quantities depending
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on P and L we often do not write this dependence explicitly; this is done, e.g., for
Girsanov parameters. We will use frequently that forQ ≈ P, every(Q,F)-Lévy pro-
cess is anF-semimartingale and a(Q,F)-martingale if and only if it is a(Q,F)-local
martingale; see [HWY92], Theorem 11.46.

Another important fact is that Ĺevy processes have the weak predictable repre-
sentation property; see JS, Theorem III.4.34. That is, ifF = F

L , then every local
P-martingale (starting in zero) is the sum of an integral with respect to the continuous
martingale partLc and an integral with respect to the compensated jump measure.
This allows to give an explicit formula for the density process of any probability mea-
sureQ ≈ P with Girsanov parametersβ andY. We quote this from from [ES05],
abbreviated ES in the sequel.

Proposition 4.3.3. (Proposition 3 of ES)Let L be a P-Ĺevy process andF = F
L . If

Q ≈ P with Girsanov parametersβ, Y , the density process of Q with respect to P is
given by ZQ = E(NQ) with

NQ
t =

∫ t

0
β∗

s dLc
s + (Y − 1) ∗ (µL − νP)t .

Remark 4.3.4. We frequently use that in the setting of Proposition 4.3.3, for a func-
tion k : (−1,∞) → IR we have

∑
s≤t k(1NQ

s ) = k(Y − 1) ∗ µL
t . 3

In (4.3.1) we have introduced an integral version for the characteristics of a semi-
martingale. The main result of this chapter is based on the fact that the characteristics
of a Lévy process have a very particular structure.

Lemma 4.3.5. (Corollary II.4.19 of JS)Let Q ≈ P and L be an(Q,F)-semimartin-
gale. Then L is a(Q,F)-Lévy process if and only if there exists a version of its Q-
characteristics such that

BQ
t (ω) = bQt, CQ

t (ω) = cQt, νQ(ω; dt, dx) = dt K Q(dx) (4.3.2)

where bQ ∈ IRd, cQ is a symmetric non-negative definite d× d-matrix, KQ is a
positive measure on IRd that integrates(‖x‖2 ∧1) and satisfies KQ({0}) = 0. We call
(bQ, cQ, K Q) theLévy characteristicsof L (with respect to Q).

Remark 4.3.6. For aP-Lévy process we drop the mention ofP and denote the Ĺevy
characteristics by(b, c, K ). Moreover, without further mention we always use the
notation

νP(dx, dt) = K (dx)dt.

3
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As an immediate consequence of Girsanov’s theorem and Lemma 4.3.5, for any
(P,F)-Lévy processL, we can characterize the set of all probability measuresQ ≈ P
under whichL is a(Q,F)-Lévy process. We denote this set by

Q := Q(L) := {Q ≈ P | L is a(Q,F)-Lévy process}.

Corollary 4.3.7. Let L be an(P,F)-Lévy process and Q≈ P with Girsanov pa-
rametersβ and Y . Then L is a(Q,F)-Lévy process if and only ifβ and Y(x) are
d P ⊗ dt-a.e. time-independent and deterministic for K -a.e. x∈ IRd.

4.3.3 Change of measure

In the previous subsections, we have described for anyQ ≈ P the corresponding Gir-
sanov parameters. Now we want to start with arbitrary predictable processesβ andY
and give conditions under which they define a probability measureQ ≈ P and can
be identified as the Girsanov parameters ofQ. Obviously,β andY have to satisfy
some integrability conditions. In view of our aim to minimize forf ∈ { f `, f p, f q}
the f -divergencef (Q|P) over some set of probability measuresQ ≈ P, we im-
pose integrability conditions onβ andY which naturally arise in the computation of
f (Q|P); see Subsection 4.4.1 below. In order to formulate these conditions, we need
to introduce the following functionsg on (0,∞):

g`(y) := − log y + y − 1,

gp(y) := y−δ − 1 + δ(y − 1) for δ ∈ (0,∞),

gq(y) := (y − 1)2.

As shown in Lemma 5.1.2 below, each of these functions is strictly convex and non-
negative.

Remark 4.3.8. a) For f = f i with i ∈ {`, p,q}, we refer togi as thecorre-
spondingfunctiong. Moreover, for f p(z) = z−δ, the correspondingg = gp is
defined with respect to the sameδ ∈ (0,∞).

b) ES consider the relative entropy, i.e., thez logz-divergence. The correspond-
ing functiong there isy log y − (y − 1) and is (unfortunately) denoted byf .
However, in order to preserve the variablef for the f -divergence, we use the
notationg here.

3

Proposition 4.3.9. Let L be a P-Ĺevy process with Ĺevy characteristics(b, c, K ),
F = F

L , g ∈ {g`, gp, gq}, β a predictable process and Y> 0 a P ⊗ Bd-measurable
function. If ∫

IRd
g(Ys(x)) K (dx) ≤ const. d P ⊗ dt-a.e., (4.3.3)
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then Y− 1 is integrable with respect toµL − νP. If in addition

β∗
s cβs ≤ const. d P ⊗ dt-a.e., (4.3.4)

then Z := E(N) with

Nt =
∫ t

0
β∗

s dLc
s + (Y − 1) ∗ (µL − νP)t (4.3.5)

is a strictly positive P-martingale.

Proof. See appendix.

Remark 4.3.10. a) Note that
∫
β∗

s cβs ds = 〈Nc〉.
b) Proposition 4.3.9 is very similar to Proposition 5 in ES. However, their integra-

bility condition onβ andY is of a weaker form. The proof then works because
there the functiong considered (and denoted byf ) is ge(y) := y log y−(y−1);
ge naturally arises when minimizing the relative entropy. More precisely, for in-
tegrability conditions with respect toge there exist rather general results which
imply thatE(N) from Proposition 4.3.9 is a (true)P-martingale; see Theorems
III.1 and IV.3 of [LM78]. However, this is not (yet) the case forg ∈ {g`, gp, gq}
considered here. On the other hand, in order to obtain the main results of
this chapter, it would already be sufficient to prove Proposition 4.3.9 for time-
independent and thus deterministicβ andY. From this point of view, Proposi-
tion 4.3.9 is even more general than required. But the conditions imposed on
β andY in Proposition 4.3.9 are exactly those which appear in connection with
the computation of dynamic good deal bounds. Thus the generality chosen for
Proposition 4.3.9 is exactly what is required to apply the results of this chapter
to calculate good deal bounds; see Section 3.7 for such an application.

3

The following result now allows to identify a priori givenβ andY with the Gir-
sanov parameters of the measureQ defined viaZ = E(N), whereN is constructed
from β andY via (4.3.5).

Proposition 4.3.11. (Proposition 7 of ES)Let L be a P-Ĺevy process with Ĺevy char-
acteristics(b, c, K ) and F = F

L . Let β be a predictable process, integrable with
respect to Lc, and Y > 0 a predictable function such that Y− 1 is integrable with
respect toµL − νP, and define N:= ∫

β∗
s dLc

s + (Y − 1) ∗ (µL − νP). If there exists
a probability measure Q≈ P with density process ZQ = Z := E(N), thenβ and Y
are the Girsanov parameters of Q.
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4.3.4 Martingale measures

We have seen that a probability measureQ � P can be described via its Girsanov
parameters. In particular, we haven given conditions under which two processesβ

andY are the Girsanov parameters of some equivalent probability measure. For a
fixed P-Lévy processL and a matrixM ∈ IRd×d we now look for conditions on the
Girsanov parameters ofQ ≈ P which ensure thatM L is a local martingale underQ,
i.e, thatQ is a local martingale measure forM L. We denote the set of all equivalent
local martingale measures for a semimartingaleSby

Me(S) := {Q ≈ P | S is a local martingale underQ}.
Remark 4.3.12. We consider equivalent local martingale measures forM L because
this allows for several possibilities to model the price processes in a financial market
model; see Section 1 of ES for a detailed discussion. 3

Proposition 4.3.13. Let L be a P-Ĺevy process with Ĺevy characteristics(b, c, K ),
F = F

L , M a d × d-matrix and Q≈ P with Girsanov parametersβ and Y . Then
Q ∈ Me(M L) if and only if we have both

‖M x − h(M x)‖ ∗ νL ,Q
T < ∞ Q-a.s. (4.3.6)

and

M
(

b + cβt +
∫

IRd
(xYt (x)− h(x)) K (dx)

)
= 0 d Q ⊗ dt-a.e. (4.3.7)

Condition (4.3.7) is called themartingale conditionfor M L.

Proof. This is Proposition 10 of ES, except that we skip the proof of the equivalence
of (4.3.6) with the integrability condition‖M (xY − h)‖ ∗ νP

T < ∞ there. Therefore
we do not require their additional assumption on the integrability ofY.

Property (4.3.6) is an integrability condition on the big jumps ofM L. As shown
below in Subsection 4.4.2, ifQ(β,Y) ≈ P has finite f -divergence for somef ∈
{ f `, f p, f q}, then for the correspondingg ∈ {g`, gp, gq}, g(Y) has certain integra-
bility properties. In that case, condition (4.3.6) is equivalent to‖M (xY−h)‖∗νP

T < ∞
which is technically more convenient. This is a consequence of the following result.

Lemma 4.3.14.With the notation of Proposition 4.3.13 and for g∈ {g`, gp, gq}
‖M x−h(M x)‖∗νL ,Q

T ≤‖M (xY−h)‖∗νP
T +const.

(
g(YT (x))+ (1 ∧ ‖x‖2)

)
∗νP

T (dx),

‖M (xY−h)‖∗νP
T ≤‖M x−h(M x)‖∗νL ,Q

T +const.
(

g(YT (x))+ (1 ∧ ‖x‖2)
)
∗νP

T (dx).

Proof. See Lemma 5.1.10 d) from the appendix.
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4.4 Preservation of the Ĺevy property by an f -minimal
change of measure

For all of Section 4.4, we fix a matrixM ∈ IRd×d, a P-Lévy processL with Lévy
characteristics(b, c, K ) and assume thatF = F

L . For f ∈ { f `, f p, f q} we call
Q f ∈ Me(M L) the f -minimal martingale measureif it minimizes the f -divergence
overMe(M L), i.e., if f (Q f |P) ≤ f (Q|P) for all Q ∈ Me(M L), and denote it by
Q`, Qp andQq, respectively. Note that sincef is strictly convex,Q f is unique if it
exists. The aim is to show thatQ f is contained inQ = Q(L), i.e., thatQ f preserves
the Lévy property ofL.

We proceed as follows. FromQ ∈ Me(M L) with Girsanov parametersβ andY,
we define a new pair of Girsanov parametersβ andY by averagingβ andY over t
andω. Then we show that forQ = Q(β,Y) we have f (Q|P) ≤ f (Q|P), i.e., the
f -divergence is reduced by this averaging procedure. We refer toQ as obtained by
“averagingQ”. Since we want to minimizef (Q|P) over Q ∈ Me(M L), we have to
ensure that averaging preserves in addition the integrability condition (4.3.6) and the
martingale condition (4.3.7). This requires some extra care.

4.4.1 Reducing thef -divergence by averaging

Averagingβ andY(x) means that we consider them (for fixedx) as random variables
on� × [0, T] and take their expectations. Thus, we need to find a candidate for the
measure which is used to define the expectation on� × [0, T]. This candidate will
naturally arise from the formula we derive next for thef -divergence ofQ in terms
of its Girsanov parameters. We can restrict the averaging procedure to measures with
finite f -divergence, i.e., which are contained in

Q f := {Q ≈ P| f (ZQ) is a P-submartingale}.
Note that eachf ∈ { f `, f p, f q} defines a different setQ f denoted byQ f ` , Q f p

and
Q f q

, respectively, and thatQ ≈ P is contained inQ f if and only if E
[

f (ZQ
T )
]
< ∞;

see Corollary 5.1.3. In particular, fori ∈ {`, p,q} we have forQi from Chapter 3 that

Qi = Q f i ∩ Me(M L).

We state the results separately for eachf ∈ { f `, f p, f q}.

Proposition 4.4.1. Let Q = Q(β,Y) ∈ Q f ` with density process Z= ZQ = E(N).
The canonical P-decomposition of f`(Z) = − log Z = M` + A` is

M` = −N + g`(Y) ∗ (µL − νP) = −Nc − log(Y) ∗ (µL − νP),

A` = 1

2
〈Nc〉 + g`(Y) ∗ νP =: Ã` + ˜̃A`,
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where g`(y) = − log y + y − 1, M` is a uniformly integrable P-martingale and̃A`

and ˜̃A` are predictable, increasing and P-integrable. Thus,

f `(Q|P) = E
[

f `(ZT )
]

= E[A`T ] = E

[
1

2

∫ T

0
β∗

s cβs ds+ g`(Y) ∗ νP
T

]
. (4.4.1)

Proof. See appendix.

Proposition 4.4.2. Let Q = Q(β,Y) ∈ Q f p
with density process Z= ZQ = E(N).

The canonical P-decomposition of fp(Z) = Z−δ = M p + Ap is

M p = ∫
Z−δ− dM̂ p = ∫

f p(Z−)dM̂ p

with M̂ p := −δ N + gp(Y) ∗ (µL − νP) = −δ Nc + (Y−δ − 1) ∗ (µL − νP)

and Ap = ∫
Z−δ− dÂp = ∫

f p(Z−)dÂp

with Âp := δ(δ+1)
2 〈Nc〉 + gp(Y) ∗ νP,

where gp(y) = y−δ − 1 + δ(y − 1). In particular, f p(Z) = E(M̂ p)E(Âp) where
E(M̂ p) is a strictly positive uniformly integrable P-martingale. Withd Rp

d P := E(M̂ p)T

the processE(Âp) = eÂp
is increasing and Rp-integrable and

f p(Q|P) = E
[

f p(ZT )
] = ERp

[
E(Âp)T

]
= ERp

[
exp

(∫ T

0

(
δ(δ + 1)

2
β∗

t cβt +
∫

IRd
gp(Yt (x)) K (dx)

)
dt

)]
.(4.4.2)

Proof. See appendix.

For f q(z) = z2 the results are (formally) exactly those of Proposition 4.4.2 for
δ = −2. However, to introduce the notation and because of the importance of the case
f q, we decided to state the result forf q separately; see Section 4.5 below.

Proposition 4.4.3. Let Q = Q(β,Y) ∈ Q f q
with density process Z= ZQ = E(N).

With gq(y) = (y − 1)2, the canonical P-decomposition of fq(Z) = Z2 = Mq + Aq

is

Mq = ∫
Z2− dM̂q = ∫

f q(Z−)dM̂q

with M̂q := 2 N + gq(Y) ∗ (µL − νP) = 2 Nc + (Y2 − 1) ∗ (µL − νP)

and Aq = ∫
Z2− dÂq = ∫

f q(Z−)dÂq

with Âp := 〈Nc〉 + gq(Y) ∗ νP.
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In particular, f q(Z) = E(M̂q)E(Âq) whereE(M̂q) is a strictly positive uniformly in-

tegrable P-martingale. Withd Rq

d P := E(M̂q)T the processE(Âq) = eÂq
is increasing

and Rq-integrable and

f q(Q|P) = E
[

f q(ZT )
] = ERq

[
E(Âq)T

]
= ERq

[
exp

(∫ T

0

(
β∗

t cβt +
∫

IRd
gq(Yt (x)) K (dx)

)
dt

)]
.(4.4.3)

Proof. See appendix.

In Subsection 4.3.3 we have associated to each functionf ∈ { f `, f p, f q} a cor-
respondingg ∈ {g`, gp, gq}; (the proofs of) Propositions 4.4.1, 4.4.2 and 4.4.3 show
where the definitions forg`, gp andgq come from. From now on, we associate in
addition to eachf and eachQ = Q(β,Y) a probability measureR = R( f ; β,Y). For
f ∈ { f p, f q}, the correspondingR( f p; β,Y) := Rp and R( f q; β,Y) := Rq are
defined in Propositions 4.4.2 and 4.4.3. Forf = f ` we defineR( f `; β,Y) := P;
this is actually independent ofβ, Y. The introduction ofR` allows us to treat the
different f -divergences simultaneously and highlights the analogy in their treatment.
The measuresR ∈ {R`, Rp, Rq} or, more precisely, the product measuresR ⊗ λ are
the candidate measures for the averaging procedure to reduce thef -divergence. The
next lemma provides us with some important integrability properties, with respect to
R = R( f ; β,Y), of functionals depending on the Girsanov parametersβ andY.

Remark 4.4.4. For f (z) = z logz as considered in ES, the candidate measure is
Q ⊗ λ. This can be seen from Lemma 12 of ES. 3

Lemma 4.4.5. Let f ∈ { f `, f p, f q}, Q = Q(β,Y) ∈ Q f with correspondinge
g ∈ {g`, gp, gq} and R = R( f ; β,Y). The following random variables are R-
integrable:

a)
∫ T

0 β∗
t cβt dt,

b)
∫ T

0 ‖βt‖ dt,

c) g(Y) ∗ νP
T ,

d)
∫ T

0 Yt (x)dt for K -a.e. x∈ IRd.

Proof. Parts a) and c) follow from Propositions 4.4.1, 4.4.2 and 4.4.3; note thatg ≥ 0,
β∗cβ ≥ 0 andex ≥ x. Finally, b) and d) can be deduced from a), c) and Lemma 5.1.1
c) analogously to Lemma 12 in ES withQ-expectations andf there replaced byR-
expectations andg.
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The following theorem shows that forf ∈ { f `, f p, f q}, the quantitiesβ andY(x)
obtained fromQ = Q(β,Y) ∈ Q f via averaging with respect toR( f ; β,Y)⊗ λ define
someQ = Q(β,Y) with f (Q|P) ≤ f (Q|P). Sinceβ andY are time-independent and
thus also deterministic,Q is contained inQ(L) by Corollary 4.3.7, i.e., preserves the
Lévy property ofL.

Theorem 4.4.6. Let f ∈ { f `, f p, f q}, Q = Q(β,Y) ∈ Q f with corresponding mea-
sure R= R( f ; β,Y), and defineβ ∈ IRd and a measurable functionY from IRd into
(0,∞) by

β := ER

[
1

T

∫ T

0
βt dt

]
,

Y(x) := ER

[
1

T

∫ T

0
Yt(x)dt

]
if this is finite (which holds K -a.e.),

Y(x) := 1 otherwise.

Then there existsQ ≈ P with Girsanov parametersβ, Y such thatQ ∈ Q f ∩ Q and

f (Q|P) ≤ f (Q|P),
with equality iff d P⊗ dt-a.e. bothβ = β and Y(x) = Y(x) for K -a.e. x, i.e., iff
Q ∈ Q.

Proof. See appendix.

Remark 4.4.7. The measureQ does not depend on the version ofβ andY. 3

4.4.2 Preservation of the martingale property

In the previous subsection we have shown how forf ∈ { f `, f p, f q}, the f -divergence
f (Q|P) of someQ(β,Y) ∈ Q f can be reduced by averaging the Girsanov parameters
β andY. Since the obtainedβ andY are time-independent, the corresponding measure
Q = Q(β,Y) is in Q(L) and hence preserves the Lévy property ofL. If in addition the
original Q is in Me(M L) we should like this to hold forQ as well; in other words, we
hope that also (4.3.6) and the martingale condition (4.3.7) are preserved under averag-
ing. Sinceβ andY enter (4.3.7) linearly, we naturally expect this to be true. However,
to actually prove this, we need to apply Fubini’s theorem, which requires an additional
integrability condition. This condition, which will also be used to show that (4.3.6) is
preserved under averaging, holds for allQ contained in

Q
f
int :=

{
Q(β,Y) ∈ Q f

∣∣∣ER

[
‖M (xY − h)‖ ∗ νP

T

]
< ∞ for R = R( f ; β,Y)

}
.
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Therefore we prove that for anyQ ∈ Q f there exists a sequence(Qn)n∈IN ⊆ Q
f
int

with limn→∞ f (Qn|P) = f (Q|P). Moreover, we show that forQ andQ
n

obtained
from averagingQ andQn, we also have limn→∞ f

(
Q

n∣∣P) = f
(
Q
∣∣P). These results

then imply that thef -minimal martingale measureQ f preserves the Ĺevy property of
L and that it suffices to look forQ f in the setMe(M L) ∩ Q f ∩ Q. Before we show
that measures fromMe(M L) ∩ Q

f
int preserve the Ĺevy property under averaging, we

remark that
Me(M L) ∩ Q f ∩ Q ⊆ Q

f
int.

In fact, Lemma 4.3.14 yields

‖M (xY−h)‖∗νP
T ≤‖M x−h(M x)‖∗νL ,Q

T +const.
(

g(YT (x))+ (1 ∧ ‖x‖2)
)
∗νP

T (dx).

Moreover, if Q ∈ Me(M L), then the first summand on the RHS is finite by Proposi-
tion 4.3.13 and ifQ ∈ Q f so is the second by Lemma 4.4.5 c). Finally, ifQ ∈ Q,
thenY is deterministic, hence so is‖M (xY− h)‖ ∗ νP

T , and then finiteness is the same
asR-integrability.

Proposition 4.4.8. Let f ∈ { f `, f p, f q} and Q= Q(β,Y) ∈ Me(M L) ∩ Q
f
int. Then

Q from Theorem 4.4.6 is inMe(M L) ∩ Q f ∩ Q so thatM L is a local Q-martingale.

Proof. See appendix.

We next show thatMe(M L)∩ Q
f
int is dense inMe(M L)∩ Q f in a suitable sense.

Proposition 4.4.9. Let Q ∈ Me(M L) ∩ Q f for f ∈ { f `, f p, f q} and suppose that
Me(M L) ∩ Q f ∩ Q 6= ∅. Then there exists a sequence(Qn)n∈IN in Me(M L) ∩ Q

f
int

with
lim

n→∞ f (Qn|P) = f (Q|P).

Proof. See appendix.

In addition, the f -divergences of the corresponding averaged measures converge
as well.

Proposition 4.4.10. In the setting of Proposition 4.4.9 denote byQ andQ
n

the cor-
responding averaged measures as defined in Theorem 4.4.6. Then

lim
n→∞ f

(
Q

n∣∣P) = f
(
Q
∣∣P).

Proof. See appendix.
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Putting all this together we obtain our main result.

Theorem 4.4.11.Let f ∈ { f `, f p, f q} and suppose thatMe(M L) ∩ Q f ∩ Q 6= ∅.
If there exists Qf ∈ Me(M L) ∩ Q f such that

f
(
Q f
∣∣P) ≤ f (Q|P) for all Q ∈ Me(M L),

then Qf ∈ Q, i.e., L is a Ĺevy process under Qf .

Proof. SupposeQ f 6∈ Q. By Theorem 4.4.6 we can obtain from averagingQ f some

Q
f ∈ Q ∩Q f such f

(
Q

f ∣∣P) < f
(
Q f
∣∣P). This is not yet a contradiction, sinceQ

f

need not be contained inMe(M L). However, Proposition 4.4.9 ensures the existence
of a sequence(Qn)n∈IN ⊆ Me(M L)∩Q

f
int such that limn→∞ f

(
Qn
∣∣P) = f

(
Q f
∣∣P).

In addition, Proposition 4.4.10 implies that also thef -divergences of the measuresQ
n

constructed fromQn as in Theorem 4.4.6 satisfy

lim
n→∞ f

(
Q

n∣∣P) = f
(
Q

f ∣∣P) < f
(
Q f
∣∣P).

Thus there existsn ∈ IN such thatf
(
Q

n∣∣P) < f
(
Q f
∣∣P) and

Q
n ∈ Me(M L) ∩ Q f ∩ Q

by Proposition 4.4.8. This yields a contradiction. HenceQ f ∈ Q.

Remark 4.4.12. We assumed in Theorem 4.4.11 the existence of thef -minimal mar-
tingale measureQ f . This is a non-trivial assumption if we do not impose thatM L is
locally bounded, i.e., that it has bounded jumps; see Theorem 1.1 in Bellini/Frittelli
[BF02]. 3

Theorem 4.4.11 suggests that it is enough to look for thef -minimal martingale
measureQ f in Q. The following corollary show that this is indeed true.

Corollary 4.4.13. Let f ∈ { f `, f p, f q}. If there exists Q′ ∈ Me(M L) ∩ Q f ∩ Q
such that f(Q′|P) ≤ f (Q|P) for all Q ∈ Me(M L) ∩ Q f ∩ Q, then we also have
that f(Q′|P) ≤ f (Q|P) for all Q ∈ Me(M L), i.e., Q′ = Q f is the f -minimal
martingale measure.

Proof. Suppose there exists̃Q ∈ (Me(M L) ∩ Q f
)\Q such thatf

(
Q̃
∣∣P) < f

(
Q′∣∣P).

By Theorem 4.4.6 we can averageQ̃ to obtain someQ ∈ Q f ∩ Q such that

f
(
Q
∣∣P) < f

(
Q̃
∣∣P) < f

(
Q′∣∣P).

As in the proof of Theorem 4.4.11 one then applies Propositions 4.4.9 and 4.4.10 to
obtain a contradiction.
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4.5 Connections to the variance-optimal measure

In this section we relate thef q-minimal martingale measureQq to the variance-
optimal signed martingale measurẽP. An intensively studied pricing and hedging ap-
proach in incomplete markets ismean-variance hedging; see [Sch01] for an overview
and terminology not explained here. In that approach, the value of a payoff is defined
as the initial capital of the strategy which minimizes theL2-norm of the hedging er-
ror over all self-financingL2-strategies. This value is equal to the expectation of the
payoff underP̃, which minimizes theP-variance of the densityd Q

d P (or, equivalently,

f q(Q|P)) over allsignedlocal martingale measuresQ for M L. If P̃ is a probability
measureequivalentto P, then it coincides with thef q-minimal martingale measure
Qq which we have studied in the previous sections. In a Lévy setting,P̃ is (under
some mild additional assumptions) equal to theminimal signed martingale measure
P̂ which occurs in the local risk minimizing hedging approach. Since there is an
explicit formula for the density ofP̂, it is then very easy to show that̃P = P̂ pre-
serves the Ĺevy property ofL. Thus in the special case whenQq is equal toP̃, i.e.,
if the latter is an equivalent probability measure, one can show almost directly that
Qq = P̃ = P̂ preserves the Ĺevy property. We explain this in more detail in this
section.

Let L be a P-Lévy process with Ĺevy characteristics(b, c, K ), F = F
L and

M ∈ IRd×d a fixed matrix such thatM L is a special semimartingale. By Corollary
II.2.38 and Proposition II.2.29 of JS we have

M Lt =
(
M Lc

t + M x ∗ (µL − νP)t

)
+
(
Mbt + (

M x − h(M x)
) ∗ νP

t

)
=

(
M Lc

t + M x ∗ (µL − νP)t

)
+
(
Mb +

∫
IRd

(
M x − h(M x)

)
K (dx)

)
t

=: Mt + γ t =: Mt + At .

Let the local martingaleM be locally square integrable (and thus square integrable)
with respect toP. Then we have

〈M〉t = McM∗t + (M xx∗M∗) ∗ νP
t

= M
(

c +
∫

IRd
xx∗ K (dx)

)
M∗ t

=: σ t.

We assume in addition thatM L satisfies the structure condition(SC), i.e., that there
exists ad-dimensional predictable processλ̂ such that

A =
∫

d〈M〉λ̂ and K̂T :=
∫
λ̂∗ d〈M〉λ̂ < ∞ ; (4.5.1)

see Definition 1.1 in [CS96] and Subsection 12.3 in [DS06] for a related discussion.
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SinceAt = γ t and〈M〉t = σ t , (4.5.1) is satisfied if and only if̂λ satisfies

γ = σ λ̂,

i.e., if γ ∈ range(σ ). In particular, we then can and do chooseλ̂ constant. We can
now define

N̂ := −
∫
λ̂∗ d M.

If Ẑ := E
(
N̂
)

is a P-martingale, thendP̂
d P := ẐT defines a signed measure called the

minimal signed martingale measurefor M L. By Proposition 2 of [Sch95], it is a local
martingale measure forM L in the sense that̂ZM L is a localP-martingale. Note that
if Ẑ > 0 (i.e., if −λ̂∗1M > −1), thenẐ = E(N̂) is a local martingale and as in the
proof of Proposition 4.3.9 an application of Theorem II.5 of [LM78] yields that it is
automatically aP-martingale. In particular, it is then inMe(M L).

Under the above assumptions, themean-variance tradeoff process

K̂t :=
∫ t

0
λ̂∗ d As =

〈∫
λ̂∗ d M

〉
t
= λ̂∗σ λ̂ t

is deterministic. This implies by Theorem 8 of [Sch95] thatP̂ is equal to thevariance-
optimal signed martingale measurẽP. If we denote the density of̃P by Z̃T , then P̃
is defined by the property that

E[ f q(Z̃T )] ≤ E[ f q(ZT )]
for all P-martingalesZ with Z0 = 1 such thatZM L is a localP-martingale; the cor-
responding measuresQ with d Q

d P = ZT are calledsigned local martingale measures

for M L. Hence, if Ẑ = Z̃ > 0 so thatP̂ ∈ Me(M L), then P̂ coincides with the
f q-minimal martingale measureQq.

Since we have an explicit formula for̂P, it is very easy to check that it preserves
the Lévy property ofL. Indeed, by Corollary 4.3.7 we only need to identify the
Girsanov parameters of̂P and show that they are time-independent and deterministic.
But

N̂ = −λ̂∗M = −λ̂∗M Lc − (λ̂∗M x) ∗ (µL − νP)

so that by Proposition 4.3.11 the Girsanov parameters ofP̂ are

β := −M∗λ̂ and Y(x) = −λ̂∗M x + 1

which are obviously time-independent and deterministic.
In conclusion, ifM L is sufficiently integrable andγ ∈ range(σ ), then P̂ = P̃,

and if this is an equivalent probability measure, thenQq = P̂, i.e., the f q-minimal
martingale measure is just the minimal martingale measure and preserves the Lévy
property ofL.
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Chapter 5

Appendix

In Section 5.1 we collect a number of auxiliary results for Chapter 4, and in Section
5.2 we give the proofs omitted from the main body of Chapter 4.

5.1 Auxiliary results

Lemma 5.1.1. Let t ≤ T , k : IR → IR ∪ {+∞} a convex function and Y a random
variable such that E[|k(Y)|] < ∞.

a) If E[|Y|] < ∞ then

k (E[Y|Ft ]) ≤ E [ k(Y)| Ft ] . (5.1.1)

b) If k is strictly convex ondom(k) := {x ∈ IR | k(x) < ∞}, E[|Y|] < ∞ and
t = 0, then equality holds in (5.1.1) if and only if Y= E[Y] P-a.s.

c) If Y is bounded from below,limx→∞ k(x) = +∞ and if there exists an affine
function`(x) := mx + b with b ∈ IR and m> 0 such that k(x) ≥ `(x) on IR,
then E[|Y|] < ∞.

Proof. Part a) is just the conditional Jensen inequality and part b) can be shown like
Lemma C.6 in [Esc04]. For c), note that sinceY is bounded from below,E[Y] is well
defined (possibly+∞) and it suffices to show thatE[Y] < ∞. SupposeE[Y] = ∞.
Then

∞ = ` (E[Y]) = E[`(Y)] ≤ E[k(Y)] < ∞
which is a contradiction. ThusE[Y] < ∞.
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Lemma 5.1.2. The following functions are all strictly convex on(0,∞):

f `(z) := − logz and g`(y) := − log y + y − 1,
f p(z) := z−δ and gp(y) := y−δ − 1 + δ(y − 1) for δ ∈ (0,∞),

f q(z) := z2 and gq(y) := (y − 1)2.

In addition, each g∈ {g`, gp, gq} is nonnegative and attains its unique minimum in
y = 1 where g(y) = 0.

Proof. Strict convexity is obvious. Hence it suffices to show that eachg ∈ {g`, gp, gq}
has its derivative zero iny = 1 whereg(1) = 0. So we compute

d

dy
g`(y) = −1

y
+ 1,

d

dy
gp(y) = − δ

yδ+1
+ δ and

d

dy
gq(y) = 2(y − 1).

The following result is an immediate consequence of Lemmas 5.1.1 and 5.1.2.

Corollary 5.1.3. Let f ∈ { f `, f p, f q} and let Z be a strictly positive martingale. If
E[ f (ZT )] < ∞, then f(Z) is a submartingale.

Proof. For f p and f q this is obvious, since they are bounded from below. Forf `

denote bỳ (x) := mx+ b some linear function withm< 0 and f `(x) ≥ `(x) for all
x > 0. Similarly to Lemma 5.1.1 c) one can then prove thatE[ f `(ZT )] > −∞.

Lemma 5.1.4. Let f ∈ { f `, f p, f q} and letD be a set of strictly positive density

processes such that for all t≤ T and Z1, Z2 ∈ D , also Z̃. := Z1
.∧t

Z2
.∧T

Z2
.∧t

defines an

element ofD . If Z0 ∈ D satisfies E[ f (Z0
T )] ≤ E[ f (ZT )] for all Z ∈ D , then also

E

[
f

(
Z0

T

Z0
t

)∣∣∣∣∣Ft

]
≤ E

[
f

(
ZT

Zt

)∣∣∣∣Ft

]
for all Z ∈ D and for eacht ∈ [0, T].

Remark 5.1.5. This pasting property is in particular satisfied for the set of equivalent
local martingale measures for any semimartingale; see Proposition 5 in [Del06] and
note that we do not require there that the semimartingale is locally bounded.3



5.1. Auxiliary results 169

Proof of Lemma 5.1.4.For f ∈ { f p, f q}, this is Proposition 4.1 in [KS02], and for
f ` the result can be shown analogously. Indeed, suppose there existsZ1 ∈ D such
that E

[
f `(Z1

T/Z1
t )
∣∣Ft
] ≤ E

[
f `(Z0

T/Z0
t )
∣∣Ft
]

and such that “<” holds with positive

probability. DefineZ̃. = Z0
.∧t

Z1
.∧T

Z1
.∧t

∈ D . Then

E
[
− log Z̃T

]
= E

[
− log Z0

t + E

[
− log

Z1
T

Z1
t

∣∣∣∣∣Ft

]]

< E

[
− log Z0

t + E

[
− log

Z0
T

Z0
t

∣∣∣∣∣Ft

]]
= E

[
− log Z0

T

]
,

which contradicts the optimality ofZ0 at timet = 0.

Lemma 5.1.6. For g ∈ {g`, gp} we have(
1 − √

y
)2 ≤ const.g(y) for all y > 0.

Proof. For gp(y) = y−δ − 1 + δ(y − 1) we can take const.= 1
δ
. In fact, define for

y > 0 the functionkp(y) := gp(y)
δ

− (1 − √
y)2. Since d

dykp(y) = − 1
yδ+1 + 1√

y < 0

for 0 < y < 1 and d
dykp(y) > 0 for y > 1, kp attains its unique minimum iny = 1.

Sincekp(1) = 0, this proves the claim. Analogously, forg` we can take const.= 1.
Indeed, letk`(y) := g`(y) − (1 − √

y)2 for y > 0. Then d
dyk`(y) = − 1

y + 1√
y and

the same arguments hold true.

Lemma 5.1.7. Let g ∈ {g`, gp, gq} and fix y ∈ (1,∞). There exists a constant
C = C(y) > 0 such that for all c≥ C

(y − 1)2 ≤ cg(y) for all y ∈ (0, y].

Proof. Forgq this is trivial. We first show that forg` we can takeC = C` := 2y2. To

see this, letk`(y) := cg`(y)− (y − 1)2 with c ≥ C`. Then d
dyk`(y) = c

(
1 − 1

y

)
−

2(y − 1) and for 0< y ≤ y we have d2

dy2 k`(y) = c
y2 − 2 ≥ 2y2

y2 − 2 ≥ 0. Thusk`

is nonnegative on(0, y] since it is a convex function there with unique minimum in
y = 1 wherek`(1) = 0. Analogously, we can show that forgp(y) = y−δ−1+δ(y−1)
we can takeC = Cp := 2

δ(δ+1) y
δ+2. In fact, letc ≥ Cp andkp(y) := cgp(y) −

(y − 1)2. Then d
dykp(y) = cδ

(
1 − 1

yδ+1

)
− 2(y − 1) and for 0< y ≤ y we have

d2

dy2 kp(y) = cδ(δ+1)
yδ+2 − 2 ≥ 2 yδ+2

yδ+2 − 2 ≥ 0. Again, the unique minimum is iny = 1

wherekp(1) = 0. This finishes the proof.
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Lemma 5.1.8. Let g ∈ {g`, gp, gq}. There exists C> 0 such that for all c≥ C

|y − 1|b ≤ c
(

g(y)+ b2
)

for all y > 0 and allb ∈ [0, 1].

Proof. By Lemma 5.1.2, there exists a uniquey > 1 with g(y) = 1. By C1 = C1(y)
denote the corresponding constant from Lemma 5.1.7. We claim that we can then take

C = C` := max
{

1
2

√
C1,

y
y−1,

y−1
2

}
for g`, C = Cp := max

{
1
2

√
C1,

1
δ

}
for gp and

C = Cq := max
{

1
2

√
C1, 1

}
for gq. To see this, fixy > 0, c ≥ C and define

qc,y(b) := c(g(y)+ b2)− |y − 1|b = cb2 − |y − 1|b + cg(y)

for b ∈ IR. We claim thatqc,y(b) considered as quadratic function ofb is nonnegative
on [0, 1]. Becausec > 0, this obviously holds true if we can show that eitherqc,y has
at most one zero, or all zeros occur forb ≥ 1. The latter holds true if and only if

|y − 1| −√
(y − 1)2 − 4c2g(y)

2c
≥ 1, (5.1.2)

and the first if the expression under the square root is less or equal to zero. Thus we
may assume that

(y − 1)2 − 4c2g(y) > 0 (5.1.3)

and show that (5.1.2) then holds. However, sincec ≥ 1
2

√
C1, (5.1.3) andg(y) > 0

imply that (y − 1)2 > C1g(y), so that by the definition ofC1 and of y we have
y > y > 1 andg(y) > 1. We deduce that(y − 1)2 > 4c2g(y) > 4c2 and thus that
|y − 1| > 2c, i.e., that|y − 1| − 2c > 0. As a consequence and since|y − 1| = y − 1,
we have

(5.1.2) ⇐⇒ (y − 1)− 2c ≥
√
(y − 1)2 − 4c2g(y))

⇐⇒ y − 1 ≤ c(g(y)+ 1). (5.1.4)

In order to prove that the last inequality holds, we consider eachg ∈ {g`, gp, gq}
separately. Forg`(x) = − logx + x − 1 andx > 0 we define

k`(x) := c(g`(x)+ 1)− (x − 1).

Sincec ≥ y
y−1 the functionk` is increasing on[y,∞) because there

d

dx
k`(x) = c

(
1 − 1

x

)
− 1 ≥ c

y − 1

y
− 1 ≥ 0.

Thus (5.1.4) holds ifk`(y) ≥ 0. However the definition ofy implies that we have
k`(y) = c(1 + 1)− y + 1 and this is non-negative sincec ≥ y−1

2 .
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For gp(y) = y−δ − 1 + δ(y − 1) we definekp(y) := c(gp(y) + 1) − (y − 1).
Thenkp(y) ≥ 0 iff c

yδ
≥ (y − 1)(1 − cδ) and the latter holds true since the RHS is

non-positive becausey > y > 1 andc ≥ 1
δ
.

It remains to considergq(y) = (y−1)2 for which we havey = 2. Nowy > y = 2
implies that(y−1)2 ≥ y−1 and thusc(gq(y)+1) > cgq(y) = c(y−1)2 ≥ c(y−1)
and hence (5.1.4) holds sincec ≥ 1.

Lemma 5.1.9. For g ∈ {g`, gp, gq} there exists C> 0 such that

(y − 1)2 ∧ |y − 1| ≤ Cg(y) for all y > 0.

Proof. Forg = gq this is trivial and it suffices to considerg ∈ {g`, gp}. Lemma 5.1.7
with y = 2 implies the claim for 0≤ y ≤ 2. To see it also fory > 2, not that there
(y − 1)2 ≥ |y − 1| = y − 1, and definek(y) := Cg(y)− (y − 1). Fork(y) = k`(y)
note that the tangent of logy in y = 2 yields withb := 1 − log 2 > 0 the estimate
− log y ≥ − y

2 +b. Thusk`(y) ≥ y
(C

2 − 1
)+C(b−1)+1 and if in additionC ≥ 2 so

that
(C

2 − 1
) ≥ 0 we have fory ≥ 2 thatk`(y) ≥ 2

(C
2 − 1

)+C(b−1)+1 = Cb−1.
The last expression is clearly nonnegative ifC is big enough. Fork(y) = kp(y) note

that y ≥ 2 implies thatyδ+1 ≥ 2 so that d
dykp(y) = Cδ

(
1 − 1

yδ+1

)
− 1 ≥ Cδ 1

2 − 1.

Thus forC ≥ 2
δ
, kp is increasing on[2,∞). If in additionC ≥ 1

gp(2) , thenkp(2) ≥ 0.
This finishes the proof.

For the next result, we recall thath : IRd → IRd is an arbitrary but fixed truncation
function, i.e., a bounded function with compact support such thath(x) = x in a
neighbourhood of 0. The canonical choice ish(x) := x1{‖x‖≤1}.

Lemma 5.1.10.Let g∈ {g`, gp, gq}, M a d×d-matrix, Y> 0 a measurable function
on IRd, K a σ -finite measure on IRd and 0 < ε ≤ 1. Then the following estimates
hold:

a)
∫

IRd 1{‖x‖≥ε}Y(x) K (dx) ≤ const.
∫

IRd

(
g(Y(x))+ (1 ∧ ‖x‖2)

)
K (dx).

b)
∫

IRd ‖Mh(x)−h(M x)‖Y(x) K (dx) ≤ const.
∫

IRd

(
g(Y(x))+(1∧‖x‖2)

)
K (dx).

c)
∫

IRd ‖(Y(x)− 1)h(x)‖ K (dx) ≤ const.
∫

IRd

(
g(Y(x))+ (1 ∧ ‖x‖2)

)
K (dx).
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d)
∫ ‖M x − h(M x)‖Y(x) K (dx)

≤ ∫ ‖M (xY(x)− h(x)) ‖ K (dx)+const.
∫

IRd

(
g(Y(x))+(1∧‖x‖2)

)
K (dx),∫ ‖M (xY(x)− h(x)) ‖ K (dx)

≤ ∫ ‖M x − h(M x)‖Y(x) K (dx)+ const.
∫

IRd

(
g(Y(x))+ (1∧ ‖x‖2)

)
K (dx).

Proof. a) We first show that from Lemma 5.1.8 one can deduce that there exists
a constantC > 0 such that for ally > 0 we havey ≤ C(g(y) + 1). In fact,
Lemma 5.1.8 withb = 1 yields the existence of some constantc > 1 such that

y − 1 ≤ |y − 1| ≤ c(g(y)+ 1)

for all y > 0. Sinceg(y) ≥ 0, we then get forC := c − 1 that

y ≤ c(g(y)+ 1)+ 1 ≤ C(g(y)+ 1)

as required. From this and sinceg is nonnegative, we deduce that

1{‖x‖≥ε}Y(x) ≤ C
(
g(Y(x))+ 1{‖x‖≥ε}

)
.

Since1{‖x‖≥ε} ≤ 1
ε2

(
1 ∧ ‖x‖2

)
, it suffices to take const.= C

ε2 .

b) Since by Lemma C.3 of [Esc04] there exists 0< ε̃ ≤ 1 such that

‖Mh(x)− h(M x)‖ ≤ const.1{‖x‖≥ε̃},

this follows immediately from a).

c) Note that‖h(x)‖ ≤ const.
(‖x‖1{‖x‖≤1} + 1{‖x‖>1}

)
. Thus∫

IRd
‖(Y(x)− 1)h(x)‖ K (dx)

≤ const.
∫

IRd

(
|Y(x)− 1|‖x‖1{‖x‖≤1} + |Y(x)− 1|1{‖x‖>1}

)
K (dx)

and the result now follows from Lemma 5.1.8 applied to each summand sepa-
rately withb = ‖x‖1{‖x‖≤1} respectivelyb = 1{‖x‖>1}.

d) This follows from b) and c) as in the proof of Lemma 9 in ES.



5.2. Omitted proofs 173

5.2 Omitted proofs

Proof of Proposition 4.3.9.The integrability ofY−1 with respect toµL −νP follows
for gq from Theorem II.1.33 a) in JS and forg` andgp from Lemma 5.1.6 together
with Theorem II.1.33 d) in JS. Thus by (4.3.4)N is a local martingale and in addition
quasi-left-continuous, so that by Theorem II.5 in [LM78]E(N) is a martingale if

the predictable compensator of〈Nc〉.+
∑
s≤.

(
(1Ns)

2 ∧ |1N|s
)

is bounded; (5.2.1)

note that for Theorem II.5 of [LM78] it suffices ifN is a local martingale. In addition,
E(N) is strictly positive sinceY > 0 implies that1N > −1 so that it only remains to
show (5.2.1). For〈Nc〉 = ∫

β∗
t cβt dt which is already the predictable compensator of

itself, the claim is trivial by (4.3.4). The jump term can be rewritten as∑
s≤t

(
(1Ns)

2 ∧ |1Ns|
)

=
(
(Y − 1)2 ∧ |Y − 1|

)
∗ µL

t . (5.2.2)

Since N is in particular a special semimartingale, (5.2.2) defines by Propositions
II.1.28 and II.2.29 a) of JS a locally integrable process. Also by Proposition II.1.28,
the latter has(Y − 1)2 ∧ |Y − 1| ∗ νP as predictableP-compensator. This compen-
sator is then bounded thanks to Lemma 5.1.9 and assumption (4.3.3). This finishes the
proof.

Proof of Proposition 4.4.1.Itô’s formula applied toZ = ZQ = E(N) yields

− log Zt = −Nt + 1

2
〈Nc〉t −

∑
s≤t

(log(1 +1Ns)−1Ns) =: −Nt + 1

2
〈Nc〉t − Dt .

Recall from Proposition 4.3.3 the expression forN and note that〈Nc〉 = ∫
β∗

t cβt dt

andN are locallyP-integrable and, sinceQ ∈ Q f ` , that so is logZ. This implies that
also

−D = (− logY + Y − 1) ∗ µL = g`(Y) ∗ µL

is locally P-integrable. Sinceg` is nonnegative, Proposition II.1.28 of JS then implies
that the predictable compensator of−D is g`(Y) ∗ νP. Moreover,

−(Y − 1) ∗ (µL − νP)+ (− logY + Y − 1) ∗ (µL − νP) = − logY ∗ (µL − νP)

since both sides are local martingales having the same jumps; see Definition II.1.27 in
JS. This and the formula forN from Proposition 4.3.3 yield the canonical decompo-
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sition

− log Z = −N + (− logY + Y − 1) ∗ (µL − νP)+ 1

2
〈Nc〉

+ (− logY + Y − 1) ∗ νP

= −Nc − log(Y) ∗ (µL − νP)+ 1

2
〈Nc〉 + g`(Y) ∗ νP

= M` + Ã` + ˜̃A`.

Since Ã` and ˜̃A` are increasing and nonnegative, they are bothP-integrable if and

only if A` = Ã` + ˜̃A` is. But Q ∈ Q f ` so that− log Z is a P-submartingale and of
class(D) since

−Zτ ≤ − log Zτ ≤ −E[log ZT |Fτ ] for all stopping timesτ ≤ T.

Theorem III.7 of [Pro04] then implies that the processM` of the unique Doob-Meyer
decomposition above is a martingale. ThenA` must beP-integrable since logZ is,
(4.4.1) holds trivially true, and the proof is completed.

Proof of Propositions 4.4.2 and 4.4.3.We only prove Proposition 4.4.2. Settingδ =
−2 and changing the notation fromp to q then gives the proof for Proposition 4.4.3.
An application of It̂o’s formula toZ = ZQ = E(N) yields

Z−δ
t =

∫ t

0
Z−δ

s−
(

−δ d Ns + δ(δ + 1)

2
d〈Nc〉s

)
+
∑
s≤t

Z−δ
s−
(
(1Ns + 1)−δ + δ(1Ns + 1)− 1 − δ

)
.

Recall from Proposition 4.3.3 the expression forN and note that〈Nc〉 = ∫
β∗

t cβt dt
andN are locallyP-integrable and, sinceQ ∈ Q f p

, so isZ−δ. Thus we have local
P-integrability also for

∑
s≤t Z−δ

s−
(
(1Ns + 1)−δ + δ(1Ns + 1)− 1 − δ

)
and for∑

s≤t

(
(1Ns + 1)−δ + δ(1Ns + 1)− 1 − δ

) = (
Y−δ − 1 + δ(Y − 1)

) ∗ µL

= gp(Y) ∗ µL .

Sincegp is nonnegative, Proposition II.1.28 of JS then implies that the predictable
compensator ofgp(Y) ∗ µL is gp(Y) ∗ νP. Moreover,(
Y−δ − 1 + δ(Y − 1)

)∗ (µL −νP)−δ(Y −1)∗ (µL −νP) = (
Y−δ − 1

)∗ (µL −νP)
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since both sides are local martingales having the same jumps; see Definition II.1.27 in
JS. From this and the formula forN from Proposition 4.3.3 we obtain the canonical
decomposition

d Z−δ = Z−δ−
(

− δ d Nc + d
(
(Y−δ − 1) ∗ (µL − νP)

)
+δ(δ + 1)

2
d〈Nc〉 + d

((
Y−δ − 1 + δ(y − 1)

) ∗ νP
))

= Z−δ−
(
dM̂ p + dÂp

)
= dE

(
M̂ p + Âp

)
= d

(
E(M̂ p)E(Âp)

)
, (5.2.3)

where the last equality holds by Yor’s formula sinceÂp is of finite variation and
continuous so that[M̂ p, Âp] ≡ 0. Moreover,Q ∈ Q f p

implies thatZ−δ is a positive

submartingale and thus of class(D) since 0≤ Z−δ
τ ≤ E

[
Z−δ

T

∣∣∣Fτ] for all stopping

times τ ≤ T . Since Âp ≥ 0 we haveE(Âp) = eÂp ≥ 1 so that (5.2.3) implies
thatE(M̂ p) is a localP-martingale of class(D) and thus a martingale; this uses that
E(M̂ p) is positive since1M̂ p = Y−δ − 1 > −1 becauseY > 0. Moreover, (5.2.3)
then implies theRp-integrability ofE(Âp) and the strict positivity ofE(M̂ p). This
completes the proof.

Proof of Theorem 4.4.6.Note thatβ andY are well-defined thanks to Lemma 4.4.5
b) and d) and sinceY is positive. Moreover, sinceY is P ⊗ Bd-measurable,Y is
a measurable function onIRd and thus can be considered as aP ⊗ Bd-measurable
function on the product space�× [0, T] × IRd. By Jensen’s inequality (with Lemma
5.1.1 c)), Fubini’s theorem and Lemma 4.4.5,∫

IRd
g
(
Y(x)

)
K (dx) ≤

∫
IRd

ER

[
1

T

∫ T

0
g(Ys(x)) ds

]
K (dx)

= 1

T
ER

[
g(Y) ∗ νP

T

]
< ∞. (5.2.4)

Thus Propositions 4.3.9 and 4.3.11 yield the existence ofQ = Q(β,Y) ≈ P with
Q ∈ Q by Corollary 4.3.7. We prove Theorem 4.4.6 only forf = f p and explain the
differences occurring forf ∈ { f `, f q} briefly at the end of the proof. SinceQ ∈ Q f p

,
Proposition 4.4.2 yields

f p(Q|P) = ERp

[
eÂp

T

]
(5.2.5)
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where d Rp

d P = E(M̂ p
T ). Both Âp andRp depend onQ. In order to apply Proposition

4.4.2 also toQ, we show below thatQ ∈ Q f p
. Then we get

f p(Q|P) = ERp(Q)

[
eÂp

T (Q)
]
,

where we emphasize the dependence onQ by adding it in brackets. Note that

Âp(Q) = δ(δ + 1)

2
〈Nc(Q)〉 + gp(Y) ∗ νP (5.2.6)

is deterministic since〈Nc(Q)〉t = β
∗
cβ and bothβ andY are deterministic; hence

f p(Q|P) = eÂp
T (Q). But by (5.2.5) and Jensen’s inequalityf p(Q|P) ≥ e

ERp

[
Âp

T

]
,

and sof p(Q|P) ≤ f p(Q|P) if

Âp
T (Q) ≤ ERp

[
Âp

T

]
.

This can be done as in ES, by showing the inequality for both summands ofÂp
T and

Âp
T (Q) separately, using Jensen’s inequality. Moreover, since all above inequalities

go back to Jensen’s inequality, we havef p(Q|P) = f
(
Q
∣∣P) iff all involved variables

are deterministic and time-independent, i.e., iffβ andY are; see Lemma 5.1.1 b).
It remains to show thatQ ∈ Q f p

, i.e., that f p(Q|P) < ∞. This can be shown by
an application of It̂o’s formula as in the proof of Proposition 4.4.2 and has not been
considered in ES. Similarly as for Proposition 4.4.2, one then obtains the canonical

decomposition and in particular thatf p
(

dQ
d P

)
= eÂp

T (Q)T E
(
M̂ p(Q)

)
T . The only

difference in the proof is the way one obtains thatg(Y) ∗ µL is locally P-integrable;
this cannot be done as before since we do not know ifQ ∈ Q f p

. However, sinceg is
nonnegative we obtain immediately from (5.2.4) thatg(Y)∗νP is locally P-integrable
and this is by Proposition II.1.28 of JS equivalent to the localP-integrability ofg(Y)∗
µL . Thus it only remains to show thatf p(Q|P) = E

[
eÂp

T (Q)T E
(
M̂ p

T (Q)
)

T

]
is finite.

This is true since1M̂ p(Q) > −1 implies thatE
(
M̂ p(Q)

)
is aP-supermartingale, and

sinceÂp(Q) is deterministic and finite. This completes the proof forf = f p.
For f = f q the proof is exactly the same, except that instead of Proposition 4.4.2

one applies Proposition 4.4.3. Forf = f ` one takes Proposition 4.4.1. There, the
canonical decomposition is of a simpler form so that no stochastic exponentials occur.
This simplifies the arguments slightly. In particular, for the proof thatQ ∈ Q f ` it then
suffices to note that a localP-martingale which is in addition anP-Lévy process is a
(true) P-martingale; see Theorem 11.46 of [HWY92].

Proof of Proposition 4.4.8.In Theorem 4.4.6 we have already proved thatQ = Q(β,Y)

is in Q f ∩ Q. In order to show thatQ ∈ Me(M L), we have to show that it satisfies
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(4.3.6) and(4.3.7). We exploit that sinceQ ∈ Q f , condition (4.3.6) forQ is by
Lemmatas 4.3.14 and 4.4.5 c) equivalent to

∫
IRd

∥∥M
(
xY(x)− h(x)

)∥∥ K (dx) < ∞.
But the latter now follows from the definition ofY, Fubini’s theorem and the fact that
Q ∈ Q

f
int, since∫

IRd

∥∥M
(
xY(x)− h(x)

)∥∥ K (dx)

≤
∫

IRd
ER

[
1

T

∫ T

0
‖M (xYs(x)− h(x))‖ ds

]
K (dx)

= 1

T
ER

[
‖M (xY − h)‖ ∗ νP

T

]
< ∞.

In particular, this allows us to apply Fubini’s theorem forM (xYs(x) − h(x)) in order
to obtain that the martingale condition (4.3.7) is satisfied byβ, Y. Indeed,

M
(

b + cβ +
∫

IRd

(
xY(x)− h(x)

)
K (dx)

)
= 1

T
ER

[∫ T

0
M
(

b + cβs +
∫

IRd
(xYs(x)− h(x)) K (dx)

)
ds

]
= 0,

where we have also used Lemma 4.4.5 b).

Proof of Proposition 4.4.9.Let Q̃ ∈ Me(M L) ∩ Q f ∩ Q so thatQ̃ ∈ Q
f
int as pointed

out before Proposition 4.4.8. Denote byβ, Y the Girsanov parameters ofQ and apply
Proposition 4.3.3 to write the density process asZQ = E(N) with

N =
∫
β∗

s dLc
s + (Y − 1) ∗ (µL − νP).

Analogous quantities with a superscript˜refer toQ̃. SinceM L is a localQ-martingale,
‖M x − h(M x)‖ ∗ νL ,Q

T is finite by Proposition 4.3.13 and so is‖M (xY − h)‖ ∗ νP
T

by Lemma 4.3.14 and Lemma 4.4.5 c) sinceQ ∈ Q f . Hence the continuous process
‖M (xY−h)‖∗νP is even locallyR-integrable for the correspondingR = R( f ; β,Y)
with localizing sequence(τn)n∈IN . As in Proposition 18 in ES, forn ∈ IN we construct
Qn which coincides withQ until τn and withQ̃ afterwards by setting

βn
s := βs1[[0,τn]] + β̃1]]τn,T]],

Yn
s (x) := Ys(x)1[[0,τn]] + Ỹ(x)1]]τn,T]],

Nn := ∫
(βn

s )
∗ dLc

s + (Yn − 1) ∗ (µL − νP) andZn := E(Nn). We hence obtain that

Zn = Z1[[0,τn]] + Zτn
Z̃τn

Z̃1]]τn,T]] is a strictly positive martingale and thus the density

process of someQn ≈ P.
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Now we show thatQn ∈ Me(M L)∩Q
f
int. The definition ofYn, Proposition 4.3.13

andQ, Q̃ ∈ Q f yield thatP-a.s.

‖M x − h(M x)‖ ∗ νQn

T = ‖M x − h(M x)‖Yn ∗ νP
T

≤ ‖M x − h(M x)‖ ∗ νQ
T + ‖M x − h(M x)‖ ∗ ν Q̃

T < ∞.

Sinceβn andYn satisfy the martingale condition (4.3.7) by construction, we thus by
Proposition 4.3.13 we haveQn ∈ Me(M L). Let R = R( f ; β,Y), R̃ = R( f ; β̃, Ỹ)
andRn = R( f ; βn,Yn). ThenRn = R onFτn andỸ is deterministic so that

ERn

[∥∥M (xYn − h)
∥∥ ∗ νP

T

]
≤ ER

[
‖M (xY − h)‖ ∗ νP

τn

]
+ T

∫
IRd

‖M (xỸ − h)‖ K (dx)

< ∞.

Next we use thatQ and Q̃ are inQ f to deduce from Corollary 5.1.3 thatQn ∈ Q f ;
this has not been considered in ES. Forf = f ` this follows immediately from the
definition of Qn and since log(ab) = loga + logb. For f ∈ { f p, f q}, note thatÑ is
a (P,FL)-Lévy process sincẽβ, Ỹ are deterministic and time-independent. Therefore
Z̃T/Z̃τn = ∫ T

τn
dE(Ñ)s is independent of̃Zτn and ofZQ

τn . Thus

E
[

f
(

Z̃τn
)]

E
[

f
(

Z̃T/Z̃τn
)]

= E[ f (Z̃T )] < ∞

andQ, Q̃ ∈ Q f imply that

0 ≤ f (Qn|P) = E[ f (Zn
T )] = E

[
f
(
Zτn
)]

E
[

f
(

Z̃T/Z̃τn
)]
< ∞.

HenceQn ∈ Q f and thereforeQn ∈ Q
f
int.

It remains to show that limn→∞ f
(
Qn
∣∣P) = f (Q|P). First let f ∈ { f p, f q}.

Then by applying Proposition 4.4.2 (forf p) respectively 4.4.3 (forf q) to Qn andQ,

we havef
(
Qn
∣∣P) = ERn[exp(Ân

T )] and that ˆ̃A = Â(Q̃) is deterministic and given by
ˆ̃At = ˆ̃A1t becauseQ̃ ∈ Q has deterministic time-independent Girsanov parameters.

HenceÂn
T = Âτn + ˆ̃A1(T − τn) is Fτn-measurable and therefore

ERn [exp(Ân
T )] = ER[exp(Ân

T )] = ER

[
exp

(
Âτn
)

exp
(
(T − τn)

ˆ̃A1

)]
.

In addition, exp
(
Ân

T

) ≤ exp
(
ÂT
)

exp
(
T ˆ̃A1

)
where the first factor isR-integrable

sinceQ ∈ Q f and the second is deterministic. Then the assertion follows by domi-
nated convergence. Forf = f ` one uses formula (4.4.1) for thef `-divergence and
proves analogously thatE

[
An,`

T

]
converges toE

[
A`T
]
. This ends the proof.
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Proof of Proposition 4.4.10.SinceQ andQ
n

have time-independent and determinis-
tic Girsanov parameters and since for any sequence(an) we have limn→∞ ean = ea if
and only if limn→∞ an = a, the formulae (4.4.1) (forf `), (4.4.2) (for f p) and (4.4.3)
(for f q) imply that it suffices to show that

lim
n→∞(β

n
)∗cβ

n = β
∗
cβ,

lim
n→∞

∫
g
(
Y

n
(x)
)

K (dx) =
∫

g
(
Y(x)

)
K (dx).

This can be shown with the same arguments as in the proof of Proposition 19 in ES
with f there replaced byg and by plugging in our definitions forβ

n
, β, Y

n
andY.

This changes theQ- andQn-expectations there to expectations underR = R( f ; β,Y)
andRn = R( f ; βn,Yn).
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(x̂, Ĥ , K̂ ), 50, 53
(x, π, K ), 91

(x̃, π̃, K̃ ), 94

(yX, zX), 87

ZQ = (ZQ
t )0≤t≤T , 152



Curriculum vitae

Personal Data

Name Susanne Klöppel
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